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This book has been written as a text for class XI of senior secondary schools (under the
10 + 2 pattern of education). The book is thoroughly revised and updated as per the new
CBSE course structure and NCERT guidelines. It has been our experience that an average
student needs the grasping of theory in a manner easily comprehensible to him or her. A
concerted effort, therefore, has been made in this book to put concepts across in a lucid and
unambiguous manner. It is particularly meant for beginners so as to enable them to grasp the
fundamental concepts better.
The book is noteworthy in the following aspects:

e The subject matter is presented in a very systematic and logical manner. Every
effort has been made to make the contents as simple and lucid as possible. Emphasis
has been laid on making the concepts clear.

e The book contains large number of solved examples to develop problem solving
techniques. The authors have put a lot of effort in the selection of examples. Care
has been taken not to omit even a minor step so that the students can understand the
subject without the guidance of a teacher. Hence, even an average student will be
able to grasp the subject matter easily.

e Invariably it is observed that the level of questions in most of the books available is
not enough for a student to pick up all of a sudden when they start preparing for
engineering and other competitive examinations after their school exams. Keeping
this limitation in view the problems have been categorized into two types—"Level
of Difficulty A’ and ‘Level of Difficulty B’. Problems in the ‘Level of Difficulty A’
cover the needs of the students preparing for CBSE exams, whereas problems in
the ‘Level of Difficulty B’ guide the students through more difficult problems for
engineering entrance examinations. Thus, throughout the book the varying
requirements of the average as well as the bright students are kept in mind.

e Working hints to a large number of probiems have been provided at the end of each
exercise. However, the authors would urge the students to attempt the same on their
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own, failing which they should refer to the hints provided. The number of questions
in each exercise have been kept sufficiently large to provide rigorous practice.

e Problem Solving Trick(s) are included to enhance and sharpen the problem solving
skills. These tricks will also help to conquer the examination without sacrificing
the mathematical accuracy.

e Each chapter contains ‘Learning Objectives’ which any student would like to achieve
after having gone through that chapter. This will help the students focus their study.

e Common student difficulties and errors are highlighted under the heading
‘CAUTION",

e Each chapter is followed by a ‘Chapter Test’, which includes problems related to
all the topics, so that students have full understanding of these topics before going
to the next chapter.

The answers to almost all the unsolved problems have been checked and every care
has been taken to minimize printing and other errors. It is earnestly hoped that this book will
help the students score 100% marks in CBSE and at the same time build a strong foundation
for success in any competitive examination.

We wish to place on record our sincere thanks to our friends and colleagues for their
help and suggestions for planning and preparing the manuscript of this book.

This work would not have been possible without the support and encouragement from
Prentice-Hall of India. My sincere thanks and words of appreciation to all of them, who are
directly or indirectly involved in the project.

Suggestions and comments to improve the book in content and style are always welcome
and will be greatly appreciated and acknowledged.

Thank vou for choosing our book.

May you find it stimulating and rewarding!

Authors
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Units
L.
IL
ML
v
A"

VL.

Sets and Functions
Algebra

Coordinate Geometry
Calculus

Mathematical Reasoning
Statistics and Probability

Appendices

l.
pA

Infinite Series
Mathematical Modelling

UNIT1: SETSAND FUNCTIONS

1.

Sets (12 Periods)

Sets and their representations. Empty set. Finite and Infinite sets. Equal sets. Subsets.
Subsets of the set of real numbers especially intervals (with notations). Power set.

Universal set. Venn diagrams. Union and Intersection of sets. Difference of sets.
Complement of a set.

Relations and Functions {14 Periods)

Ordered pairs, Cartesian product of sets. Number of elements in the cartesian product
of two finite sets. Cartesian product of the reals with itself (upto R x R x R).

Definition of relation, pictorial diagrams, domain, co-domain and range of a
relation. Function as a special kind of relation from one set to another. Pictorial
representation of a function, domain, co-domain and range of a function. Real valued
function of the real variable, domain and range of these functions, constant, identity,
polynomial, rational, modulus, signum and greatest integer functions with their graphs.
Sum, difference, product and quotients of functions.
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Trigonometric Functions (18 Periods)

Positive and negative angles. Measuring angles in radians and in degrees and conver-
sion from one measure to another. Definition of trigonometric functions with the help
of unit circle. Truth of the identity sin’x + cos*x = 1, for all x. Signs of trigonometric
functions and sketch of their graphs. Expressing sin (x -+ v) and cos (x + ) in tems of
sin x, sin y, cos x and cos y. Deducing the identities like following:

tanx * tan v
tan (x +y) = —. cot(xx y)= ;
1F tan x tan y coty £cotx

cotxcot vF 1

X+ Yy xX—=Y

X+y X—y
COs

COs -

2

sinx+siny= 2sin LCOS X+ cos v = 2¢0s

X+y ., X=¥ o TN K-y

2 sin ~,CO8 X = cos v ==12sIn Y sin 2' :
Identites related to sin 2x, cos 2x, tan 2x, sin 3x, cos 3x and tan 3x. General solution
of trigonometric equations of the type sin &= sin &, cos #= cos aand tan #= tan a.
Proofs and simple applications of sine and coine formulae.

sinx—siny = 2cos

UNITILI: ALGEBRA

1.

Principle of Mathematical Induction (06 Periods)

Processes of the proof by induction, motivating the application of the method by
looking at natural numbers as the least inductive subset of real numbers. The principle
of mathematical induction and simple applications.

Complex Numbers and Quadratic Equations (10 Periods)

Need for complex numbers especially /| , to be motivated by inability to solve every
quadratic equation. Brief description of algebraic properties of complex
numbers. Argand plane and polar representation of complex numbers. Statement of
Fundamental Theorem of Algebra, solution of quadratic equations in the complex
number system.

Linear Inequalities (10 Periods)

Linear inequalities. Algebraic solutions of linear inequalities in one variable and their
representation on the number line. Graphical solution of linear inequalities in two
variables. Solution of system of linear inequalities in two variables—graphically.

Permutations and Combinations (12 Periods)

Fundamental principle of counting. Factorial ». Permutations and combinations, deri-
vation of formulae and their connections, simple applications.

Binomial Theorem (08 Periods)

History. statement and proof of the binomial theorem for positive integral
indices. Pascal’s triangle, general and middle term in binomial expansion, simple appli-
cations.
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6. Sequence and Series (10 Periods)

Sequence and Series. Arithmetic progression (A.P.), artithmetic mean (A.M.). Geomet-
ric progression ((GP.), general term of a G.P., sum of nterms of a G.P., geometric mean
(G.M.). relation between A.M. and GM. Sum to » terms of the special series:

Sn¥n’and S0,

UNITIE: COORDINATEGEOMETRY

1.

Straight Lines (09 Periods)

Brief recall of 2D from earlier classes. Slope of a line and angle between two lines.
Various forms of equations of a line: parallel to axes, point-slope form, slope-intercept
form, two-point form, intercepts form and normal form. General equation of a line.
Distance of a point from a line.

Conic Sections (12 Periods)

Sections of a cone: Circles, ellipse, parabola, hyperbola, a point, a straight line
and pair of intersecting lines as a degenerated case of a conic section. Standard
equations and simple properties of parabola, ellipse and hyperbola. Standard equation
of a circle.

Introduction to Three-dimensional Geometry (08 Periods)

Coordinate axes and coordinate planes in three dimensions. Coordinates of a point.
Distance between two points and section formula.

UNITIV: CALCULUS

L.

Limits and Derivatives (18 Periods)

Derivative introduced as rate of change both as that of distance function and geo-
metrically, intuitive idea of limit. Definition of derivative, relate it to slope of
tangent of the curve, derivative of sum, difference, product and quotient of functions.
Derivatives of polynomial and trigonometric functions.

UNITV: MATHEMATICALREASONING (08 Periods)

Mathematically acceptable statements. Connecting words/phrases—consolidating

| 1

the understanding of “if and only if (necessary and sufficient) condition”, “implies”,
“and/or”, “implied by”, “and”, “or”, “there exists” and their use through variety
of examples related to real life and Mathematics. Validating the statements
involving the connecting words—difference between contradiction, converse and

contrapositive,

UNITVI: STATISTICSAND PROBABILITY

1.

Statistics (10 Periods)

Measure of dispersion; mean deviation, variance and standard deviation of ungrouped/
grouped data. Analysis of frequency distributions with equal means but different
variances.
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2. Probability (15 Periods)

Random experiments: Qutcomes, sample spaces (set representation). Events: Occur-
rence of events, ‘not’, ‘and” & “or’ events, exhaustive events, mutually exclusive
events. Axiomatic (set theoretic) probability, connections with the theories of earlier
classes. Probability of an event, probability of *not’, ‘and’ & *or” events.

APPENDICES

1. Infinite Series

Binomial theorem for any index, infinite geometric series, exponential and logarithmic
Series.

2. Mathematical Modelling

Consolidating the understanding developed up to Class X. Focus on modelling prob-
lems related to real-life (like environment, travel, etc.) and connecting with other sub-
Jects of study where many constraints may really need to be ignored, formulating the
model, looking for solutions, interpreting them in the problem situation and evaluating
the model.
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1

= SETS

Learning Objectives

After successful completion of this chapter, the reader should be able to understand and
appreciate:

e Sets and their Representations &= Universal Set
i The Empty Set e Venn Diagrams
&% Finite and Infinite Sets e Qperations on Sets
¥ Subsets &% Complement of a Set
= Equal Sets &F Practical Problems on Union and Instersection
& Power Set of Two Sets
INTRODUCTION

The concept of set is fundamental in all branches of mathematics. Sets are the most basic
tools of mathematics which are extensively used in developing the foundations of
relations and functions, logic theory, sequences and series, geometry, probability theory,
etc. In fact, these days most of the concepts and results in mathematics are expressed
in the set theoretic language.

The modern theory of sets was developed by German mathematician George Cantor
(1845-1918 A.D.). In this chapter, we shall study some basic definitions and operations
involving sets. We shall also discuss the applications of sets.

SET

We observe that in nature varieties of objects occur in groups. These groups are given
different names such as a collection of books, a bunch of keys, a herd of cattle, an
aggregate of points, etc., depending on the characteristic of objects they represent. In
literal sense all these words have the same meaning (i.e., a group or a collection). In
mathematical language, we call this collection of objects, a Ser. From the above examples
it can be seen that each collection has a well defined property (characteristic) of its own.

Thus, a set is a well defined collection of objects. When we say well-defined, we
mean that the objects follow a given rule or rules. With the help of this rule, we will be
able to say whether any given object belongs to this set or not. For example, if we say
that we have a collection of short students in a class, then this collection is not a set
as “short students” is not well-defined. However, if we say that we have a collection of

students whose height is less than 5 feet, then it represents a set.
1.1



1.2 MATHEMATICS XI

It is not necessary that a set may consist of same type of objects. For example, a
book, a cup and a plate lying on a table may also form a set, their common property being
that they form a collection of objects lying on the table.

lllustration 1. | Some other examples of sets are:

(1) The set of numbers 1, 3, 5, 7, 9, 14

(i) The set of vowels in the alphabets of English

(iii) The set of rivers in India

(iv) The set of all planets

(v) The set of points on a circle

(vi) The set of mathematics books in your library
(vii) The set of even positive integers (i.e., 2, 4, 6, 8....)
(viii) The set of multiples of 4 (i.e., 4, 8, 12...)

(X) The set of factors of 12 (i.e., 1, 2, 3, 4, 6, 12).

(x) The set of integers less than zero (i.e., -1, -2, -3, ....)

Notations

Sets are usually denoted by capital letters A, B, C, etc. and their elements by small letters
a, b, ¢, etc.

Let A be any set of objects and let “‘a” be a member of A, then we write a € A and
read it as ‘a belongs to A’ or ‘a is an element of A’ or ‘a is a member of A’. If a is not
an object of A, then we write a € 4 and read it as ‘a does not belong to A’ or ‘a is not
an element of A’ or ‘a is not a member of 4.

REPRESENTATION OF SETS

There are two ways of expressing a set. These are:

1. Tabular Form or Roster Form.
2. Set Builder Form or Rule Method

Tabular Form or Roster Form

In this method we list all the members of the set separating them by means of commas
and enclosing them in curly brackets { }.

lllustration 2. | Let 4 be the set consisting of the numbers 1, 3, 4 and 5, then we write
A={1,3,4,5}.

@ CAUTION
® The order of writing the elements of a set is immaterial. For example, {1, 3, 5},
{3, 1, 5}, {5, 3, 1} all denote the same set.

® An element of a set is not written more than once. Thus, the set {1, 5, 1, 3, 4,
1,4, 5} must be written as {1, 3, 4, 5}.

Set-Builder Form or Rule Method

In this method, instead of listing all elements of a set, we write the set by some special
property or properties satisfied by all its elements and write it as:

A= {x:P(x)} or A= {x|x has the property P(x)}
and read it as A4 is the set of all elements x such that x has the property P’. The symbol
*:or "' |’ stands for ‘such that’.




SETS 1.3

lllustration 3. | Let A be the set consisting of the elements 2, 3,4, 5,6, 7, 8,9, 10. Then
the set 4 can be written as:

A={x:2<x=<10and x € N}

Example 1. Represent the following sets in the roster form:
() A = {x : x is a natural number less than 6}
(i) B = {x : x is an integer and —3 < x < 7}
(i) C = {x : x is a two-digit number such that the sum of its digits is 8}
(iv) D = {x : x is a prime number which is a divisor of 60}
(V) E = the set of all letters in the word TRIGONOMETRY
(vi) F = the set of all letters in the word BETTER
Solution: () A= {1, 2, 3, 4, 5}
(i) B={-3,-2,-1,0,1,2,3,4,5, 6}
(i) C={17,26, 35, 44, 53, 62, 71, 80}
(iv) D= {2, 3, 5}
v) E={T,R,1,GO,N,M,E, Y}
(vij F={B,E, T, R}
Example 2. Represent the following sets in the set builder form:
(0 A=1§2.3:571Lk1317,19,.. } @) B={2,3,5)}
(i) C={1,2, 3,4,6, 12, 24, 48} (iv) D = {a, e, i, 0, u}
(v) E=1{0,3,6,9, 12,15, 18,..) vi) F={1,5,10,15,..)
(vit) G = {14, 21, 28, 35, 42, ..., 98}
(viii) H={-1, 1)}
Solution: (i) A = {x : x is a prime number}
(1) B= {x:xisa prime divisor of 30}
(i) C = {x : x is a divisor of 48}
(iv) D= {x: x is a vowel of the English alphabet}
(v) E= {x:x=3n, nis a whole number}
(vi) F= {x:xis a natural number multiple of 5 and x = 1}

(vii) G = {x: x is a natural number multiple of 7 and 7 < x < 100}
(viii) H = {x : x is an odd integer and |x | < 2}

Example 3. Write the following sets in the set builder form:

ol LNy
@) A={41,43,47} (i)B=1{7.8,9, 10,11} (i) C= {LE.E,E.E....}

{,,,i)_p:{lEEEEEIE“}

Solution: (1) A = {x: x is a prime number between 40 and 50}
(i) B = {x : x is a natural number between 6 and 12}

i) C={x:x= = where » is a natural number}
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n

(iv) D= {x:x=m‘,HEH}

V) E={x:x L.whm n is a natural number}
n

n+l

Exampled. LerA={1,2,3.4},B=1{5,6,7} andC= {7,8,9, 10}. Insert the correct symbol
€ or & in each of the following blanks:

(vi) F= {I!I=L.HE H,nﬂg}

() 2..4 (i) 5..C (iii) 6 ... B

(iv) 7 ... 4 (V) 5..B (vi) 10 ... C
Solution: (i) 2 € A i) 5¢ C (i) 6 € B
(iv) 7¢ A (V) 5€ B (vi) 10e C

Example 5. Match each of the following sets in the column A described in roster form
with the same set in the column B described in the set-builder form.

(M {F,L,O, W} (@) {x : x is a positive integer and is a divisor of 18}
(i) {1,4,9, 16,25, 36} (b) {x : x is an integer and x + |1 = 1}
(i) {—3,3) (¢) ix : x is a letter of the word FOLLOW}
(iv) {11,13,17,19} (d) {x:x=n* ne N and x < 40)
(v) {0} (@) {x : x is an integer and x* - 9 = 0}

(vi) {1,2,3,6,9, 18} (f) {x : x is @ prime number and 11 < x £ 19}
Solution: (1) & (c); () e (d), () e (e); (V) (f); (v)e(b) (vi) e (a)

EXERCISE 1.1

1. Which of the following are sets?
(i) The collection of all months of a year beginning with letter J;
(ii) The collection of ten most talented writers of India;
(iii) A team of eleven best cricket batsmen of the world;
(iv) The collection of all boys in your class;
(v) The collection of all natural numbers less than 100;
(vi) A collection of novels written by the writer Munshi Prem Chand:
(vii) The collection of all even integers,
(viii) The collection of different problems in this chapter;
(ix) A collection of most dangerous animals of the world.

2. Let A= {x|xe Nand 4 <x < 12}. Which of the following statements are true and which
are false?
(i) 2 € A; (ii) 8 ¢ A; (iii) 16 € A; (iv) 7 € A.

3. Let A={7, 8 11, 13}, B=1{2 4,9} and C = {1, 3, 4, 8}. Insert the correct symbol
€ or € in each of the following blanks:

(i) 7 ... A; (i) 8 ... B; (iii) 9 ... C;
(iv) 4 ... B; (v) 9 .. 4, (vi) 4 ... C.
4. Write the following sets in set-builder form.
(i) 4A=1{3,6,9, 12); (ii) B = {2, 4, 8, 16, 32};
(iii) C = {5, 25, 125, 625} (iv) D= {2, 4, 6, ...};

(v) E= {1, 4,9, ..., 100}.
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5. Write the following sets in the tabular form:

10.

1.

12.

(i) 4= {x | = 16);
(i} £ = {x | x is positive, x is negative};
(i) € = {x | x 1s a letter in the word INDIA};
(iv) D = {x | x 1s a day ol the week};
(v} £ = {x | x is an even natural number}.

. List the members of the following sets:

(1} § = {x | x is a prime number less than 30};
(i) S = {x | x is a prime number less than 50 and the digit in its unit’s place is 1};
(ili) S = {x | x is the square of the natural number and x < 30}.

. Rewrite the following sets in roster form:

(1) {x | x is a letter in the word ASSASSINATION}:
(if) {x | x e N, x is odd and x < 10};
(iil) {x | € N, xis a multiple of 7 and x < 60};
(iv) {x | x 2 0 and x* = 4};
(v) {x | x € Z x* <20}.

. List the elements of the following sets:

(1) 4 = {x : x is an odd natural number};
1 9
(ii) 8 = {x : x is an integer, *E{I‘:E};
(iii) C = {x : x is an integer, X < 4);
(iv) D = {x : x is a letter in the word LOYAL};
(v) £ = {x: x is a month of the year not having 31 days};
(vi) F'= {x : x is a consonant in the English alphabet which precedes k}.

Match each of the sets on the left in the roster form with the same set on the right described
in the set builder form:

(i) {1, 2, 3, 6} (@) {x : x is a prime number and a divisor of 6}

(i) {2, 3} (b} {x : x 15 an odd natural number less than 10]
(i) (M, AL T, H. E. L C, S} (¢) {x: x is a natural number and divisor of 6}

(iv) {1, 3, 5, 7, 9} (d) {x : x is a letter of the word MATHEMATICS}
Use roster method to express each of the following sets:

i) A={x:x=n’ ne Nand x < 80}; (i) B={x:xe fand -5 <x <2}
(iii) C = {{x, ¥) : x, y € N and x = y}; (iv) D= fx :x e W and x is even prime}.
Write the following sets in set builder form:

N A=1{2 5T (i) B=1{29, 28, 65, 126); (i) C={-7, Th

_ , 1132
(ivy D = {2, - 3}; (v) E = {0):; (viy F= {EEEE}
(vil) G:{l.g.i_i. 2 & 2l

2 510 17 26 37 50
Express the following sets in roster form:

(i) 4 = {x : x is a factor of 12};

(i) B={x:xisaroot of ¥ — 6x° + 1lx = 6 = 0);
(i} € = {x : x is a month beginning with M};
(iv) D = {x : x is a letter of the word MISSISSIPP1}:
(v) £ = {x : x is a woman Prime Minister of India}:
_nt-1
S

(Vi}F={x:x .nENandn{-#},
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4.

15.

MATHEMATICS Xl

Express the following sets in set builder form:
o , o " U 1 U S I
(1) A = {0, 3, 8, 15, 243, () 8 =12, 9, 28, 65}: (i) € -—{5131?*2}$

(iv} D = {January, June, Julv}: (v) E= {10, 21, 32, 43}; (vi) F = {12, 13, 14}

Match each of the sets on the left expressed in roster form with the same set described in
set builder form on the right:

(1) {2, 3, 5} (a) {x : x is a factor of 14}

(n) {C, E, I, M, T} (b} {x : x is a root of 2 -5x+ 6= 0}
(i) {2. 3} (¢) {x : x 1s the largest prime number less than 10}
(ivy 10, 15, 80} (d) {x : x 15 a letter of the word COMMITTEL }
(v) {1, 2. 7, 14} (e} {x : x is a prime number less than 7}
(vi} {7} (1) {J.'::r=n"'—l.nE N, n < 4}.

Write the following sets in roster form:
(i)4={a,|neN, a,, = 3a,and a;, = 2};
() 8= {a,lneN a, ,=a,,,+a,a =a =1}

16. Describe the following sets by roster method:

(i}{x:xj—l=ﬂ.:-:ER}: (i) §x : |x| <3, x€e Z};
(iii) {x ;X <9, xe Z): (iv) fx: x*>9, x € Z}.
17. Let 4 = {1. 2. 3, 4, 5, 6}. Insert the appropriate symbol € or € in the blank spaces.
(i) 5...A (i) 8 ... A (i} 0 ... A
(1) 4 ... A (v) 2 ... A (vi) 10 ... A
Answers
Lo (i) (iv)y vy (vi)s  (vii): and (viii) are sets,
2. (1) False; (ii) False: (i) False: (iv) True.
3 (1)e; (i) e: (u)e&: (iv)e: (v)ie: (vi) e.
4. (i) 4= {x:xis a natural number multiple of 3 and x < 15};
(i) B={x:x=2" ne Nand n < 6}:
(jii) C=4{x:x=5", ne Nand n 2 4};
(iv) D = {x : x 1s an even natural number}.
(v £ = ix x=m,ne Nand N < 11},
5. (i) 14, 4% (i) & (iii) {L N, D, A}
(v} {Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sundayv}:
(v) E=12,4,06, 8, ... }.
6. (1) § =1{2,3,5 7,11, 13, 17, 19, 23, 29};
(i) § = {11, 31, 41}:
(iii) § = {12, 2%, 3% 42, 5% 62 72} = {1, 4. 9. 16. 25. 36, 49).
7. (i) {A, S. L N, T. O}: (i) {1. 3. 5, 7, 9);
(i) {7, 14, 21, 28, 35, 42, 49, 56}; (1v) {2}):
(v) {4, -3,-2,-10,1, 2, 3, 4},
8. (MA4={1,357 .}% (i) = {0. 1, 2, 3, 4};
i) C=1{-2, -1, 0,1, 2} (iv) D = {L, O. Y. A

(v) £ = {February, April, June, September, November}:
(vi) F=1{b c d. [ g h j).



9. (1} < (c): (1) < (a) () «> (d). (v) <« (b}
10. () A= 1|1, 8 27. 64}, (i) B={-4,-3,-2.-1,0, 1}
Giiy C = {(1, 1), (2, 2). (3, 3), ..}; (iv) D = 12},
11. (i) A = {x: x 15 a prime number less than 10},
(i) B=fx:x=nm+1,ne Nand n < 5}
(i) C = {x:x° — 49 = 0};
(ivi D={x:x" +x-6=0}
(v} £ = {x : x is the smallest whole number};

(Vi) F=fx:x=—— neN ns<d: (vii) |- .neN.n<T}.
n+2 n-+1
12. (i) {1. 2. 3.4, 6. 12): Gi) {1, 2. 30 (iif) {March, May!:
(iv) {M, L, S, P}, (v) {Mrs. Indira Gandhi}; (vi) {ﬂéf:}

13. (A=!x:x=n -1, ne Nand n < 5;
(iYB=Ix:-x=nm+1.ne Nand n < 4%

.
(m) C = {x:x A

(iv) £ = {x : x is a month of the vear beginning with J};
(VIE={x:x=1ln-1,ne Nand n £ 4};
(vi) F={x:xe N, 12 <x< 14
14, (i) & (e (i) & (d): (iii) & (b (iv) & (F), (v) & (@) (vi) & (c).
15. () {2,618 54, ..}; (i) {1,2 3,5 8 ..}
16. (i) {1}; (i) {-2.-1. 0.1, 2}; (i) §{-2,-1, 0, L. 2};
(v} {-4,4,-5,5,-6,6, .} =Z-{-3,-2,-L 0, 1. 2 3}.

ne Nand n < 5};

SETS

17. () 5€A ()8 A, ()0e A, (iv)d e A (V)2 Al (vi) 10 g A

‘ HINTS AND SOLUTIONS l

1.7

1. (i) The members of this collection are: January, June and July, Clearly, this collection is well-

defined and hence, it 1s a set

(ii) Th term ‘most talented’ 1s a vague term. A writer may be most talented to one person

and may not be so to the other. Thus, we cannot judge definitely which writers are there
in this collection. Therefore, this collection is not well-defined and hence, it is not a set.

(i) The term “best” 1s a vague term. A batsman may be best to one person and may not be

s0 1o the other. Thus, we cannot judge definitely which batsmen are there in this
collection, Therefore. this collection is not well-defined and hence. it is not a set

(iv) We can definitely say that the members of this collection are your class-fellows.

Therefore, this collection is well-defined and hence. it is a set.

(v} The members of the collection are 1, 2, 3. .... 97, 98, 99. Therefore, this collection is

well-defined and hence, it is a set

{vi) The members of the collection are the novels written by Munshi Prem Chand. Therefore,

this collection 1s well-defined and hence, it 15 a set.

{vii}) The members of this collection are 2, 4. 6, ... . Clearly, this collection is well-delined

and hence. it 1s a sel.

(viii) Clearly, the members of the collection are the different problems of this chapter. So, it

is well-defined and hence. it is a set.

(ix) The term ‘most dangerous’ 15 a vague term. An animal mayv be most dangerous to one
E dE 3 =
person and may not be so to the other. Thus, it is not well-defined. So, it is not a set.
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FINITE AND INFINITE SETS
Finite Set

A set having no element or a definite number of elements is called a finite set.
Thus, in a finite set, either there is nothing to be counted or the number of elements
can be counted, one by one, with the counting process coming to an end.

lllustration 1. | Each of the following sets is a finite set:
(i) A = the set of prime numbers less than 10 = {2, 3, 5, 7};
(ii) B = the set of vowels in English alphabet = {a, e, i, o, u,};
(ili) C = {x | x is divisor of 50}.

Cardinal Number of a Finite Set

The number of distinct elements in a finite set S is called the cardinal number of S and
is denoted by n(S).

llustration 2. | If 4 = {2, 4, 6, 8}, then n(4) =4.

Infinite Set

A set having unlimited number of elements is called an infinite set. Thus, in an infinite
set, if the elements are counted one by one, the counting process never comes to an end.

llustration 3. | Each of the following sets is an infinite set:
(1) The set of all natural numbers = {1, 2, 3, 4, ...};
(i) The set of all prime numbers = {2, 3, 5, 7, ...}:
(i) The set of all points on a given line;
(iv) The set of all lines in a given plane;
(V) {x| xe Rand 0 <x < 1}.
@ CAUTION
All mfinite sets cannot be described in the roster form. For example, the set of
real numbers cannot be described in this form, because the elements of this set

do not follow any particular pattern.

EMPTY SET (OR NULL SET)
The set which contains no element is called the empty set or the null set or void set.
The symbol for the empty set or the null set is @ Thus, ¢ = {}, since there is no

element in the empty set.

The empty set is a finite set.
Since any object x which is not equal to itself does not exist, therefore, the set

A= {x:x+#x} is the empty set ¢.
A set which is not empty, i.e., which has atleast one element is called a non-empty
set or a non-void set.

lllustration 4.

(i) The set of natural numbers less than 1 is the empty set;

(i) The set of odd numbers divisible by 2 is the null set;
(i) {x | x € Z and x* = 2} = ¢, because there is no integer whose square is 2;
(iv) {x|x e Randx’=-1} = ¢ because the square of a real number is never negative;
(v) {x|x € N, 4 <x <35} is the empty set;
(vi) {x | xe Z, -1 <x <0} is the null set.




SETS 19

The empty set should not be confused with the set {0}. It is the set containing one
element, namely 0.

SINGLETON

A set containing only one element is called a singleton.

lllustration 5.

(i) The set {0} is a singleton since it has only one element 0.
(ii) The set of even prime numbers is the set {2} which is a singleton.
(iii) {x | x is an integer and —1 < x < 1} = {0} is a singleton.

EQUAL SETS

Two sets 4 and B are said to be egqual if they have the same elements and we write
A = B. Thus, A = B iff every element of 4 is an element of B and every element of B is
an element of 4.

In symbols, 4 = Biffxe A = xe Band x € B= x € A. To indicate that two sets
A and B are not equal, we shall write 4 # B.

-~ CAUTION
A set does not change if one or more elements of the set are repeated. For

example, the sets A = {2, 5, 7} and B = {2, 5, 5, 7} are equal, since each element
nffAmmﬂandee—mThatmwhymg:ucmﬂydnnntmpeatan}relt

__in describing a set.
lllustration 6.

() IfA={2,3,4}and B={x|1<x<5,x€ N} then A =B.

(ii) If A = the set of letters in the word WOLF and B = the set of letters in the word

FOLLOW, then 4 = B, each = {W, O, L, F} remembering that in a set the repetition
of elements is meaningless and order of elements is immaterial.

Example 1. Which of the following sets are empty sets?
(1) 4 = set of odd natural numbers divisible by 2;
(i) B = set of even prime numbers:;
(i) C = {x : x is a natural number, x < 5 and x > T};
(iv) D = {x : x is a point common to any two parallel lines;.
Solution:
(i) As no odd natural number is divisible by 2, so the set 4 is empty.
(ii) Since 2 is an even prime number, .. B = {2}. So B is not an empty set.

(iii) There is no natural number which is less than 5 as well as greater than 7,
therefore, C i1s an empty set.

(iv) As there is no point common to parallel lines, so the set D is an empty set.

Example 2. State which of the following sets are finite and which are infinite:
MA={x:xe Zandx* —2x -3 = 0};
(i) B = the set of natural numbers which are divisible by 2;
() C = the set of lines passing through a point,
(iv) D= {x:x € Z and x* = 25};
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(v) E = the set of points common to two given parallel lines;
(vi) F={x:x e Zand x > -5};
(i) G = {x : x € Z and x* is even).
Solution:
A={x:xe Zandx¥*-2x-3=0} = {3, -1}
- A is a finite set.
(i) B = the set of natural numbers divisible by 2 = {2, 4, 6, 8, 10, ...}
. B is an infinite set.
(iif) Since infinite number of lines pass through a point, therefore, C is an infinite set.
(iv) D= {x : x € Zand x* =25} = {5. -5}. Clearly, D is a finite set.
(v) Since, the set of points common to two given parallel lines is empty, ... the set
E is a finite set.
(vi F={x:xe Zand x > -5} = {-4, -3, -2, ...}. Clearly, F is an infinite set.
(vii) G= {x:x e Zand x* is even} = {..., -6, <4, -2, 0, 2. 4. 6, ...}. Clearly, G is an
infinite set.

Example 3. Are the following sets equal?
A = {x :xis a letter in the word REAP}

B = {x : x is a letter in the word PAPER}
C = {x : x is a letter in the word RAPE}.

Solution: A = {x : x is a letter in the word REAP} = {R. E, A, P},
B = {x : x is a letter in the word PAPER}

={P,A,P,E,R} ={P,A,E.,R} = {R,E, A, P}
C = {x : x is a letter in the word RAPE} = {R, A, P, E} = {R, E, A, P}
Thus, {(R,E,A,P}=A=B=C or A=B=C.
Hence the given sets are equal.

Example 4. Show that the following sets are equal:
A= {2, I};B= {2l 200 2)
L= X1 x 3+ 2=
Solution: Here A=1{2,1}
B={2,1,1,2,1,2}={1.2}
and C={x:x*-3x+2=0}={x:(x-1)(x-2)=0} = {1, 2}
From these we observe that the sets 4, B, C contain the same elements and hence
these are equal.

Example 5. Which of the following pairs of sets are equal’
W A4={1,331}, B={l, 4}; W A4={x:x+2=2}, 8= {0}

(i) A= {1,3,4,4},B=1{3,1,4}; (iv) A= {1:}1—-%} B= {;l:lﬂEN};
ViA={x:xe W}, B={x:xe N};
(vi) A = the set of letters in the word MATHEMATICS,
B = the set of letters in the word MATCHES.
Solurion:
M A={l1,3},B={l, 4)
A and B have different elements, .. 4 # B
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(i) A={x:x+2=2}= {0}, B= {0}
A and B have same elements, .. 4 = B.

(i) 4=1{1,3,4,4,) ={1,3,4}, B= {3, 1, 4}.
A and B have same elements, .. 4 = B.

iy aahed Ll L1 = . _j111
(W)A_{l'z'a""} {1'2'3""}‘3 {n'"EN} {1'2‘3“”}

A and B have same elements, .. 4 = B.
VVA={x:xe W}={0,1, 2, 3, ..}
B={x:xe N}={1,2,3,..}
A and B differ in one element, .. 4 #B.
(vi) A = the set of letters in the word MATHEMATICS
={M,A, T,H,ELC, S}
B = the set of letters in the word MATCHES = {M, A, T, C, H, E, S}
A and B have different elements, .. 4 #B.

Example 6. Find the pairs of equal sets, from the following sets, if any, giving reasons.
A={0},B={x:x>15andx<5},C={x:x-5=0}, D= {x: x* =25}
E = {x : x is an integral positive root of the equation x> — 2x — 15 = 0}

Solution: We have
A={0}, B={x:x>15andx<5}=¢, C={x:x-5=0} = {5},
D= {x:x*=25} = {5, 5} and E = {5}. Clearly, C = E.

‘ EXERCISE 1.2 I

1. Which of the following sets are empty?
iA={x:xe Nand x = 1}; Gi) B={x:3x+1=0,xe N}
i) C={x:2<x<3,x€ N} (iv) D= {x : x is an integer and -1 < x < 1};
(v) E = set of months of the year beginning with F;
(vi) F = set of days of the week beginning with J;
(vii) G = {x : ¥ = 3 = 0 and x is rational};
(vili) H={x :x+ 5=0,x e N}
X)I={x:1<x<2 xe N}
(x) J={x:x € N, x is even, x is odd}.
2.  Which of the following sets are finite and which are infinite?
(i) {x : x is a prime number, x is even}; (ii) Set of all rivers in India;
(iii) Set of all concentric circles;
(iv) {x : x is a multiple of 2, x is an integer}.

3. Which of the following sets are finite or infinite?
(i) The set of the months of a vear; (i) {1, 2, 3, ...}; (i) {1, 2, 3, ... 90, 100}:
(iv) The set of positive integers greater than 100;
(v) The set of prime numbers less than 99,

4. State whether each of the following sets is finite or infinite:
(1) The set of lines which are parallel to the x-axis;
(ii) The set of letters in the English alphabet;
(iii) The set of numbers which are multiplie of §;
(iv) The set of animals living on earth;
(v) The set of circles passing through the origin (0, 0).
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5.  From the following sets select equal sets:
A=12, 4, 8 12); B={l234); C={4, 8, 12, 14}; D={3 1, 4, 2};
E={-1, 1} F = {0, 9}; G = {1, -1}; H={0, 1}.
6. From the sets given below, pair the equal sets:
A=1{1,2.3,4; B={p g, r.s}; C={1,4,9 16}; D ={w x y 2z}
E=1{161,94); F={4,231};, G={rp g s}; H=1{zwwyx}
P={x:2<x<3,xeN); Q@={x:x¥*+1=0,x¢ N}.
7. Are the following pairs of sets equal? Give reasons.
(i) 4= 12,3}, B={x:xis a solution of x* + 5x + 6 = 0};
(ii) 4 = {x : x is a letter in the word FOLLOW},
B = {y : v is a letter in the word WOLF}.
8. In the following, state whether 4 = B or not:
(i) 4 = {a, b, ¢, d}, B=1d c b, a};
(i) 4 = {4, 8 12, 16}, B = {8 4 16, 18}:
(i) 4 = {2, 4, 6, & 10}, B = {x : x is positive even integer and x £ 10};
(iv) 4 = {x : x is a multiple of 10}, B = {10, 15, 20, 25, 30, ...}.
9. State which of the following sets are infinite:
(1) {x:x e N and x is a prime number}; (11} {x :x1sa quadnlaterai on a plane};
{iii) {x : x € N and ¥ - 25 <0 (iv) {x : x € N and x is a multiple of 3};
(v) {x:xe Rand 0 < x < §}; (vi) {x : x is a factor of 2100};
(vii) {x : x is a house in America}.
10. State in which of the following cases, 4 = B:
(i) 4 = {12, 14, 16}, B = {16, 18, 20}
(i) 4 = {2, 4. 6. 8). B=14 8 6, 2};
(iit) A4 = @, B=1{}
(ivy A=fx:xe Wand x < 1}, B =g
(v) A= {x:x1s a day of the week beginning with 5 }. B = [Sundayv}:
(vi) 4 = {x: x 15 a letter of the word TOP}, 8 = {x : x is a letter of the word POT].
(vinA={x:xe Zandx* <8}, B={x:xe Rand x*— 4x + 3 = 0},
11. Which of the following sets are equal?
(1) The set consisting of the alphabets A, E, S and T.
(i1} The set of letters in the word TEASE.
(iii) {x : x is a letter in the word SEAT}
(iv) {x : x is a letter in the word EAST])
{v) The set of letters in the word ASSETS,
Answers
i.B, C.F, G H Iand J.
2. (1) Finite; (ii) Finite; (1ii) Infinite; (iv) Infinite.
3. (1) Finite; (i) Infinite; (i) Fimte; (v} Infinite;
(v) Finmte; (vi) Infinite; (vit) Infinite.
4. (1) Infinite; (i) Finite; (i1i) Infinite; (iv) Finite: (v) Infimte.

S. Band D; Eand G. 6. Aand F: Band &; Cand £: D and H; P and Q.
7. () No. Since v* +5x+6=20=Gx+2x+3)=0=x=-2o0rx=3

o Solution set = {2, — 3.

Clearlv 4 = B.
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(ii) Yes. 4 = {F, O, L, W} and B = {W, O, L, F}. Since every element of 4 is in B and
every element of B is in A, therefore, 4 = B.
8. (i) Yes; (ii) No; (iii) Yes; (iv) No.
9. (1), (i), (iv), (v} and (vii) are infinite sets,
10. (ii), (iii), and (vi) are equal sets.

11. Al
| HINTS AND SOLUTIONS |

3. (i) It is a finite set, as there are 12 members of the set which are the months of the vear.
(ii) It is an infinite set since there are infinite number of natural numbers,
(lii) It is a finite set as it contains first 100 natural numbers.
(iv) It is an infinite set since there are infinite number of positive integers viz. 101, 102, 103,
... greater than 100.
(v) It is a finite set because the set is {2, 3, 5, 7 ..., 97}.

4. (i) Infinite. Infinite lines can be drawn parallel to x-axis.
(i) Finite. It is a set of 26 letters.
(11) Infinite. {5, 10, 15, ...}
(iv) Finite. There are finite number of animals living on earth.
(v) Infinite. Infinite number of circles can be drawn passing through the origin.

10. (vii)d ={-2,-1,0,1, 2} and B = {1, 3}.
Since0e A.but 0 ¢ B. So, 4 # B.

SUBSET OF A SET

If A and B are any two sets, then B is called a subset of A if every element of B is also
an element of A.
Symbolically, we write it as, Bg 4 or 4 2 B.
(i) Bc A is read as B is contained in 4 or B is a subset of A.
() 4 2 B 1s read as A contains B or 4 is super-set of B.

lllustration 1.
(i) The set A = {2, 4, 6} is a subset of B = {l, 2, 3, 4, 5, 6}, since each number 2,

4 and 6 belonging to A, also belongs to B.
(ii) The set A = {1, 3, 5} is not a subset of B= {1, 2, 3,4} since 5€ A4, but 5 ¢ B.
(i) The set of real numbers is a subset of the set of complex numbers. The set of
rational numbers is a subset of the set of real numbers. The set of integers is

a subset of the set of rational numbers. Finally, the set of natural numbers is a
subset of the set of integers. Symbolically,

NCLOCOORCOC

gg:' Trick(s) for Problem Solving

e [f we are to prove that 4 ¢ B, then we should prove that x € 4 = xe B.
Symbolically,
Ac Bifandonlyifxe A=x€e B

e [f we are to prove that 4 & B, then we should prove that there exists atleast
one element x such that x € 4 but x ¢ B. Symbolically,

A & B if and only if there exists x € 4 such that x ¢ B
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Proper Subsets of a Set

A set B is said to be a proper subset of the set A if every element of set B is an element
of A, whereas every element of 4 is not an element of B.

We write it as B — A and read it as ‘B is a proper subset of 4’,

Thus, B is a proper subset of 4 if every element of B is an element of 4, and there
1s at least one element in 4 which is not in B.

lllustration 2.
(@) If4=1{1,2,5} and B= {1, 2, 3, 4, 5}. Then A is a proper subset of B.
(i) The set N of all natural numbers is a proper subset of the set Z of all integers
because every natural number is an integer, i.e., N ¢ Z but every integer need
not be a natural number, i.e., N # Z.

i?:'l Trick(s) for Problem Solving

If we are to prove that B A, then we should prove that B ¢ A and there exists
an element of 4 which is not in B. Symbolically, B € A4 if and only if B € A and
there exists x € 4 such that x ¢ B.

POWER SET

Elements of a set can also be some sets. Such sets are called ser of sets. For example, the
set {@, {1}, {2}, {3, 4}} is a set whose elements are the sets ¢, {1}, {2}, {3, 4}.

The set of all the subsets of a given set A is called the power set of A and is denoted
by P(A).

Since the empty set and the set A itself are subsets of 4 and are, therefore, elements
of P(A). Thus, the powerset of a given set is always non-empty.

lllustration 3.
() If A = {a}, then P(A) = {¢, A}.
(i) If B = {2, 5}, then P(B) = {¢, {2}, {5}, B}.
(iii) If S = {a, b, c}, then P(S) = {¢, {a}, {b}, {c}, {a, b}, {a, c}, {b, ¢}, S}.

<1 IMPORTANT

1. Every set is subset of itself.
2. Empty set is the subset of every set.
3. If a set has n elements, then the number of its subsets is 2".

UNIVERSAL SET

If in any discussion on the set theory all the given sets are subsets of a set U, then the
set U/ is called the universal set.

Hlustration 4. | Let4={2,4,6},B={1,3,5},C=1{3,5,7,11},D={2,4, 8, 16} and
U={1,2,3,4,56,7,8, 10, 11, 16} be the given sets. Here the sets 4, B, C and D are
subsets of the set /. Hence UU can be taken as the universal set.

Intervals as Subset of R

The set of all numbers lying between two given real numbers is called an interval in R.
Let a and b be any two real numbers such that a < b, then we define the following
types of intervals:
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(i) Closed interval |a, b|
(a, b) = closed interval from a to b
={x:x€ Roasx<b}
= set of all real numbers lying between a
and b including the end points a and b.
Clearly, it is an infinite subset of R.
(ii) Open interval (a, b) or |a, b]
= open interval from a to b " b
={x:x€ R,a<x<b} Fig. 1.2

= set of all real numbers lying between a and b, excluding the end points a and b.
This is an infinite subset of R.

(iii) Closed-open interval |a, b) and open-closed interval (a, b|

|
o

S

Fig. 1.1

e
S

[ \ [ 1
L / \ ]
a b a b
Fig. 1.3 Fig. 1.4
[a,b) ={x:x€ Roas<x<b} (a,b]={x:x€ Roba<x < b}

(iv) Real number set R as an open interval
We introduce two special numbers —eo and +eo, where

—o = g number less than any real number,
+eo = g number greater than any real number.
—eo < x forall x € R, and x < ee for all x € R.
Hence the set R can be thought of as the open interval (—ee, ), so that
R=(—00,00)={x:x € R, —o0 < x < oo}
Also, the infinite intervals in R can be given by
(—e°, a), (a + =), (-, a], [a + o)
Clearly all of these are infinite subsets of R.
~ The numbers +e= and —= do not follow the ordinary rules of arithmetic.

Hlustration 5. | o — <20, 0 xm#ﬂ,%;&l,ﬂa&l,m+m#2m, 1% 1, 0% 1. etc.

L=

Example 1. Replace * by C or € to make the statement correct in the following:
M {1,7, 8} *{6,7, 8, 9}; () {1,2,3)*{),2,3,4};
(i) {x:xe€ Nandx 25} * {5,6, 7, 8, 9};
(iv) {x : x is an equilateral triangle} * {x : x is an isosceles triangle}.
Solution: (i) 1€ {1,7,8},butl & {6,7, 8, 9}
s {1,7, 8}z {6,7, 8,9}
(i) Since every member of {1, 2, 3} is also a member of {1, 2, 3, 4},
v ek At 2 3,4}
(iif) Since {x :xe Nandx=5}={5,6,7, 8§, 9, ...},
". every member of {5, 6, 7, 8, 9, ...} is not a member of {5, 6, 7, 8, 9}.
Thus, {x:xeNandx 235} € {5, 6, 7, 8, 9}
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(iv) {x:xisan equilateral triangle} = The set of all triangles having three sides equal
and {x : x is an isosceles triangle} = The set of all triangles having two sides
equal.

But a triangle having three sides equal already has two sides equal,

. every element of {x : x is an equilateral triangle} is an element of {x : x is an

isosceles triangle},

s {x : x is an equilateral triangle} < {x : x is an isosceles triangle}

Example 2. Let A= {1,2, 3,4}, B={1,2 3} and C = {2, 4}.
Find all sets X such that:
i) Xc Band X c C; (i) Xc A and X @ B.
Solution: (1) We have,
P(B) = {¢ {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2,3}}
and P(C) = {¢, {2}, {4}, {2, 4}}
Now, XcBand XcC= Xe P(B)and Xe P(C)= X = ¢, {2}
(ii)) We have, Yc A and X ¢ B
= X i1s a subset of 4, but X 15 not a subset of B.
= Xe P(A) but x ¢ P(B)
= X=1{4}, {1, 2,4}, {2, 3,4} {1, 3,4}, {1, 4} {2, 4}, {3,4}, {1, 2, 3, 4}
Example 3. LetA = fa b, ¢ d}, B={a b, c) and C = {b, d}. Find all sets X satisfving
each pair of conditions.

) XcBandXazC, (MXcBX#Band X« C;
(i) Xc A XcBand X c C

Solution: (i) We have, X c Band X ¢ C
= X is a subset of B, but X is not a subset of C.

= Xe P(B), butx e P(C)
= X ={a}, {c}, {a b}, {a, c}, {b, c}, {a, b, c}
(1) We have, Xc B, A#Band Xz C
= X is a subset of B other than B itself and X is not a subset of C.
= Xe P(B),Xe P(C)and X= B
= X={a}, {c}, {a, b}, {a, c}, {b, c}
(iii) We have, Y c A, XcBand X c C
= Xe P(A),Xe P(B)and X € P(C)
= X is a subset of A, B and C.
= X=0 {b
Example 4. List all the subsets of {a, b, c}.
Solution: The subsets of {a, b, c} are ¢, {a}, {b}, {c}, {a, b}, {b, ¢}, {a, c}, {a, b, c}.

Example 5. List the proper subsets of

A={l1,2, 3]}
Solution: The proper subsets of 4 are @, {1}, {2}, {3}, {1, 2}, {2, 3}, {3, 1}.
Example 6. Given A is the set of letters in the word MOON. Find the power set of A.
Solution: Power set of A = P(A) = {@, {m}, {0}, {n}, {m, o}, {m, n} {o, n}, {m, o, n}}



SETS 117

Example 7. Write down the power set of the following sets: (i) {1, 2, 3}; (ii) {0}.
Solution: (i) Let A = {1, 2, 3}. The possible subsets of this set 4 are:
¢ {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}

So, the power set of the given set A is:

P(A) = {¢ {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2,3}}
(i) Let A = {0}. The possible subsets of this set 4 are ¢, {0}, so the power set of
the given set A4 is:

P(4)={¢, {0}}
Example 8. Find the power set of {{a, b}, c}.
Solution: Let A = {{a, b}, c}. Since A contains two elements {a, b}, c, hence P(A4) will
contain 2° = 4 elements.

The elements of P(A) are ¢, A, {a, b}, {c}.

Example 9. Write down the power set of set A = {1, 2, {3, 4}}.

Solution: The elements of the given set 4 are 1, 2 and the set {3, 4}. The subsets of set
A are:

¢, {1}, {2}, {3,4}, {1,2}, {1, {3,4}}, {2, {3,4}}, {1, 2, {3,4}}, ie, A
P(A)={¢. {1}, {2}, {3, 4}, {1, 2}, {1, {3, 4}}, {2, {3,4}}, 4}
Example 10 Let B be a subset of a set A and let P(A : B) = {X € P(4) | X © B)
(i) Show that P(A : @) = P(A).
() If 4= {a, b, c, d} and B = {a, b}. List all the members of the set P(A : B).
Solution: (1) We have,
P(A:B) = {Xe P(4) | Bc X}

= Set of all those subsets of 4 which contain B
= P(A : ¢) = Set of all those subsets of 4 which contain ¢
= Set of all subsets of set 4

= P(A)
(ii) We have,
A={a, b, c, d} and B = {a, b}
= P(A : B) = Set of all those subsets of set 4 which contain B
= {a, b, c}, {a, b, d}, {a, b, c, d}

| EXERCISE 1.3 I

1. Let E= {a, b}. Which one of the following statements are correct or incorrect?

(i) {a} € E; (ii) (b} c E; (i) ¢ € E;
(iv) ¢ c E; (v) {a. b} c E; (vi) E < {a, b, c}.
2. Write the following in set notation:
(i) B is a subset of A: (ii) C is not a subset of A;
(iii) A4 is a super set of B; (iv) the set A belongs to the set B;

(v) the set F is contained in the set B; (vi) T is a set having ¢ as a member.
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J. Let A4 ={l, {a, b}}). Which one of the following statements are correct or incorrect?

(i) 1 e A; (i} @ € A (i) {a, b} = A;
(iv) {1, a, b} C A; (v) la. b} € A, (vi) {1} c A

4. Make correct statements by filling in the symbols < or ¢ in the blank spaces.
() (2.3, 4y — {1, 2.3, 4, 5} (i) {a b, c} {b, c, d};

(i) {x : x is a student of Class X1 of vour school}
(iv) {x : x is a circle in the plane} {x : xis a circle with radius 1},

(v) {x @ x1s a tnangle in the plane} {x : x is a rectangle in the plane};

(vi} {x : x 15 an equilateral triangle in the plane} —— {x : x 15 a tnangle in the plane};
(vii}) {x : x is an even natural number} {x : x 18 an integer}.

tx : x is a student of your school};

3. Examine whether the following statements are true or false:
(i) {a, b} @ {b, c, a}; (ii) {a, e} < {x : x is a vowel in the English alphabet};
i) {1, 3, 5} < {1, 3, 5}; (iv) {a} c {a, b, ¢}. (v) {a} € {a, b, c}.
(vi) {x : x is an even natural number which divides 6} < {x : x is a natural number which
divides 36}.

6. LetA=1{¢g (¢}, 1. {1, ¢}. 7). Which of the following are true?
(i) ¢ € A; () (@} € A; (i) {1} € A;
(iv) {7, &) < 4 (v) 7 ¢ A (vi) {7, {1}} @ A4
i) ({73, (13} @ 4 (vill) {6 (0} {1 Ol A (W) ({8} C 4.

7. Lletd=1{1,2. {3 4}, 5}. Which of the following statements are false and why?

(i) {3, 4} c 4; (i1) {3, 4} € A; (i) {{3, 4}) c 4;
(iv) 1 € 4; (v) 1 < A4; (vi) {1, 2, 5} c A;
(vii) {1, 2, 5} € A (vii) {1, 2, 3} < 4 (ix) ¢ € A, (x) {@) < A

8. LetA, Band C bethreesets. If 4 c Band B € C, is it true that 4 € C? If not give an example.
9. Let 4= {1 2 3}, 14, 5}, 16, 7. 8}}. Determine which of the following is true or false:
(1 e A ) {1, 2, 3} c 4; (ui) {6, 7, 8} € A
(iv) {{4, 5))} c 4; (vl ¢ € A; (vi) ¢ C A
10. (i) How many elements has #(4) 1if 4 = ¢!
(1) Provethat A c ¢ = A = @
11. Write the following as intervals:
(i) {x:xe R, 4 <xsg 6] (i) {x:xe R, -12 <x < =10}
(iii) {x:xe ROSx<T)} {iv) ix:xe R, 3 =x <4
12. Write down all the subsets of the following sets:
() {a}s (i) {a. B} (i) {1, 2. 3}:  (iv) &
13. Write the following intervals in set-builder form:
(1) (-3. ) (1) 6, 12): (i) {6, 12]; (v} [-23. 5)

14. let 4 =1{1. 3, 5} and 8 = {x : x 15 an odd natural number < 6}.
Is A c B? Is B c A? IsA=8"7

15. Let 4 = {1, 2, {3, 4}, 5}.
Which of the following statements are true or false and why?

(i) {3, 4) c 4; (i) {3, 4} € A; (iii) {{3. 4}} @ 4;
(iv) {1, 2, 5% c 4; (v) {1, 3, 5) c 4.

16. Write down the power sets of the following:
(i) 4 = {8, 9V (i) B = {0, 1, 2} i)y C = 11, {23},

17. Decide, among the following sets, which are the subsets of which?
A = {all real numbers satisfving L -fx+12= 0}, B={2 4, 6},
C=4{240628, ..}, D={6).
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In each of the following. determine whether the statement is true or false. If it is true, prove
it. If it 1s false, give an example.

(i) fxe Aand 4 € B, thenx € B; i) f4dcBand Be C then 4 e C;
(iii) f4cBand Bc C, then 4 C C; (iv) IfAc Band B@ C, then 4 ¢ C,
(v) if xe 4and 4 @ B, thenx € B; (vi) fAc Band x e B, thenx ¢ A.
State whether each of following statements is true or false for the sets 4, B and C where:

A = {x| x is a letter of the word BOWL}, B = {x| x is a letter of the word ELBOW)
C = {x| x 15 a letter of the word BELLOW)

(i A CB; (ii) 8 o (i) B = C
(iv) A is a proper subset of B: (v} B is a proper subset of C.
Let A = {x]x 15 a letter in the word *GEORGE CANTOR’} and B = {x| x is a vowel in
the word ‘“GEORGE CANTOR’}, then

(1) write the sets 4, B in the tabular form; (11) state n(A4) and n(B);
(ui) write the number of proper subsets of 4; {iv) write the power set of B.
Let 4 = ¢. Show that the power set P[P(P({¢))] has 4 elements.

Classify the following statements as True or False:
(i} Every subset of a finite set is fimte;
(ii) Every subset of an infinite set is infinite;

(iif} Every subset of an infinite set is finite;

(iv) The power set of a given set is the set of all subsets of the set;
(v} A proper subset of a finite set is equivalent to the set itself;
(vi) For any two sets 4 and B either 4 C Bor B C A;

(vii) @ is a subset of {@}; (viii) § C {2, 4, 5);
(ix) 5€ {2, 4, 5} x) 3 € {2, 4, {5}}
(xi) {0} < {0, 1, 2}; (xii) {0} € {0, 1, 2}.

What unmiversal set would vou propose for each of the following:
(1) The set of right triangles;
(ii) The set of isosceles triangles.

24. Given the sets A = {1, 3, 5}, B= {2, 4,6}, C= {0, 2, 4, 6, 8}.

Which of the following may be considered as universal set(s) for all the three sets 4, B
and 7

Answers

L. (i) Incorrect; () Correct; (i) Incorrect; (iv) Correct;
(v) Correct; (vi) Correct.

2. (i) Bc A4: (iiy C @ A: (iii) 4 > B: (iv) A € B,
(v) Fc B; (vi} g T.

3. (1) Correct; (i) Incorrect; (i)} Incorrect; (iv) Incorrect;
{v) Correct; (vi) Correct.

4. (1) < (i) &: (1) < (iv) @;
(v} (vi) (vil) .

5. (1) False; (11} True; (1ii) False: (iv} True;
(v) False: (vi) True.

6. (i) True, (i1} True; (iii) False; (iv) True;

(v} False: (vi) True; (vii) True; (viii) True: (ix) True.
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7. (1) False: (i1) True; (iii} True; {iv} True;
v} False, (vi) True; (vi1) False, (vili) False;
(ix) False; (x) False.

8 No:A={1.2}, B=141,23},C={11,2, 3}}.Clearlv. A cBand Be C but 4 & C
9. (i) False: (i1) False: (1) True: (iv) True; (v} False, {vi) True.
10. (i) 1.
11, (i) (-4, 6]: (i) (—12, —-10% Qi) [0, 7 (iv) [3, 4]
12. (i) @ {a}: (i} @ {a}, (b}, {a b}
(i) @ {13, 12} 35, 11, 25, {1, 3}, {2, 3. {1, 2, 3}. () @
1. (i) {x:xe R -3 <x<0); (i) {x:xe R 65x%5 12}
(i) (x :x e R 6 <x<12); (iv) x cxe R -23 < x < 5).
14. Yes; Yes, Yes.
15. (i) False, {3, 4} is an clement of A; (ii) True;
(i) False, {{3, 4}} < A; (iv) True; (v) False, 3 & A
16. (1} (¢ {8}, {9). {8 91
(i) (@ {0}, 113 {21 10, 1}, {0, 2}, {1, 2}, {0. 1. 2}};
(i) {e {13 23] (L (23]
1T AcB AcC.BcC,Dc A, DcB DcC.

18. {i) False.
Let A= {1}, B = {{1}, 2}

Clearly, 1 e dand 4 € B, butl & B
S0, x € Aand A € B need not imply that 4 € B.
(ii) False.

Let A= {1}, B={l, 2} and C = {{1, 2}, 3}
Clearly, 4 cBand Be C.butde C
Thus, 4 c 8 and B & C need not imply that 4 € C.
(i1i) True.
Let x € A, Then,
ACcCB=2xe B=xe
Thus, x e d=xe Cforallxe A= Ac
Hence, 4cBand Bc C = A c (.
(1v) False.
Lct A={1, 2}, B={2 3} and C = {l, 2, 5)
Then, AagBand Bao C. butdcC
Thus,. A<« Band B @ C need not imply that 4 ¢ .
(v) False.
Let A=1{1, 2} and B = {2, 3, 4, 5}
Clearly ledand Az B butl ¢ B
Thus, x € 4 and 4 & B need not imply that x € A.
(vi) True.
Let AcCcB Then, clearlyxe A=2xe B x ¢ B=2x¢é A
19. (1) True; (i) True; (i) True; (iv) True; (v) False.
200 (0 A={GE O R C,A N T)and B = {E, O, A}
(i) n{4) = 8 and n(B) = 3.
(i) The number of proper subsets of 4 = 2 _1=25%-1=255.
(iv) P(B) = {¢ (E}, {O}. {A}, {E, O}, {O, A}, B}.



SETS 1.21

22. (i), (iv), (wii), (ix), (xi)aretrue and (ii), (iii), (v), (vi), (viii), (x), (xii)are false.
23. The set of all the possible triangles.

24. (iii) ie {0, 1, 2,3, 4, 5,6, 7, 8,9, 10}

‘ HINTS AND SOLUTIONS I

8. (i) Since the elements of the set {a, b} are also present in the set {b, c. a}, therefore, {a. b}
@ {bh, c, a} 1s false.

(ii) Vowels in the English alphabets are a. ¢, i, o, v.
s fa, e} < {x : x is a vowel in the English alphabet} is true.
(i) {1, 3, 5} < {1, 3, 5} is false as they are equal sets. None is a proper subset of the other.
(iv) True as {a) is contained in the set {a, b. c}.
{v) False because @ € {a, b, ¢} and not {a}.

(vi) {x : x is an even natural number less than 6} = {2, 4} and {x : x is a natural number which
divides 36} = {1, 2. 3,4, 6,9, 12, 18, 36}. Since every element of the set {2, 4} is contained
in the set {1, 2, 3, 4, 6, 9, 12, 18, 36}, therefore, the given statement 1s true.

10.(1) P(A) = P(¢) = [¢} = a set containing 1 element.
(ii) Two sets 4 and B are said to be equal if and only if 4 — B and B C 4.
Now, ¢ € A
and 4 c ¢ {Given)
LA=¢
19. The given sets in the roster form are:
A={B, O, W, L, B={E, L.B O W}and C = {B, E, L, O, W}.

2. P(o) = e}
P(P(@) = {¢ (0]}
PIP(P(g)] = {0 (¢}, {1} (¢ {4)])
. P[P(P(¢))] has 4 clements.

VENN DIAGRAMS

In order to visualise and illustrate any property or theorem relating to universal sets, their
subsets and certain operations on sets, Venn, a British Mathematician developed what
are called Venn diagrams. He represented a universal set by interior of a rectangle and
other sets or subsets by interiors of circles.

lllustrations of Certain Relationships Between Sets by Venn Diagrams

(i) If U be set of letters of English alphabets and A the set of vowels, then 4 < U, This
relationship is illustrated by Fig. 1.1.

INCHIO)

Fig. 1.5 Fig. 1.6(a) Fig. 1.6(b)
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(i) If 4 < Band A # B, then 4 and B can be represented by either of the above diagrams
[Fig. 1.6(a) and Fig. 1.6(b)].

(i) If the sets 4 and B are not comparable, then neither of 4 or B is a subset of the other.
This fact can be represented by either of the above diagrams [Fig. 1.7(a) and

Fig. 1.7(b)).
(&

Fig. 1.7(a) Fig. 1.7(b)

(iv) If 4 = {1, 2, 3,4} and B = {5, 6, 7}, then 4 and B are disjoint. These can be
illustrated by Venn-diagram given in Fig. 1.8.

Fig. 1.8

COMPLEMENT OF A SET

Let A < U (i.e., A is a proper subset of universal set U). Evidently, U consists of all the
elements of 4 together with some elements which are not in 4. Let us now constitute
another set consisting of all the elements of U/ not in 4. Naturally, it will form another
proper subset of [/, We call this subset ‘the complement of the subset A in U"and denote
ithby A"orby A, ie., A“={x:xe U x e A}.

Thus, the complement of a given set is a set which contains all those members of
the universal set that do not belong to the given set.

Representation of A’ by Venn-diagram

Let A be a subset of the universal set {J. The shaded area
in Fig. 1.9 represents the set 4° which consists of those
glements of {/ which are not in A.

lliustration 1.

(i) If the universal set is {a. b, ¢, d} and
A={a, b, d}. then 4" = [c}.

(i) If universal set LU= {1, 2, 3,4, 5, 6} and 4 = {2, 4, 6}, then 4" = {1, 3, 5}.
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(i) If U= N and 4 = O (the set of odd natural numbers), then 4’ = E (the set of
even natural numbers).

(iv) fFU=1,A=N,then4'={0,-1,-2,-3 ...}
WIfU=1{1,2,3,4}, A=1{1,2,3,4},then A'= ¢.
Note: (1) Since A c A, therefore, 4'= ¢.
(i) (4') = A, i.e., complement of the complement of a set is the set itself.

Proof. In order to prove (4')"' = 4, we have to prove that:

(a) (4')'c4
(b) Ac(4")
(a) Let x be any element of (4')".

Then xe(A')=2xe A'=>xe A

(A'Y c A (1)

(b) Let x be any element of A.

Then xeEA=2xg A =2xe(A')Y=2Ac (A" uAZ)

~. From (1) and (2),

(4')' =4

OPERATIONS ON SETS

Union of Sets

Let 4 and B be two given sets. Then the union of A and B is the set of all those elements
which belong to either 4 or B or both.

The union of 4 and B is denoted by A w B and is read as ‘A union B’. The symbol
\ stands for union. It is evident that union is ‘either, or’ idea. Symbolically,

AU B={x:eitherxe A orx e B}

Note: The union set contains all the elements of 4 and B, except that the common elements
of both 4 and B are exhibited only once.

Representation of A U B by Venn diagram

Let A and B be any two sets contained in a universal set
U. Then 4 U B is indicated by the shaded area in Fig. 1.10.

lllustration 2. Fig. 1.10

() LetA=1{1,2,3,4},B={2,3,6,7,9},then AU B={],23,4,6,7,9}.

(i) If 4 = O(set of odd natural numbers), B = E (set of even natural numbers), then
A B=N.

(m) If 4 is the set of rational numbers and B the set of irrational numbers, then
AUB=R.

(iv) fA={x:x*=4,xe 3 ={2,-2},B={y: 2 =9,ye [} = {3, -3}, then
AuB={-3, -2 2 3}.

(v) fA={x:1<x<5,xe N} ={2,3,4}, B={y:3<y<T,ye N} ={4,5, 6}.

<Y IMPORTANT

From the definition of the union of two sets 4 and B, it i1s clear that
exe AuuBexeAorxe Bexg AuUBeSxe A and xe B
cedAcAuBandBgc AUB o AuAd'=lxe U:xe A}ufxe U:xe A} =U
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Intersection of Sets
Let 4 and B be two given sets. Then the intersection of 4 and B is the set of elements
which belong to both 4 and B. In other words, the intersection of 4 and B is the set of
common members of 4 and B.

The intersection of 4 and B is denoted by 4 N B and is read as ‘4 intersection B’.
The symbol m stands for intersection.

It is evident that intersection is an ‘and” idea. Symbolically,

ANnB={x:xe Aand x € B}

<Y IMPORTANT

From the definition of the intersection of two sets 4 and B, it is clear that
exe ANnBeoxe Aandx e B

exgAnNnBexe A or xg B

e AnBcAandANnBCB

e AnA'=xelU:xed}nixe U:xe A} =¢

Representation of A n B by Venn diagram 7

Let A and B be any two sets contained in the universal set
U. Then A n B is indicated by the shaded area as shown
in Fig. 1.11.

MNustration 3.

(i) If4={1,2,3,6,9, 18} and
B={1,2,3,4,6,8,12,24}, then A n B={l, 2, 3, 6}.
(ii) If A is the set of odd natural numbers and B is the set of even natural numbers,

!W‘

Fig. 1.11

then 4 N B = ¢. [Intersection of two disjoint sets is empty set]
(iii) If 4 and B are sets of points on two distinct concentric circles, then
AN B=¢.

(iv) IfA={x:1<x<6,xe N} ={2 3, 4, 5}
and B={y:2<y<9,ye N} ={3,4,5,6,7, 8},
then AN B= {3, 4,5}

Disjoint sets

If AN B= ¢, then 4 and B are said to be disjoint sets.
For example, let 4 = {2,4, 6,8} and B= {1, 3, 5, 7}.
Then, 4 and B are disjoint sets, because there is no
element which is common to 4 and B. The disjoint sets

can be represented by Venn diagram as shown in
Fig.1.12.

Difference of Sets

Let A and B be two given sets. The difference of sets 4 and B is the set of elements which

are in A but not in B. It is written as 4 — B and read as ‘A difference B’. Symbolically,
A-B={x:xe Aand x ¢ B}

Similarly, B-A={x:xe Band x ¢ A4}.

Fig. 1.12

"™ CAUTION
In general, A - B# B - A.
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IHustration 4.
i) IfA=1{1,2,34},B=12,4,7,9},then4-B={1,3} and B- A4 = {7, 9}.
Hence A-B#B- A4

Gi) If4={12,15,17,20,21},B={12,14,16, 18,21} and C= {15,17, 18,22}, then
A- B ={15,17,20}
B—-C ={12,14, 16,21}

C-—-A=1{1822)
B— A4 ={l14,16, 18}
A—A=¢

Representation of A—-B by Venn Diagrams

In the following four cases, shown in Figs. (1.13), (1.14), (1.15) and (1.16), A — B is given
by the shaded area.

Uy

Fig. 1.13 Fig. 1.14
.’
Fig. 1.15 Fig. 1.16

Symmetric Difference of Two Sets
Let 4 and B be two given sets. The symmetric

difference of sets 4 and B is the set (4 — B) v (8 - 4).
It 1s written as 4 A B. Symbolically,
Aﬂ:ﬂ={IZIEAUB} 4 B

In Fig. 1.17, the shaded part represents 4 A B.

LAWS OF ALGEBRA OF SETS Fig. 1.17

Operations on sets such as union and intersection satisfy various laws of algebra which
are as follows:

Identity Laws
For any 4, we have
(Aue¢g=A4 ()AnU=4
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Proof. ) Avdg=Iix.xedorxe g ={x:xe A}(asxe P =A
(ii)AnU={x:xe Aandxe U}y ={x:xe€ A} =A

Idempotent Laws
For any set 4, we have
npAUVA=A (mMyAmnAd=4
Proof. () AvA={x:xe dorxe A}={x:xe A} = A4
mMAnA={x:xe Aandxe A} = {x :xe A} = A4

Commutative Laws
For any two sets 4 and B, we have
AduwuB=BuwAd (IWAdnB=Bn A4
Proof. (1) Let x be an arbitrary element belonging to 4 U B.
Thenxe A ull=axedorxe B=2xe B or xe A=2xe B U A
AuBcCc BouA
Similarly, BuAcAUB
ol AuB=BuUA
(i) Letxe AN B.

Thenxe Adandxe B=xec Bandxe A =2xec B A
: AnBgBn A

Similarly, BhnACANB
5 ANnB=8BnNnA
Associative Laws
For any three sets 4, B and C, we have
HAUBUC=AUu(BuUO) MANBAC=An(BnO)

Proof. (i) Letxe (4 v By uw C.

Thenxe (A wuBlorxe C =2(xedorxe B) or xe C
=xec dAor(xe B or xe ()
=yxedorxe(Bul)=xe Au(Bv ()

2 AuBulcdAdu(Bul)

Similarty, AvBuOcAuBulC

AuBulC=4Au(Bu )

(1) Letx e (4 m B)yn C.

Thenxe (AnBlandxe C =2(xe dandxe Blandxe C
=xe Aand (x € Band x € ()
=xe dandx e (B )
=xe AN(BNO)

x (ANBINCcANn(BN ()

Similarly, An(BmnOcAnmBnC

g ANnB) N C=An (BN C)

Distributive Laws

For any three sets 4, B and C, we have
MDAVCBAO)=(AVUB AU (IDANBUO)=ANnB oA
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Proof. (i) Letx e A v (B n ).

Thenxe Aorxe (BN(C) =xe Aor(xe Band x € C)
= (xe Aorxe B)and (xe Aorxe ()
= (xeAuBand(xe Av ()
=2xe(AuBn(Au )
& Au(BNOcgc(AuB)Nn(Avu )
Similarly, (AuBNAuC)gcAu(Bn )
AVBNO=AuBnNnAu ()
(ii) Letxe AN (Bu O).
Thenxe Aandxe (BUC) =2xe Aand (x e Borx e C)
=(xe Aandxe B) or (xe Aandx e O)
=xe(AnNnBlorxe (AN
sxe(AnNnBuldn()
ANn(BulO)gcAnB)uAdn()
Similarly, ANnBuAnOcAn(Buw ()
: ANn(BuO)=AnNnBuAnO)
De Morgan’s Rule
For any two sets 4 and B,
MHDAuUB)'=A'nB'and (I)(ANB)Y=A"UB'
Proof. (i) Letx e (4 U B)'.
Then xg(AuB)=x¢ Aandx ¢ B
=>xe€ A'and x € B'
=xe A'N B
& (AuBYcA'N B
Now, let ye A'n B"

Then ye A'andye B =y¢é Aandye B
=yeAuUB
=yve (4uB)

iy A'nnB'cidvBY

Hence (AuB)Y=A"nB'

(11) Let x € (4 N B)".

Then xg(AnNnB)=>xeAorxeB

=>xe€ A'or xe B’
=xe AU B
=AdNB)cA'UB
Also, let y € A"U B"
: yve A'orye B =y Aoryé B
=y € (AN B)
= yE (AN B)'
A'VUB'c(AnB)
ANB)/=A"UB'
Example 1. [f A ={a b, c, d}, B=(b d e f}) and C = e, d g b}, write A L B,
Bn Cand A - B.
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Solution: We have,
A={a, b, c,d},B=1{b,d, e, [}, C= {e, d, g, b}
AuB={a b c,dyvi{bde f}=1{a b cdef}
BNnC=1{bd e fi n{ed g b} ={b,d, e}
A-B={a b c,dy—-1{bd e [} = {a c}
Example 2. If P is the set of all positive prime numbers and E the set of all positive even
numbers; find P N E.
Solution: P = set of all + ve prime numbers = {2, 3, 5, 7, 11, ...}
E = set of all + ve even numbers = {2, 4, 6, 8, 10, ...}
PnE={2,3,5,111,..)n{2,4,6, 8, 10, ...} = {2}
Example 3. For the following sets, find their union and intersection:
() A={a, e iou},B={ab}; (iX={l,3,5},Y¥={l,2 3}
(i) A = {x : x is a natural number and multiple of 3};
B = {x : x is a natural number less than 6};
(iv) A = {x : x is a natural number and 1 < x < 6};
B = {x : x is a natural number and 6 < x < 10},
vA=1{1,2,3},B=2¢.
Solution: (i) A v B={a, e, i,0,u} U {a, b} = {a, e, 1, 0, u, b}
AnB={aelio,u} N {a b} = {a}
i) XuY¥={1,35 v {l, 2 3}={1,2,3,5}
XnnY={1,3,5 v{l,23}={l1,3}
(i) A=1{3,6,9,12,..}, B={1, 2, 3, 4, 5}
AuB={3,6,912, .1uvi{l,23,45}={1,23,4,5,6,9, 12, ...}
={x:x=1,2,4, 5 or a multiple of 3}
AnNnB={3,6,912, ..} n{l,2 3,4, 5} = {3}
(ivi 4A=1{2,3,4,5,6}, B= {7, 8,9}
AuB =1{234756}0{789={23,4,5,6,7,8,9)}
. ={x:1<x<10and x € N}
AnB=1{2,3,4,561n{7,89)=¢
VVAVB={1,23}ue=1{1,23}=4
AnNnB={1,2,3} nog=¢
Example 4. GivenU = {x : x is a natural number}, B = {2x :xe€ Ut and C= {2x + 1 :
x e U}, find (i) BUC: (i) BNC; (in) U-C,; (iv) B
Solution: Evidently, U= {1,2,3,4,5,6, ..}, B=1{2,4,6,8, ..} andC= {3,5,7,9 ...}
MBuwC=1{23,4,5,6,1,8,9 ..} (i) BN C=¢
(i) U-C={1,2,4,6, ...} (iv) B'={1,3,5,7, ..}.
Example5. Let A = [x:x € N A x is a multiple of 2}
B = {x:xe€ NaAx is amultiple of 5}
C = {x:x€ N naxis amuliple of 10}
Describe the sets: () (AN BYNC, (i) AV (BN O); (i) A n(Bu O).
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Solution: A = {x : x € N A x is a multiple of 2} = {2, 4, 6, ...}

B = {x:x e N axis amultiple of 5} = {5, 10, 15, ...}
C = {x:xe N A xis a multiple of 10} = {10, 20, 30, ...}

i) AnB={2,4,6,..} n {5, 10, 15, ..} = {10, 20, 30, ...} =C

AnBnC=Cnt=C

{ii) BnC=1{5,10, 15, ..} n {10, 20, 30, ...} = {10, 20, 30, ...}

AuBnNnC)=1{2,4,6, ..} v {10, 20 30, ..} ={2,4,6, ..} = A
(m’} BuC={5,10. 15, ..} w {10, 20, 30, ..} = {5, 10, 15....)

An(Bu(C)=1{2,4,6, ..} n {5 10, 15, ..} = {10, 20, 30, ...} =C
Example 6. I[fU={1,2,3,4,5,6,7, 8,9}, find the complements of the following sets:
(1) 4=1{2,4,6,8}; () B={1,3,5,7,9}; (m) C={2,3,57}
(iv) ¢ (v) U.

Solution: (i) A = {2,4, 6, 8}
A' = set of numbers in I which are not in 4 = {1, 3, §, 7, 9}
(i) B=1{1,3,5179}
B' = set of numbers in U which are not in B = {2, 4, 6, 8}
m) C=1{2,3,57}
C' = set of numbers in U which are not in C = {1, 4, 6, 8, 9}
(iv) ¢ = {}, the empty set
¢' = set of numbers in U which are not in ¢
= set of numbers in U= U
(v) U" = set of numbers in U which are not in U
= @, since there is no such number.

Example 7. If U={2,3,4,5,6,7,8,9,10,11}, A={2,4,7},B={3,5,7,9, 11} and
={7,8,9, 10, 11}, compute (1) (AN U)n (B C); (i) C - B; (1ii) B-C; (iv) (B- C)".
Solution: () Here AN U= {2,4,7}; BuC={3,5,7,8,9,10, 11}.
AnNnUNn(Bu()=1{2,4,7}n {3,5,7,8,9 10, 11} = {7}
(u} C — B is a set of members which belong to C, but do not belong to B.

C-B=1{8, 10}

(m} B — C is a set of members which belong to B, but do not belong to C.
B-C = {3, 5}

(w) From (111),
B-C={3, 5}

(B-C)'=1{2,4,6,7,8,9,10, 11}
Example 8. Verifyy (4 N B)' = A" B' where A= {2,3,4,5,6) and B= {3, 6,7, 8} are
subsets of the set U= {1, 2,3,4,5,6, 7, 8}.
Solution: We have,

A=1{23,4,56},B={3,6,7,8and U={1,2,3,4,5,6,7, 8}
An B = {3,6}
Then (AnB) ={1,2,4,5,7, 8} an kK)
Alsn A'={1,7,8} and B'= {1, 2, 4, 5}
A"V B'={1,24,5,7, 8} - (2)

me{l}and )
(AN B)'=A"U B’
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Example 9. If A= {2,4,6,8,10}, B={1,2,3,4,5,6,7},C= {2, 6,7, 10} and
U=1,23,4,5,6,7,8,9, 10}, verify that
DBUOY=B'nC"; (iDAvBuUO)=(Avu B)uC;
(MANBNO)=ANBNC, (WWAVBNO=AuBn(4ul)
VVAN(BLUO)=(ANnB)u(dn(C).
Solution: VB C=1{1,2,3,4,5,6,7} v {2,6,7,10} ={1,2,3,4,5,6,7, 10}
(BuO)'={8,9}
Also B'={8,9, 10}, C'= {1, 3, 4, 5. 8, 9}
B'n C'={8,9}
& (BuO)'=B'nC.
@ A4=1{2,4,6,810},BuC={1,23,4,56,7, 10}
AvBL()=1{1,2,3,435,6,7, 8 10}
Also AuB=1{1,2,3,4,56178,10}
and C=1{2,6,7,10)
Y (AuB)uC={l1,217342,567,8, 10}
A BuO)=(AuBuC
i) A=1{2,4,6,8,10,,BNC={2,6,7}
ANn(BnNn C)={2,6}
Also AnB={2,4,6},C={2,6,7, 10}
: (AN B)NC=1{26)
ANn(BNO)=(AnBnNnC
(v) A=1{2,4,6,8, 10, BnC={2,6,7}
AVv(BNC)=1{2,4,6,7, 8, 10}
Also AuB=1{1,23,4506,717,8, 10}
and AuC={2,4,6,7,8, 10}
: AUBN(Au()=1{2,4,6,7,8 10}
i AVBNO=(AVBN(Auv D)
(v) A=1{2,4,6,8, 10}
BuwcC={1,213,4,561, 10}
& An(BuC)={2,4,6, 10}
Also ANnB=1{2,4,6},AnC={2,6, 10}
AnBuAn(0)=1{2,4,6, 10}
ik ANnBuO)=(AnBudAn()
Example 10. I[f U= {a, b,c,d, e,f}, A= {a, b,c}, B= {c,d, e, f}, C= {c, d, e}, and
D = {d, e, [}, tabulate the following sets:

(i) A n D; (i) B N D; (iii) A N C;
(iv) Un D; (v) (Un @) (vi) A U ¢
(vil) (U v A)" (viil) A N ¢ (X) A N (BN O)
® Av BuC (xi) 4 v (BnC) (ai) (A N B) v (4 n C).

Solution: () AnD={a, b, c}N{def=¢
() BNnD={c, defitnid,efl=1{de/f}
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(i) AnC={a, b, c} N {c, d, e} = {c}
(iv yUnD={a b,c,def}n{def}=1def}=D
WMUne¢={a bcdefin{}={}=¢
. (U ¢)' = the set of all elements in U/ which are not in U N ¢
= U (+ Un ¢ has no element)

v Avug={a b ctuif{}={a b c} =4

(vii) UuA={a b,c,d e fl Uiabct={abcdefi=U
(UuA)=¢

(i) An¢g={a, bcyn {}={}=¢

X)) BNC={c,d e f} N {cde}={cd, e}
ANn(BNnO)={a b, c} n {c, d e} = {c}

x) AuB={a b cluicdef}=1{a b cde,f}
(AvuBuC={a,b,c,def} {c,de}=4%abcde.f}

a) BN C={c d e} [See part (ix)]
AVBNCO) ={a, b, c} v {c,d e} ={a b,c d e}

xi) ANB={a, b, c}Nnicdef}={c

AnC={a b, c} N {c, d e} = {c}

ANB)UANC)={c} U {c} = {c}

Example 11. If A — B = A, justify A B = ¢.

Solution: Since A — B = A,
A does not contain any element of B. Thus, 4 and B are disjoint sets (i.e., they have
no element common).
AN B=¢.
Example 12. IfA={4,5,8, 12}, B={1,4,6,9}, C= {1, 2, 3, 4} then find
()A—-(B-A); (1) A-(C-B)
Solution: (1)) B—-A=1{1,4,6,9} - {4,5,8, 12} = {1, 6, 9}
A-(B-A)=1{4,5,8,12} - {1,6,9} = {4, 5, 8, 12}.
iiC-B={1,23,4}-{1,4,6,9} = {2, 3}
~ A-(C-B)=1{4,5,8,12} - {2,3} = {4,5, 8, 12}.

Example 13. Which of the following pairs of sets are disjoint?
(i) {1, 2, 3, 4} and {x : x is a natural number and 4 < x < 6};
(i) {a, e, i, 0, u} and {c, d, e, f};
(i) ix : x is an even integer} and {x : x is an odd integer}.

Solution: (i) {x : x is a natural number and 4 < x < 6} = {4, 5, 6}
Now, {1, 2, 3, 4} and {4, 5, 6} have one element 4 common.
The given two sets are not disjoint.
(ii) The sets {a, e, i, 0, u} and {c, d, e, f} have one element ¢ common.
The given two sets are not disjoint.
(iii) The sets {x : x is an even integer}
and {x : x is an odd integer}
have no element common and, therefore, they are disjoint sets.
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Example 14. Show, by an example, A N B = A N C need not imply B = C.
Solution: Let A = {1, 2}, B= {1, 3} and C = {1, 4}
Now,A "nB=1{1,2} n{1,3}={1} and 4 A C = {1, 2} N {1, 4} = {1}
ANB=ANC,but B#C.

Example 15. Let A, B and C be the sets suchthat A VB =A voCand AN B=A4nC.
Show that B = C.

Solution: We have,
AUB=AVC =22(AuB)NC=AVOINC

22 ANOuVuBNO)=C [« (AuO)NnC=C]
=S ANBUVBNC)=C (1)
[ ANnC=4AnNB]
Again,
AVB=AVC =2(AVvB NnB=AVC)NB
=B=AnNnBw((CnNB) [+ (4w B)n B=B]
=2B=AnBu(Bn() wl2)

From (1) and (2), we get B = C.

Example 16. For any two sets A and B, prove that P(A) = P(B) = A = B.

Solution: Let x be an arbitrary element of 4. Then, there exists a subset, say X, of set
A such that x € X. Now,

XcAd = Xe P(A)

= X e P(B) [+ P(A4) = P(B)]
= XcB
= x€ B [‘'xe Xand X B .. x € B]
Thus, xeA=>xe B
’ AcCB (1)

Now, let y be an arbitrary element of B. Then, there exists a subset, say Y, of set B
such that y € ¥
Now, YcB = Ye P(B)

= Y € P(A) [ P(A) = P(B)]
= YcCA
=ve A
Thus, yEB =ye A
Bgc A «{(2)
From (1) and (2), we obtain 4 = B.
Example 17. Ler A and B be sets, if AN X=BnNnX=¢and AL X =B U X for some
set X, prove that A = B.
Solution: We have for some set X,
AVX=BUX =2ANn(AulX)=An(Buli)

=2 A=AnBu(dAnlX) [ AN (4AuUX)=A]
= A=AnNnBug [-: AN X = ¢ (given)]
= A=AnNB

= AcB (1)
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Again,

AVX=BUX=2BNn(AvX)=Bn(Buw X
=2BNnAVBNX)=BSB [+ BN (B wX)= B]
=BnA)ug=B8B [ BN X = ¢(given)]
=BnNnA=8
=2AnB=18
= BcA wl2)

From (1) and (2), we get A = B.
Example 18, Prove:

MWAVANB=4;, @@MANAuUB)=4;, () (A-B)nNn(B-A)=2¢.
Solution: (1) Let x be any arbitrary element of 4 U (4 N B).

Thenxe Au(AnB) ={x:xe Aorxe (AN B)}
={x:xe Aor(xe A, xe B)}
={x:xe A}
=4 Hence proved.

(11) Let x be any arbitrary element of A n (4 © B).

Thenxe AN (4 v B)
= {x : x is the element common to 4 and 4 U B}
= {x:x€ A} [ AUB={x:x€ Aorxe B}
= A
(m)Anyxe A-B=xe Aandxe¢ B=x¢ B- A4
Furtherany x€e B-A=>xe€ Bandxe A=x¢ A-B
This proves that (4 — B) N (B — A) = ¢.
Example 19. If A, B, C are three sets such that A < B, then prove that C - B c C - A.
Solution: Let x € C — B. Then
xeC-B=>xeCandxe B

=xe Candxe A [+ Ac B]
=xe C-4 s C-Bc(C-4
Example 20. For any two sets A and B, prove that A w B = A " B if and only if

A=B.

Solution: Let A = B.
ThendAuB=AandAnB=A
=2 AUB=AnNnBAB

Thus, A=B=2AuUB=AnBAB s (1)
Conversely, let A W B=A4 N B.
To prove: A = B.
letxe A=>xe AUB
=2xe AnNnB [+ Avw B=An B}
=xeAandx € B
= x€E B
nAcCB . (2)
Now, letye B=ye AUB
=ve ANB [+ AuB=A4n B
=ye Aandye B
=yE A

v B k3)
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From (2) and (3), we get 4 = B.

Thus, AuUB=ANB=A4A=8B ...(4)
From (1) and (4), we have

AUB=ANnB& A=B

Example 21. Show that for any sets A and B A=(ANnB)U(A-B)and Av (B—-A)=A4 U B.

Solution: AN BYU(A-B)=(AnB)u(AnB') [ A-B=AnN B']
=AN(Bu B") [Distributive law]

= 4 N X, where X is universal set = 4
Au(B-A4) =Au(Bn A") [ B-A=Bn A']
=(AuUBN(Au A [Distributive law]

= (4 v B) n X, where X = 4 u A'is universal set
=AwbB (Au BcX)

Example 22. Draw appropriate Venn diagram for each of the following:
(i) (4w B); (i) A" N B’; (ii1) (4 N B)"; (ivid"u B.
Solution: (i) Shaded area (4 v BY

Fig. 1.18

(11) Shaded are shown in Fig. 1.18 above.
(iii) Shaded are (4 n BY

Fig. 1.19
(iv) Shaded are shown in Fig. 1.19 above.

Example 23 Show that A N B = A n C need not imply B = C.

Solution: With the help of an example, we may try to establish it. Let 4 = {1, 2},
B={1,3} and C = {1, 4}. Now,

Ay a=g1, 2y 1,33 = {1}

and AnC={1,2}n{l, 4} = {1}
ANnB=AnC
still B2C

Example 24 Find set A, B and C such that A N B, A n C and B " C are non-empty
setsand AN B C= ¢
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Solution: Let A={1,2},B={2,3}and C = {1, 3}. Clearly A n B= {2}, Bn C= {3} and

AnC= {1}
| i, AN B, A~ Cand B C are non-empty sets.
| ANBNnC=2In{lL,3}=2AnBnNnC=¢

| | EXERCISE 1.4 |

LEVEL OF DIFFICULTY A

. (DIWA={1,2 3.4, B={3.4,5}: C=14.5, 7, 8).

find(a) A ™ B:. (b) BC. (¢c) B-C.

() Let U={1,2,3,.4,.56,7.8,9:4=1{1,2,3,4};B={2.4,6,8):C={3,4,5,6)}.
Find (a) (A n O): (b) (B CY: (c) (4 - ).

i) FU=11,23,4,5.6,7 8}, 4A=1{1 12 3,4} B = {3, 4, 6),

C = {5, 6,7, 8}, verify the following:

(@WAUBuUO)=duBuC by ANBN O =(AnBnNC;
(A VBNO)=Avw B N4l (dy (A BY = 4" B
(ey(AUBY=4"NBR

(iv) If A = {a, b.c. d e} and B = {d. e, [. g}, find (4 - B) n (F - A).

2. If4=1{2 4,68 10}, B={1,2 3,4 5,6, 7) and C = {2, 6, 7, 10},
verify that
i) A-(BuO)y=(A-B)n(A-CY); (i A-BnOYy=(4d-Bud-0).

3. fU=¢{1, 2 3,4, 5 6,7, 8.9, 10}, 4 = {1, 3, 4} and B = {5, 6},
verifythat A —B=Am B8 =8 - 4"
4. (a) Find the union of each of the following pairs of sets:
(i A={a,e i o u}, B={a b c}. (iYAd=1{1,3,5),B8={1,2 3);
(i) 4 = {x : x 15 a natural number and multiple of 3},
B = {x . x 15 a natural number less than 6},
(1v) A4 = {x : x 15 a natural number and 1 < x £ 6},
£ = {x : x is a natural number and 6 < x < 10};
(vVy A={1,2 3}, B=¢
(b) Find also the intersection of each pairs of sets given above,

S. IfA=1{3,5 7.9 11}, B={7. 9 11, 13}, C = {11, 13, 15}, and D = {15, 17}, find

(1) AN B, (i) B i)y A~ Crmy I
(iv)y 4 m C; (v B D (vi) A m (B O,
(vii) 4 " D: (viii) 4 M (B v D): (ix) (4~ B) " (B u O

(x) (A v D)y (Bu O

6. If4=1{1,23.4,B=1{3,.4,56},,C=1{56,7 8} and D= {7, 8 9, 10}, find
(i) A L B; (i) A v C; (iii) B w (iv) 8w D
(vidvuBou(C Vi Au Bu D, (vii)Buw CubD,

7.  Which of the following pairs of sets are disjoint?
(1) 11, 2. 3, 4} and {x : x is a natural number and 4 = x = 6}

(ii) {a, e, 1, 0, u} and {c, d, e, /' };
(iii) {x : x is an even integer} and {x : x is an odd integer}.

8. State whether each of the following statements are true of false. Justily vour answer.
(1) {2, 3, 4, 5} and {3, 6} are disjoint sets.
(1) {a. e i, 0, u} and {a. b. c. d} are disjoint sets,
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9.

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

(i) 42, 6, 10, 14} and {3, 7, 11, 15} are disjoint sets.
(iv) {2, 6, 10} and {3, 7, 11} are disjoint sets.

Taking the set of natural numbers as the universal set, write down the complements of the
following sets:

(i) {x : x € N and x is even}; (it) §{x : x € N and x is odd};
(ii1) {x : x € N and x = 3n for some n € N};
(iv) {x : x is a prime¢ number}; (v} {x : x € N and x is a perfect square};
(vi) {x : x € Nand x is a perfect cube}; (vil) {x:xe Nand x + 5 = 8};

(vii) {x : x e Nand 2x + § = 9}; (ixX) {x:xe Nand x 2 7},

(x) {x:xe Nandxisadivisible by 3 and 5}; (x1) {x:xe Nand 2x+ 1 > 10},
Let U=1{1,23,4,5,6,7,8,9},4=1{2,4,6,8)and B = {2, 3, 5, 7). Verify that
(i) (AU B)=A"nB" (i) (AnB)=A4'UB"

Let A4 ={3,6 12,15 18, 21}, B= {4, 8, 12, 16, 20}, C= {2, 4, 6, 8, 10, 12, 14, 16}, and
D = {5, 10, 15, 20}. Find

(1) 4 - B, (i) A4 - ¢, (1) A — D (iv) B — A,
(v} C — A; (vi) D - A; (vii) 8 - C; (vin} 8 — D,
(ix) C - B; (x) D - B; (xiy C - D, (xiiy D — .

Let 4 = {x : x is a natural number}, B = {x : x is an even natural number},
(" = {x : x is an odd natural number} and D = {x : x is a prime number}. Find

(1) A B, () A4 () A i {iv) B n (;
(v) B n D (vi) C m D,
IfX={a b c diand Y= {f b d g} find

(iy X ¥: (i) ¥ - X (iii) X Y.

If B is the set of real numbers and ¢ is the set of rational numbers, then what is

R-Q

Let U = {1,2, 3, 4,5 6, 7, 8 9, 4 =11,2 3, 4% B = {2, 4, 6, 8 and
C=13.4,5 6. Find () 4% () B (AN ((VAUB: Wi4) (vi)(B-C)

(a) If U= {a, b, c, d, e, f, g h}, find the complements of the following sets:
(iAd={a b c). (GiyB={d e f g}, (i)C={ac e g} (iVID={f g h a}.

(b) Let U be the set of all triangles in a plane. If 4 is the set of all triangles with atleast one
angle different from 60°, what is A™?

Let 4= {a b} and B = {a, b, c}. Is A — B? What is 4 v B?

Shade the following sets in the Venn diagram:

() 4" N (Bu O): (i) 4" ~ (C - B).
Let 4=1{1,2 3,4}, B={4,6,7, 8} and C = {2, 4, 6, 8). Verify the following identities:
NAuvBulC=Av(Buw ) () ANBNC=An(BnC)

(M AVBAO)=AuBNnAduC) (ivi An(BuO)y=An Byu{d n()

Let 4 = {1, 2, 3, 4}, B = {2, 4, 6, 8}, C = {3, 4, 5, 6} and the universal set
U={l1, 2, 3, 4, ..., 9}. Verify that

DANBACOY=UNBNC: (AN BUuO=UNB U AN
(i) (4 w BY = 4" n B" (iv) A" v B = (4 n B

If 4 and B are two sets such that 4 < B, then what is 4 v 87
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LEVEL OF DIFFICULTY B

22

23.

24,

25.

26.

27.
28.

29,

3.

£ oS

37.

39,

40.
41.

Let 4, B and C be three sets such that 4 w B = C and 4 n B = ¢ Then, prove that
A=C-B.

For any two sets 4 and B prove by using properties of sets that:
MAuB)-(AnB)=(4-B)yu(B-4). (ijdnB)ywld-E8)=A

(iii) (A wB -A=B-A

Let 4 and B be any two sets. Using properties of sets prove that:

(i) (A-BywB=A0UB, (i) (A-B)yw A=A,

(i) (4 -B)nB=¢ (iVi(d-—B)mnd=4An B
For sets 4, B and C using properties of sets, prove that:

() (AuB)~-C=(A4-C)u(B-C); (i) (AU B)~A4=B-A;

(i) A —(B-OC)=(4d-B)yu {4 ) (V) AN(B-C)y=(A4d N B) (4 )
Show that the following four conditions are equivalent:

(i) 4 c B, (i) 4 -B=¢; (i) A v B=8; (iv An B=A.
Is it true that, for any sets 4 and B, P(4) u A(B) = P(4 v B)? Justify vour answer.

If 4 and B are respectively the sets having the elements as the zeros of the polynomials
X -4 +x+ 6 and X - 6x° + 11x — 6, find

(i) 4 - B; (i) B - 4; (i) 4 — (B - A).
For any two sets 4 and B, prove that P(4) U P(B) < P(4 v B), but, P(4 v B) is not necessarily
a subset of P{4) v P(B).
For any two sets 4 and B, prove that P(4 n B) = P(4) n P(B).

Two finite sets have m and n elements, The total number of subsets of the first set is 56
more than the total number of subsets of the second set. Find the values of m and n.

If aV = {ax : x € N}, then find 3N m TV
fX={4"-3n-1:ne Nyand Y= {9n - 1)}: ne N, prove that X' < ¥

For any natural number a, we define aV = {ax : x € N}. ' b, ¢, d € N such that BN mn N
= N, prove that & is the l.e.m. of & and c.
Suppose A, 4,, ..., Ay, are thirty sets each with five elements and B,, B,, ... B, are n sets

D n

each with three elements. Let U A = U B; = §. Assume that each element of S belongs
i=] i=l

to exactly ten of the A4,’s and exactly 9 of B’s. F ind .

Using properties of sets, show that for any two sets 4 and B,

AuBn(AuB)=A4

If 4« B = U, show that 4 c B.

If B ¢ A', show that 4 < B.

For any two sets 4 and B, prove that
MA-B)wB=AUuBA-B)nB=¢p

(i) (A —BYyuw(B-A)y=(4dvw B)-(4 n B).

Provethat A —(BU C)=(4d-B)n (4 - ().

Prove that 4’ - B'= B — A.



1.38 MATHEMATICS XI

Answers

L. (i) (a) {3, 4. (b} {4, 3}, (c) {3}
(i) (@) £1,2.5,6,7,89), (0{1,2,3,57389}, (c){3.4,56,7,8, 9}

(iv) .

4. (a)f{i)la, e. i, o, u. b, c}; (i) {1, 2, 3. 5} (iit) {1, 2, 4. 5, 3. 6, 9, 12, ..};
(iv) {2,3.4, 5 6,7 8,9 10}; (v) {1, 2, 3}.
(b) (i) ta}; (i) {1, 3} Qi) {3): (ivig (v) e
5 (i) {7.9, 11}; (i) §11, 13}, (iii) ¢ (iv) §11};
(v) & (vi) {11}; (vii) @ (viii) {7, 9, 11},
({ix) {7, 9, 11}; (x) {7, 9, 11, 15}
6. (i) {1, 2, 3, 4.5, 6} (i) {1, 2. 3, 4, 5, 6, 7, 8):
(iii) {3, 4, 5, 6, 7, 8}, (iv) 3.4, 5.6, 7, 8 9, 10}
(v) {1, 2, 3,4, 5 6,7, 8}; (vi) {1,2. 3, 4,5, 6,7, 8,9, 10}
(vii) {3, 4, 5, 6.7, 8 9, 10}.
7. (ii1). B. (1) False; (i} False: (i) True: (1v) True.
9. (i) {x : x is an odd natural number}; (i) fx : x is an even natural number};

(1ii) {x : x € N and x is not a multiple of 3};

(iv) {x : x is a positive composite number and x = 1);
(v) {x : x & N and x is not a perfect square};

(vi) {x : x € N and x is not a perfect cube};

(vil) {x : x € Nand x = 3}; (vili} §x : x € Nand x # 2}
(X) {x :xe Nand x < T}, (x) {x :x e N and x s neither divisible by 3 nor by 3);
(xi) {x :x e Nand x < 92},
1. (i) {3. 6, 15, 18, 21}; (i} {3, 15, 18, 21} (i) {3, 6, 12, 18, 21};
(iv) 14, 8, 16, 20}: (v) {2, 4. B, 10, 14, 16}: (vi) {5, 10, 20};
(vit) $20}; (viil) {4, 8, 12, 16} (x) {2, 6, 10, 14};
(x) {5, 10, 15}; (xi) {2, 4, 6, 8, 12, 14, 16}; (xu) {35, 15, 20}.

12. () B; (1) C, (U Dy (v) ¢ (v) 42} (vi) {x : x is an odd prime number].
1. () {a, c};: (i) {f g} (ui) {b, d}.
14, Set of irrational numbers.
15. (i) {5. 6, 7. 8, 9}; (i) {1, 3, 5, 7. 9}, (iii) {1, 2, 5, 6, 7, 8, 9);
(iv) {5. 7. 9}; (v) {1, 2. 3, 4}; (vi) {1, 3. 4,5, 6,7, 9.
16.(a) (i)d, e, 1. g ki) () {a, b e k) (mi) (b, d, 1. hyo (w) {b, e, d, e].
(b) Set of all equilateral triangles.

17. Yes; A w B = {a, b, c}.
18. (i) (i1)

Fig. 1.21

21. B. 27. No.
30 () {-1}; (o) {1} Q) {-1, 2, 3}. M.n=3m=6 I 21N
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| HINTS AND SOLUTIONS I

AvuB=C

C-B=(AuB)-8
(4w Bnf [ X-Y=XnY)]
=dn B Yyw(BnB)
=(AdnB)lu ¢
=4 n B
=4 -8B
= A [' A B= 4]

22, We have,

23. (i) We have,

(AUB -UNB =AU BN (40 B [ X-Y=XnY"]
=(AuBNnA'UB) [*v (AN B)=4"u B
=Xn{A'uB)where Y=AUuB=(XnAMTu (X B')

[:HﬁAEHuB}ﬁA’ }
=(BNnA)YUANB)|=(AnAYU(BNA)=0U (BN A)
=BN A'Similarly , X nB'=AN B
= AdNBYVU(BNA)
=(4-B)U(B-A) [vA-B=ArnBandB-A=Bn A
i) ANnBUud-B)=AnBu{dnB)=Xu{dnB) where X =4 B
=(XuANEAUB)=4ANn{dUB)
['XUA=hMWMUﬂ=AU*AﬁBCH]}

XuB=(AnBuB=(AuB)n(BU )
=(AVB)NU=AV N

= 4 [' AcAv B
(i) AUB-Ad=UAUB)nA [ X-Y=X nY]
=ANnAYu(BnA'Yy=¢u (BN A") [0 A A= ¢
=BNnA=B-4 [« B—A= Bn A']
24.(1) A-ByuB =AnB)YuB [ A-B=An B']
=AU B (B uB) [+ w is distributive over m]
sAuB MU [ U B=1U]
=AU B
(i) (A-Byud =4 ['0 4 - B c A]
(jii) (A-BynB =ArnB)YnB=Adnn(BnB=4dn¢=¢
(iv)] (A—-BYnd =4-8 [ 4— B c A]
=4 "B
25. () (AUB-C =(AuBNnC [*v4-B=A4nr B
=(AdANCYQO(BNC)
=d-C)yu(B-0C)
i) (AUB) -4 =([AUB A [v A—B=4n B
={ANAY V(B A
=duU(Br A
=B A

= 5 -4
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i) A-(B-0) =A-(BNC) [+ B-C=BnC]
=AnNnBnCY
=An (B v{)) [De-Morgan’s Law]
=An(Bvl) [+ ()Y =]

=AnB)Yyu(dn ()
=(d-B)yudnC)
(iv) Let x € 4 n (B - C) be any element. Then
xedAn(B-C) =xeAandx € (B- )
=xe€ Aand (x € Band x € C)
= (xe dandxe B)and (x € 4 and x & ()
=xe{dnBland x & (4 N C)
=xeidnB)-(4nC)
X AnB-CO)gcAnB)-(4n 0O (1)
Let v € (4 N B) — (A n C) be any element. Then
yeANnB)~-(AnNC) =2yednBandye AnC
=(ye Adandye Byandy & (4 n )
= (vedandye B)and (ve Aand y ¢ ()
=yeAdand (ye€ Band y & ()
=ye dandye (B-0)
=ye An(B-~0C)
MUAB-AnOcAn(B-0O) i)
From (1) and {2), we have
ANn(B-C)={dnB)—(4nC)
26. (i) « (ii). Thatis, 4 c B & All elements of f arein B & A -5 = @
(ii) < (iii). Thatis, 4 - B= ¢ > All elements of A are m B 4w B= 8.
(iii) < (iv). That is,
Aw B=B < All the elements of A are in 8
&> All the elements of A are common in 4 and B
S AnB=A
Thus, all the four given conditions are equivalent.
27. Let A ={a}, B=1{b}and 4 U B = {a, b}
P(4) = (@ la}}: P(B) = (¢ 1b})
and Pid w B) = {¢ la}, {b}. ta. b}] (1)
and P(d) v P(B) = {@ la}. (b}} (2}
From (1) and (2), we have
P(4 v B) # P(4) v P(B)
28. A=14{1,23} and B={l, 2 3}.
29, Let X € P(A) v P(B). Then, X € P(4) v P(B).
Xe PlAYu P(B) = X e P(Ad) or X € P(B)
=X cdAaXch
= XCcAul
= X e P4 B)



31.

31,
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P(4) v P(B) c P(A v B)

Let 4 = {1, 2} and B = {3, 4, 5}. Then, we find that X = {1, 2, 3, 4} < (4 U B). Therefore,
Xe P(AuU B). But. X & P(A). X & P(B). So, X & P(4) U P(B).

Thus, P(4 v B) is not necessarily a subset of P(4) U P(B).
Let Xe PAN By =2 XcAn B

=yxcAand A B
= X e P(4)and X € P(B)
= Xe PA)n P(B)

Fy P4 B)c P(4) n P(B) A1)
Now, let Ye P(A) n P(B)
Then Ye FlAYNn PIB)y= Ye PlAyand Y € A(B)

= VYcAdAand YC B
=YCcAnNRBA
= Ye PlAmn B)
- P(A) ~ P(B) < P(4 ~ B) A2)
From (1) and (2). we get
P(A m B) = P(A) n P(B)
Let 4 and B be two sets having m and n elements respectively. Then, number of subsets of
A = 2", and number of subsets of B = 2",
It is given that, 2" - 2" =56 = 2"(2" " "-1N=22°-1)
=n=3andm-n=23
=2 n=3land m=6
We have IN = {3x:x e N} = {3, 6,9, 12,...}

and IN=[Tx:xe N} = {7, 14, 21, 28, 35, 42...}
Hence 3INNIN= {21,642 63,...} = {2lx:x€ N} =2IN
Forn=1,4"-3n-1=4-3-1=0.

For n 2 2, we have

" -3n-1=(1+3V ~3n-1

="Co+ "C1-3 + "Cy3% + "Cy3° + . +"C-3" - 3n ~ |
[Using Binomial Theorem]
=1 +3n+"Cy3% + 7030 + L+ 7C 3" 30— ]
= PC, + "Cy3 +%Ced + .. +C 3
=9["C, + "Cy:3 + "C, -3 + ... + "C, 3™
Thus, X" consists of all those positive integral multiples of 9 which are of the
form 9 ["C, + 3 - "Cy + 3% "Cy + ... + 3"2. "C ] together with 0.
And, v consists of all integral multiples of 9 together with 0,
Thus, XY c ¥
BN = {bx : x € N} = the set of positive integral multiples of b
eN = {cx . x € N} = the set of positive integral multiples of ¢
s BN M oeN = the set of positive integral multiples of & and ¢ both

= ldx : x € N}, where d = l.eem. of & and ¢
= dN
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35. Since cach A4, has 5 elements and each element of § belongs to exactly 10 of A 's.

i Ry !
S=LJA,-==-n{s}=m§nm.-}=ﬁ{5x3ﬂ)=15 M
Again, each B, has 3 elements and each element of § belongs to exactly 9 of .E:‘-'JI 's.
e [ I 1. n y
‘. S—jLzJIB;--——:rr{s}—ag;n{ﬂjl—a[i‘-n]—g . (2)

From (1) and (2), we get
n
15 = E = n = 45

36. (AUBNAUB) =((AUBNA)U(AUBNB)
=Au(duB)nB)

=4 U{(An B)YuU (BN B))
=4duUANnB)=A4
4. (Wletxe (A-B)uB=2xe(A-B)orxe B
=(reAandxe¢ B) or xe B
= (re Aorxe Band{(x ¢ Borx e B)
=xe (4uUB)
. (4-ByuBgcAuUB A1)
Agaln let ve 4w B Then
veAuUuB =>yve dorye B
=(yve Adoryve Byand(ve Borye B)
= (ve dandy e Byoryve B
=ve(d-B)orye B
=ye (A-B)u B
AUBg(A-B)UB .{2)
Frum(l}and(Z) wegetid-B)yuB=4uB
(ii) There are only two possibilities: either (i) (4 —BYn Bz gor (i{(4-B)n B= ¢
Let us take (4 - B) m B # ¢. Then
(A-B)n Bz ¢ = thereexistsxe (4 -B)n B
—xe(A-B)and xe B
=(rxedandxe B)andxe B
=xecdand(xe Bandx e B)
But it is impossible that x € B and x ¢ B simultaneously.
-, Our assumption is wrong, i.e., (4 — B) N B # ¢ is a wrong statement.
Hence (A-Byn B=¢.
(111) Let x € (4 — By v (B — A). Then
xe{A-Byuw(B-A)=2(xe Aandx & B)or{xe Band x ¢ A)
={xe Aorxe Bland (x € Borx & A)
=ye(duBandxe (4 B
= xe€ (4w B)-(4 N B)
(A-ByuB-Ayc(AuB)-(4nB) A3)
Similarly, we can show that (AU B)-(ANB)c(4-B)yu(B-A4) .A4)
From (3) and (4), we get (4 — By (B-A)=(4d v B) — (4 n B).
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41. Let x be any element of 4 — (B w (). Then
xe A-(BuUC(C) =xedandxe Bu
=xe dand{xe Band x ¢ ()
={redandxe B)and(xe 4 andx ¢ )
=xed-Bandxe 4 -C
=xe(Ad-B)n(d4-0)
A-(BuO)gcA-Bn({4-0C) 1)
Nuw let x be any element of (4 — B) m (4 ~ C). Then
xeA-BNnA-C)=xe dA-Bandxe 4A-C
= (re Aandxe Bhand(re Aandx ¢ O)
=>xe Adand(x e Band x ¢ C)
=rxeAdandxe BUC
=xe A-(Bu ()
J A-BINn(A-C)gAdA-(Bu () «{2)
Comhmmg{l}and (2), we have A - (BULU O)=(A-B)n(4d-C).
42. Let x be any element of A" — B'. Then
xedA'-B=2xeA'andxg BB=2>x¢& Aandxe B
= xe Bandxy & A =>xe B- 4
A'-B'cB- A4 A1)
an let x be any element of B — 4. Then
xeB-4 =2xeBandxe A =>x¢ Bandxe A’
=>x€ A'andx e B = xe A'-B'
: B-AcA -8 w2)
Cnmhmmg (1) and (2), we get A'— B'= B — A.

APPLICATIONS OF SETS

Uptill now we were discussing in this chapter, few operations on an abstract set. We shall
now discuss the practical applications of these operations of set theory,

To Find a Formula for n (A v B)
Let 4 and B be two sets. Then the following two cases arise:
Case I: 4 and B are disjoint sets, i.e., 4 and B have no common element.

Fig. 1.22
md v B) = n(d) + n(B)

Note: The number of elements in a set 4 1s called cardinal number of A and 1s denoted
by n(A).
Case II: 4 and B are not disjoint sets.
(i) From Venn diagram, [Fig. 1.23] it is clear that
A v BY= n(d) + n(B) - nl4 n B)
(it} From Venn diagram, [Fig. 1.23] 1t is clear that
AuB=(A-Byu{dn B)u (B - A4)
Now, as (4 — B). (4 m B) and (8 — A) are all disjoint sets. Fig. 1.23
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- Bycase |,
n(AuB)=n(A-B)+n(AnB)+n(B-A)
(iii) From Venn diagram, [Fig. 1.24] it is clear that
A=(A-B)uv (A n B)

& n(A) = n(A — B) + n(A n B)
Similarly, n(B) = n(B - A) + n(A n B)

Cor. nAv Bu C) =n(d) + n(B) + n(C)—n(A N B)—n(Bn C)

-n(CNnA)+n(An Bn O)

Fig. 1.24

Proof. LetBLU C=X
L.H.S =nAuX)=nld)+nX)-n(4 X
= n(A)+n(Bu C)—n[d n (Bu O)]
=n(A)+nB)+n(C)—n(BNC)-n[(An B)U (4 nO)]
=n(A)+ n(B) + n(C) = n(BN C) —[n(Ad N B)+ n(dn C)
—n{(AnNn B)n (4 n O)}]
= n(A) + n(B) + n(C) — n(B N C) — n(A N B)
~nmANC)+n{(ANn B)n (4N C)}
= n(A) + n(B) + n(C) — n(A N B) — n(B N C)
—nANC)+ndn Bn C)=RHS.
Note: Let A, B and C be finite sets. Then

® n(A - B) = n(A) — n(A N B)

® n(B— A) = n(B) — n(A N B)

e No. of elements in exactly two of the sets 4, B and C
=mANBNC)Y+nAnB N C)+nA'"n Bn O)
=nAnNB+nBNC)+n(CNnA)-3n(AnNnBnC)

® No. of elements in exactly one of sets 4, B and C

=pANBNCY+nA'NnBNCY+nlAd'n B'Nn O
=n(A)+n(B)+n(C)-2n(ANB)-2n(BNC)-2n(CNn A +3n(ANn BN C)
® n(A"U B)=n(AnN B))=n(U)-n(A N B)
® n(A'n B") =n((A v B)) = n(U)—n(4 v B)
Example 1. X and Y are two sets such that n(X) = 17, n(Y) = 23 and n(X _ Y) = 38. find
n(XNnY)
Solution: n(X) =17, n(Y)=23, n(X L ¥Y)=38, n(XNnY)=7
Now, nXuY)=nX)+n(Y)-nXnY).
Then
8=17+23-nXNnY)=2nXnNnY)=17+23-38=2

Example 2. (1) If X and Y are two sets such that X U Y has 18 elements, X has 8 elements,
and Y has 15 elements, how many elements does X m Y have?

(i) If A and B are two sets such that A has 40 elements, A U B has 60 elements and
A m B has 10 elements, how many elements does B have?

Solution: We are given n(Xu Y) =18, n(X) =8, n(Y) = 15. Using the formula
nXNnY)=nX)+n¥Y)-nXuY)
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we get
nXnY)=8+15-18=35

(i) We are given n(4) = 40, n(4 N B) = 60 and n(4 n B) = 10. Putting these values

in the formula n(4 v B) = n(4) + n(B) — n(A N B), we get
60 =40 + n(B) — 10 = n(B) = 30

Example 3. Let n(U) = 700, n(4) = 200, n(B) = 300, n(A n B) = 100. Find n(A' n B)).
Solution: n(A'n B') = n(4 v B)'= n(U) - n(4 v B) =700 — n(4 U B)
Now, n(4A v B) = n(A4) + n(B) — n(4 n B) =200 + 300 — 100 = 400
Hence n(A"v B') =700 - 400 = 300
Example 4. If S and T are two sets such that S has 21 elements, T has 32 elements, and
S T has 11 elements, how many elements does S v T have?
Solution: n(S) =21, n(N =32, n(SnND=1,nSwu =7
Using nSuD=nS)+n(D-n(SNT=21+32-11=42
Hence S T has 42 elements.

Example 5. (i) In a group of 1000 people, there are 750 people who can speak Hindi
and 400 who can speak English. How many can speak Hindi only?

(ii) In a group of 400 people, 250 can speak Hindi and 200 can speak English.
How many people can speak both Hindi and English?

Solution: (i) Refer to Fig. 1.25.

Here n(H v E) = 1000, n(H) = 750, n(E) = 400 H E U
Using n(H U E) = n(H) + n(E) — n(H N E) @@
we get 1000 = 750 + 400 — n(H N E)

— n(Hn E) = 1150- 1000 =150

Fig. 1.25
Number of people who can speak Hindi only

=n(HN E')=n(H)—n(H N E) =750 — 150 = 600
(ii)) Let H and E denote the sets of people who can speak Hindi and English
respectively.
Then, n(H) = 250, n(E) = 200 and n(H v E) = 400.
Now, n(H N E) = n(H) + n(E) — n(H N E)
=250 + 200 — 400 = 50
Thus, 50 people can speak both Hindi and English.

Example 6. In a school with 727 students, 600 students offer Mathematics and 173
students offer both Mathematics and Physics. How many students are enrolled in:

(1) Physics (i) Physics only?
Solution: Let M be the set of students offering Mathematics and P the set of students
offering Physics (Fig. 1.26).

We are given that n(M U P) =727, n(M) = 600, M d
n(M N P) =173. 427 127

Using n(M L P) = n(M) + n(P) — n(M N P)

We get 727 = 600 + n(P) — 173

Fig. 1.26
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= 727 = 427 + n(P)

= n(P) = 727 -427 = 300,

No. of students enrolled in Physics = n(P) = 300

No. of students enrolled in Physics only = n(P n M")
=n(P) — n(P n M)
=300-173 =127

Example 7. Out of 20 members in a family, 12 like to take tea and 15 like coffee. Assume
that each one likes at least one of the two drinks, how many like

(1) Only tea and not coffee? (i) only coffee and not tea’
(iit) both coffee and rea’

Solution: Let T be the set of people who like tea and C be the set of people who
like coffee.

- n(T) =12, n(C)= 15 and n(TL C) =20
Using (T U C)=n(T) + n(C) —n(T A C)

We get 20=12+15-n(TNnO)=2>nTNn(C)=27-20=17
Hence 7 people like to take both coffee and tea.

Also nrnCHY=n(D-n(TNnO)=12-7=5

i.e., 5 people like to take only tea and not coffee.

Again nCNnTM)=nlO)-TNnOC)=15-7=8

i.e., 8 people like to take only coffee and not tea.

Example 8. In a class of 50 students, 35 opted for Mathematics and 37 opted for
Biology. How many have opted for both Mathematics and Biology? How many have
opted for only Mathematics? (Assume that each student has to opt for at least one of the
subjects.)

Solution: Here n(M v B) = 50, n(M) = 35, n(B) =37, n(M n B) = ?

Using n(M n B) = n(M) + n(B) — n(M n B)
We get N=35+37T-nMNn B)
=5 nMnNnB)=35+37-50=72-50=22

22 students have opted for both Mathematics and Biology.
Again number of students who have opted for only mathematics
=nM)-n(MNnB)=35-22=13

Example 9. (i) In a group of 70 people, 37 like coffee, 52 like tea and each person likes
at least one of the two drinks. How many people like both coffee and tea?

(ii) In a group of 65 people, 40 like cricket, 10 like both cricket and tennis. How
many like tennis only and not cricket? How many like tennis?

Solution: Let A = set of people who like coffee

and B = set of people who like tea

Then A w B = set of people who like at least one of the two drinks
and A m B = set of people who like both the drinks

Here n(A) =37, n(B) =52, n(A v B) = 70. Using the result,

n(A © B) = n(4) + n(B) — n(4 N B)
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We have M=37+52—-n(AnN B)
= nANB)=89-70=19
". 19 people like both coffee and tea.

(ii) Let C be the set of people who like cricket and T be the set of people who like
tennis.

Then n(CuT=65nC)=40,n(CNnT)=10
We know that
n(CuT)=nC)+n(l)-nCnT)
= 65=40+n(1) - 10
= n(T)=65-40+ 10 =35
Number of people who like only tennis
=n(T)-n(CnNT)
=35-10=25
.. Number of people who like tennis only and not cricket = 25, and number of people
who like tennis is 35.

Example 10. In a group of 70 people, 45 speak Hindi language and 33 speak English
language and 10 speak neither Hindi nor English. How many can speak both English
as well as Hindi language? How many can speak only English language?
Solution: Refer to Fig. 1.27. Here n(H U E) = n(U) — n(H v E)' = 70 — 10 = 60.
Using n(H © E) = n(H) + n(E) — n(H N E) U
We have 60 =45+33 —n(HnN E)
nHNE) =78-60=18
Hence number of students who speak both English as well
as Hindi are 18,
Agan A(ENnH')=n(E)—-n(HNE)=33-18=15 Fig. 1.27
Hence number of students who speak only English are 15.

10)

Example 11. The members of a group of 400 people speak either Hindi or English or
both, if 270 speak Hindi only and 50 speak both Hindi and English, how many of them
speak English only?

Solution: Refer to Fig. 1.28. Let x be the number of people who speak English only.

n(H v E) = 400, n(H n E) = 50 H E
Then from the Venn diagram,

400 = 270 + 50 + x — o 5
: x =400 - 270 - 50 = 80
We can present the solution in the following way also: Fig. 1.28

n(Hwu E) =400, n(HnN E') =270, n(H N E) = 50

Using nHUE)=n(HNE)+nENnH)+n(HnN E)
We get 400 =270+ n(En H') + 50
=5 400 = 320 + n(E n H"

or n(En H')=400-320 =80
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. Number of members who speak English only (i.e., who speak English, but not Hindi)
sn(EnH)=80

Examplel2. In a town with a population of 5000, 3200 people are egg-eaters, 2500 meat
eaters and 1500 eat both egg and meat. How many are pure vegetarians?

Solution: Let E be the set of people who are egg-eaters and M be the set of people who
are meat-eaters (Fig. 1.29). We have n(E) = 3200, n(M) = 2500, n(E N M) = 1500.

Using mEUM) = n(E) + n(M) - n(E M) 4

= 3200 + 2500 - 1500
= 5700 — 1500 = 4200 @D
. Number of pure vegetarians
= n(U) - n(E U M) = 5000 — 4200 = 800 Fig. 1.29

Example 13. Use a Venn diagram to solve the following problem. In a statistical
investigation of 1,003 families of Kolkata, it was found that 63 families had neither a
- radio nor a TV, 794 families had a radio and 187 had a TV. How many families in that
group had both a radio and a TV?

Solution: Let R be the set of families having a radio and T the set of families having a
TV. Then

n(R v T)= the no. of families having at least one of the

radio and TV
= 1,003 — 63 = 940 v
n(R) = 794 and n(T) = 187 R r
Let x families had both a radio and a TV, i.e.,
R T)=x o
The no. of families who have only Radio = 794 — x,
and the no. of families who have only TV = 187 — x

From Venn diagram, Fig. 1.30
794 —x +x + 187 —x = 940

=981 —x=940 or x=981—-940=41

Hence the required no. of families having both a radio and a TV = 41

Example 14. Every student in a class of 42 students, studies at least one of the subjects,
Mathematics, English and Commerce, 14 students study Mathematics, 20 Commerce and
24 English. 3 students study Mathematics and Commerce, 2 English and Commerce and
there is no student who studies all the three subjects. Find the number of students who
study Mathematics, but not Commerce.

Solution: Let M be the set of students who study U

Mathematics (Fig. 1.31). Similarly, the set, £ and C for

M &
students who study English and Commerce respectively. ﬁ
e YA

MU Eu C) =42, (M) = 14, n(E) = 24, n(C) = 20, v
MMAE)=3nENC)=2,nMAENC)=0 i

Fig. 1.31
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Let x be the number of students who study Mathematics and Commerce, i.e.,
nMn C)=x
Then
No. of students who study only Mathematics = 14 - (x +3) =11 — x
No. of students who study only Commerce = 20 — (x + 2) = 18 — x
No. of students who study only English =24 - (3 +2) =19
From the Venn diagram, we have
Il -x+x+18—x+2+3+19=42
=5 53—-x=42;x=53-42=11
Hence the reqd. no of students who study Mathematics, but not Commerce
=14-x=14-11=3

Example 15. Of the members of three athletic teams in a certain school, 21 are on the
basket ball team, 26 on the hockey team, and 29 on the football team, 14 play hockey

and basketball, 15 play hockey and football, and 12 play football and basketball. 8 are
on all the three teams? How many members are there altogether?

Solution: Let B, H, F denote the sets of members who are
on the basketball team, hockey team and football team
respectively (Fig. 1.32).
Then n(B)=21,n(H)=26,n(F)=29,n(Hn B)= 14,
nHNn F)=15,n(FNnB)=12andn(BNn HN F)=8
We have to find n(Buw Hu F).
Using the result, Fig. 1.32

n(Bu Hu F) = n(B) + n(H) + n(F)

-nBnH)-nHNnF)-n(FNnB)+nBNn HnN F)

We get nBUHUF)=21+26+29-14-15-12+8=84-41=43
Hence there are 43 members altogether.

Example 16. In a group of 100 people, 65 like to play cricket, 40 like to play tennis and
55 like to play volleyball. All of them like to play at least one of the three games. If 25
like to play both cricket and tennis, 24 like to play both tennis and volleyball and 22
like to play both cricket and volleyball, then

(i) how many like to play all the three games?

(i) how many like to play cricket only?

(i) how many like to play tennis only?
Represent above information in a Venn diagram.

Solution: Refer to Fig. 1.33. Let n(C) represent the number of people playing cricket,

n(T') represent the number of people playing tennis and n(V) represent the number of
people playing volley ball. Then

n(CuTuV)=100,n(C)=65,n(T)=40,

C T
n(V)=55,n(CAT)=25, ’ﬂ‘
nTAV)=24,n(CAV)=22 Av@

Using n (CUTUFV)=[n(C)+n(D+n(V)]-[n(CA T+
nInV)+n(CnV)]+n(CnTNV) F"

U

Fig. 1.33
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— nCnTnV)=n(CuTuV)-=[n(C)+ n(T)+ n(V)]
+[MCAT)+n(TNV)+n(Cn V)]
=100—(65+40+55)+(25+24+22)
=100-160+71
=11
Thus, (i) 11 people like to play all the three games.
(ii) The number of people who like to play cricket only
=65-(14+11+11)=65—36=29
(i11)) The number of people who like to play tennis only
=40-(14+11+13)=40-38=2
Example 17. In a class, 22 students offered Mathematics, 18 students offered Chemistry
and 24 students offered Physics. All of them have to offer atleast one of the three subjects.
Of these, 11 are in both Mathematics and Chemistry, 13 in Chemistry and Physics and
7 have offered all the three subjects. Find
(i) how many students are there in the class?
(i) how many students offered only Mathematics?

Solution: Refer to Fig. 1.34. Here, we have

n(M) =22, n(C) = 18, n(P) = 24 A /7 2

n(MnC) =11, n(Cn P)=13, AvA

AMAP) =14, nMAPAC) =1 v
Using C

n(Mu P o C)=[n(M) + n(P) + n(C)] = [n(M N P) Fig. 1.34
+nMnO)+n(PNnO))+nMnPn O
=(22+24+18)—-(14+11+13)+7=64-38+7=33

Thus, there are 33 students in the class.
(ii) The number of students who offered only mathematics
=22-(7+7+4)=22-18=4
Example 18. In a class of 140 students, 60 play football, 48 play hockey and 75 play

cricket, 30 play hockey and cricket, 18 play football and cricket, 42 play football and
hockey and 8 play all the three games. Use Venn diagram to find

Llr

(1) students who do not play any of these three games;
(i) students who play only cricket,
(i) students who play football and hockey, but not cricket.

Solution: Refer to Fig. 1.35. We have

U
n(U) =140, n(F) = 60, n(H) = 48, n(C) =75 F Ad) H
nFAH) =42, lFnC)=18, n(HnN C) =30 lﬁ;%

nFANHNC) =8 '
sSn(Fu HOCO)= n(F)+ n(H) + n(0) C
+nFNHNC)—n(Fn(O)
- n(Hn C) - n(F N H) Fig. 1.35

=60+48+75+8-42-18-30=191 -90= 101



SETS 1.51

(i) Students who do not play any of three games
=n(l)-n(Fu Hu C)= 140 - 101 = 39
(ii) Students who play only cricket
= n(C) — (10 + 8 + 22) = 75 — 40 = 35
(iii) Students who play football and hockey, but not cricket
=n(FNH)-n(FNHNC)=42-8=34
Example 19. In a city, three daily newspapers A, B and C are published. 42% of the
people on that city read A, 51% read B, 68% read C: 30% read A and B, 28% read B
and C, 36% read A and C, 8% do not read any of the three newspapers. Find the
percentage of persons who read all the three papers.

Solution: Let the number of persons in the city be 100.

Then, we have
n(A4) = 42, n(B)=51,n(C)=68
nAnB) =30,n(BNC)=28,n(ANC)=36
nAuBuUC) = 100-8=92
Using nAVBUC) =n(A)+n(B)+n(C)—n(AnB)-n(BNn ()
—nANC)+n(ANnBNO)

Substituting the above values, we have

92=42+51+68-30-28-36+n(ANBNCO)=nANnBNn(C)=92-161+9%4

=nANBNC)=92-67=25

Hence 25% of the people read all the three papers.

Example 20. If A and B be two sets containing 3 and 6 distinct elements respectively,
what can be the minimum number of elements in A _ B? Find also the maximum number
of elements in A U B.

Solution: We know that n(A4 U B) = n(A) + n(B)—n(A n B). Clearly n(A4 v B) is minimum
when n(4 N B) is maximum and n(4 U B) is maximum when n(4 M B) is minimum. Now,
the maximum value of n(4 n B) is 3 and this occurs when 4 c B. Therefore,

. The minimum number of elements in
AUB=n(A)+nB)-nANnB)=3+6-3=6

Also the minimum number of elements in (4 m B) is 0 and this occurs when
AN B= ¢, ie, when 4 and B are disjoint sets. Therefore, The maximum number of
elements in

AUuB=n(d)+nB)-nANB)=3+6-0=9

Example 21. 4 market research group conducted a survey of 1000 consumers and
reported that 720 consumers liked product A and 450 consumers liked product B. What
is the least number that must have liked both products?

Solution: Let U be the set of consumers questioned. S be the set of consumers that liked
the product 4 and T be the set of consumers who liked the product B.
Given: n(U) = 1000, n(S) = 720, n(T) = 450. So,

nSuD=nS)+n(D-nSEND=1170-n(SNT)

Therefore, n(S N T) i1s least when n(S v 7T) i1s maximum.
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But Su T Uimplies n(S v T) £ n(U) = 1000. So, maximum values of n(S v T) is 1000.
Thus, the least value of n(S n T) is 170.
Hence, the least number of consumers who liked both products is 170.

Example 22. Out of 500 car owners investigated, 400 owned car A and 200 owned car
B, 50 owned both A and B cars. Is this data correct?

Solution: Let U be the set of car owners investigated. M be the set of persons who
owned car 4 and S be the set of persons who owned car B. Given that n (U) = 500, n (M)
= 400, n (S) = 200 and n (S N M) = 50.

Then n(S u M) = n(S) + n(M) — n(S n M) = 550.

But S U M c U implies

n(S U M) < n(U) = 500.

This is a contradiction. So, the given data is incorrect.

| EXERCISE 1.5 I

LEVEL OF DIFFICULTY A

1.

2.

3

9.

10.

11.

Let A ={1,2 3,4} and B = {2, 4, 6, 8}, verify the formula:

n(A U B) = n(A) + n(B) — n(A N B)
If A and B are two sets such that 4 has 12 elements. B has 17 elements, and
A U B has 21 elements, how many elements does 4 m B have?

If X and Y are two sets such that X w Y has 18 elements, X has 8 elements and Y has 15
elements, how many elements does X m ¥ have?

X and Y are two sets such that X has 40 elements, X w Y has 60 elements, and
X v Y has 10 elements. How many elements does ¥ have?

In a class of 60 boys, there are 45 boys who play cards and 30 boys who play carrom. Use

set operations to show:
(i) How many boys play both the games? (ii) How many play cards only?

(i) How many play carrom only?

In a group of 400 people, 250 can speak English only and 70 can speak Hindi only. Find:
(i) How many can speak English? (ii)) How many can speak Hindi?

(iii) How many can speak both English and Hindi?

There are 210 members in a club, 100 of them drink tea and 65 drink tea, but not coffee. Find:
(i) How many drink coffee? (ii)) How many drink coffee, but not tea?

In a class of 25 students, 12 students have taken Economics, 8 have taken Economics, but
not Maths. Find (i) the number of students who have taken Economics and Maths; (ii) those
who have taken Maths, but not Economics.

In a group of athletic teams in a school, 21 are in the basket ball team; 26 in the hockey team
and 29 in football team. If 14 play hockey and basket ball; 12 play football and basket ball; 15
play hockey and football and 8 play all the three games. Find:

(i) how many players are there in all? (ii) how many play football only?
In a committee 50 people speak French, 20 speak Spanish and 10 speak both Spanish and
French. How many speak atleast one of these two languages?

A class has two teams, a football and a cricket team containing 9 and 11 players respectively.
If the total number of students in these teams is 15, find the number of students playing for

both the teams.
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13.

14.

15.

16.

17.
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In a group of 26 persons, 8 take tea, but not coffee and 16 take tea. How many take coffee,
but not tea?

In a survey of 60 people, it was found that 25 people read Newspaper H, 26 read Newspaper

T, 26 read Newspaper [, 9 read both H and 1, 11 read both / and 7, 8 read both 7" and J,
3 read all three newspapers. Find:

(i) the number of people who read at least one of the newspapers;
(i) the number of people who read exactly one newspaper.
In a survey of 600 students in a college, 150 were listed as drinking tea, 225 as drinking coffee

and 100 were listed as both drinking tea as well as coffee. Find how many students were
drinking neither tea nor cofiee.

In a class of 35 students, 17 can speak Arabic, 10 can speak Arabic, but not Bangla. Find
the number of students who can speak both Arabic and Bangla and the number of students
who can speak Bangla, but not Arabic if it 15 given that each student can speak either Arabic
or Bangla or both.

In a group of students, 100 students know Hindi, 50 know English and 25 know both. Each
of the students knows either Hindi or English. How many students are there in the group?

In a survey, it is found that 21 people like product A, 26 like product B and 29 like product
C. If 14 people like products 4 and B, 12 people like products C and A4, 14 people like
products B and C and 8 like all the three producis. Find how many like product C only.

LEVEL OF DIFFICULTY B

18.

19.

20.

21.

22,

23.

A college awarded 38 medals in football, 15 in basketball and 20 to cricket. If these medals
went to a total of 58 men and only three men got medals in all the three sports, how many
received medals in exactly two of the three sports?

Out of 1020 boys in a school, 406 play cricket, 324 play hockey and 250 play football. 80
boys play cricket and hockey, 64 play hockey and football, 92 play football and cricket while
30 play all the three games. How many boys play none of the games?

In a survey of 25 students, it was found that 15 had taken mathematics, 12 had taken physics
and 11 had taken chemistry, 5 had taken mathematics and chemistry, 9 had taken mathematics
and physics, 4 had taken physics and chemistry and 3 had taken all the three subjects. Find
the number of students that had

(1) only chemistry; (i1} only mathematics; (iii) only physics;
(iv} physics and chemistry, but not mathematics:

(v) mathematics and physics but not chemistry;
(vi}) only one of the subjects;

(vii) at least one of the three subjects; (viii) none of the subjects.

A market research group conducted a survey of 2000 consumers and reported that 1720
consumers liked product 4 and 1450 consumers liked product B. What is the least number
that must have liked both the products?

In a survey of 100 students, the number of students studying the various languages were found
to be: English only 18, English but not Hindi 23, English and Sanskrit 8, English 26, Sanskrit
48, Sanskrit and Hindi 8, no language 24. Find:

(i) How many students were studving Hindi?

{11} How many students were studying English and Hindi?

In a survey of 100 persons it was found that 28 read magazine 4, 30 read magazine 5, 42
read magazine C, 8 read magazines 4 and B, 10 read magazines 4 and C, 5 read magazines
B and C and 3 read all the three magazines. Find:

(i) How many read none of the three magazines?

(i1) How many read magazine C only?
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24,

25.

In an examination, 80 students secured first class marks in English or Mathematics. Out of
these 50 students obtained first class marks in Mathematics and 10 students in English and
Mathematics both. How many students secured first class marks in English only?

In an examination, 80% students passed in Mathematics, 72% passed in Science and 13%
failed in both the subjects. If 312 students passed in both the subjects, find the total number
of students who appeared in the examination.

Answers
2. 8. 3. 5. 4. 30 8, (i) 15; (ii) 30; (iii) 15.
6. (1) 330; (i) 150; (1ii) BO. 7. {i) 145; (i) 110.
8. (i) 4; (i) 13. 9. () 13; (i) 10. 10. 60. 11. 5. 12. 10.
13. 52. 30. 14. 325. 15, 7. 18 16. 125. 17. 11,
i8. 9. 19. 246.
20. (1)5; ()4 ()2 (iv)1: (v) 6 (vi) 11; (vii)23; (viii) 2.
21. 1170. 22, (i) 18; (ii) 3. 23. (i) 20: (ii) 30. 24. 30. 25. 480.
‘ HINTS AND SOLUTIONS I
12. Here (T v €) =26
T wC)=8 nT)=16 5 2
Using WMl AC') =n(l)-nlTnC) 8 o 10
We get 8 =16 —nll N C)
= MTnC)=16-8=8§ I8
Using KT UC)=mTAC)+nCnT) Fig. 1.36
+ n(T n C)

13.

Weget 26 = 8+nmCnT)+8=220=16+nCnT)
= mCnT)=26-16 = 10
». Number of persons who take coffee, but not tea = m(C n 77) = 10
We have nl(H) = 25. n(T) = 26, n() = 26
MHA D=9 nHnD=11,nTn=8
mHNTnNnl=3
(i) The number of people who read at least one of the newspapers = nlH O T U )
Now, nHoToOoh=nH)+n(D)+nll)-n(H D) -nHL~nll 1)
+nH T D
=25+26+26-11-9-8+3
= B0 - 28
= 52
(11) The number of people who read exactly one newspaper
=nlH) + (T} + nll) - 2{mH N T) + (T N )
+mH D} +3n(HA T
=25+260+26~-2(11+8+9)+3(3)
=77 -56+9
= 30
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Let {7 be the set of all surveyed students, A4 denote the set of students drinking tea and B
be the set of students drinking coffee. It is given that n(1)) = 600, n(4) = 150, n(B) = 225
and m(4 m B) = 100. We have to find, n{4" 1 B"). Now,

A" ™ B')Y = nld4d v B) = n(l) — nl4d v B)
= n(l)) — {n(d) + n(B) — n(4 n B)}
= 600 — {150 + 225 — 100}
= 600 — 275
= 325
A w By = 35, m(4) = 17 and n{4 — B) = 10. Now,
nA) = n(d - B) + (A~ B) = 17 =10 + n(4 ~ B)

SnnAnB)=7

Now, AU BYy=mAd)+nlBYy-—nmdAB)Y =35=17+nB) -7

= n{B)} = 25
Now, mB)=nlB-A)+nANB) =25=nB-4)+7
— (B - A) = 18 H £

16.

17.

18.

19.

Here, niH) = 100, n(£) = 50
and m(H ~ E) = 25
mH o E)= nllh + n(E) —(H m E)

= 100 + 50 - 25 = 125
Let A, B, C denote the sets of people who liked
product 4, product B and product O respectively
(Fig. 1.38). Then, n(4) = 21, n(B) = 26, n(C) = 29.

mAABE =14, nlCA)y=12, n(Bm C)= 14 and
mAnBnC)=28.

We have to find the number of people who liked
product C only.

Clearly, from the Venn diagram, we get the required
number as 11,

Fig. 1.38

Let F denote the set of men who received medals in football, B the set of men who received
medals in basketball and ¢ the set of men who received medals in cricket. Then, we have

P =38, n(B)=15.nC}=200nF o BUuC)=88and nlF "B C)=3

Now,

mEF o BUCYy=n(FY+nlBYy+nmC)-nlFB)y—nBCy=nlF Oy +nlF m B )

=% 58=38+15+20-mMFNB)-mMBAC)y—nlFnC)+3

= mMFNB+nBNnOy+nFNnC)y=76-58 =18

Now, Number of men who received medals in exactly two of the three sports
=m{FN"B)+nBNO)+nFNnO-IM(FNBNnO)=18-3x3=9

Thus, 9 men received medals in exactly two of the three sports,

Let C = the set of the boys who play cricket

H = the set of boys who play hockey

F = the set of boys who play football
Then #»(C) = 406, w(H) = 324, wF) = 250, wlC n H) = 80, n(H m F) = 64,
mMF N C)=92, s(lCn Hn F)=30
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W C o Hwo FYy=nlC) + n(H) + n(F) — n(C m H)
=—mMHAF)-n8FN )+ n{CnNn HN F)
= 406 + 324 + 250 - 80 — 64 — 92 + 30
= 1010 - 236
= T4
Therefore, 774 boys play al least one of the games. The number of boys who play none of
the games = 1020 — 774 = 246.

20. Let M denote the set of students who had taken Mathematics, P the set of students who had
taken Physics and C the set of students who had taken Chemistry, Then, we have n(U) = 25,

WMy =15 WPy = 12 WO =1L M Cy =5, M P) =9 PO =4 M P C)=1
(i} Required number of students
=M AP N =n{(Mu P)Y n ()
=) —nliM O P)m O) [ n{(An B')=n(A)-n(d n B)]
=nlC) (M C) (PN
=p )= InM O +lPAC-nlMaoa P C))
=1l1-{5+4-~3}=35
(ii) Required number of students
=M P AC)
=nM (P uUC))
= n(M) = n(M ~ (P U ()
= (M) — n{(M N P) 0 (M n ()
= M) = (M PY+nMC)—-nlMn P C)}
= 15-{9+ 5 -3}
= 4
(iti) Required number of students
=pPMnC)
=nP N (Muw ()')
= n(P) - n(P n (M v )
= nP) - n((P A M) U (P O)
=Py - (P MY+ P C)y=nlP M~ C))
=12-{9+4-3}
=32
(iv) Required number of students
=mMP N C N M)
=P Oy =P T M) [+ nid m B') = n(d) — nid n B)]
=4 -3 =1
(v) Required number of students
=M PN C)Y=nlMnP)-nMnPn(C)=9-3=056.
{vi) Required number of students
= n(M) + n(P) + n(C) = 2{n(M N P) + (P n C) + oM N C)]
+3In(M N PN ()
=15+12+11-2{9+4+5}+3 =3
=38-36+9
=11
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(vii) Required number of students

= MuPu()
= n(M)+ nlPY+ mC) - M AP - P ACH-MAC)+nMA P A O)
=15+12+11-9-4-5+3 M P
=23

(viii} Required number of students a

=nM NP NCY &VA
=Moo Pul)

=nml) - oMU PO v
=25 - 23 C

= 2 Fig. 1.39

Aliter. Consider the Venn diagram shown in Fig. 1.39. a, b, ¢, 4, e, /. g denote
the number of students in the respective regions.
From the Venn diagram, we have

nMy=a+b+d+e {iP)=b+c+e+fnC)=d+e+f+g n(MNP)=b+e,
MPAC)y=e+fniiMCO)=d+e and niM Py O) = e It is given that

(MAPAC)=3=e=]
nMnP)=9=b+e=9=2b+3=9=2b=06
NPAC)=4e+f=4=33+f=d=/=1
MMNC)=Sd+te=5=3d+3=5=d=12
nMy=15=a+b+d+e=15=2a+6+2+3=15=a=4
MP) = 12=3b+c+e+f=12=26+c+3+1=12=¢=12

mC) = 11 =>d+e+f+g=11=32+3+]1+g=]ll=g=35
Now,

(1) Required number of students = g = 5
(i) Required number of studenis = a = 4
(ili) Required number of students = ¢ = 2
(iv) Required number of students = /= 1
(v} Required number of students = b = 6
(vi) Required number of students =g +c+g=4+2+ 5= 11
(vii) Required number of students =g+ b+ c+d+ e+ f+g=123
(viii) Required number of students =25 - (a+ b+ c+d+ e+ f+g)=25-23 =12

21. Given: n(l) = 2000, n(A) = 1720, n(B) = 1450
Then
A B)y=nld) + n(B) - n(4 N B)
mA o By= 1720 + 1450 - w4 v B)
= 3170 — n{d n B)
Since A v B < U we have
mA o B)ysnl) = 3170 - nid n B) £ 2000
= 3170 — 2000 € n(4 N B)
= n{d M B) 2 1170
Thus, the least value of w4 ~ B) is 1170,
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12,

23,

24.

25.

Let U denote the set of surveved students. Let £, H and S5 denote the set of student who
are studving English, Hindi and Sanskrit respectively. Then, (L) = 100, n(£) = 26,
nS) =48, n(E N S) =8, n(SnH)=8, {(EnHN S =3.

Number of students who study English only = 18

Number of students who study no language = 24

Let us draw the Venn diagram as shown in Fig. 1.40.
Clearly, from the figure and with the given data, we have
Number of students who study Hindi only

=100—-(18+5+3+5+35)-24 U=
= 1M} - 66 — 24
= 100 — 90
=10

~ Number of students who studv Hindi = 10 + 3 + 5 = 18
and the number of students who study English and Hindi = 3

Let U denote the set of surveyed persons. Let 4, Band | {7
C denote the set of people who read magazine 4, B and
C respectively. As per data,

(L)) = 100, nid) = 28, n(B) = 30, n{C) = 42,

MANB) =8 ndnCO)=10, (B C)=3
and mwANBNC)=3
Let us draw the Venn diagram as given in Fig. 1.41.
Since  miA) + niB) + n(C) = 28 + 30 + 42 = 100
and  m(l)) = 100
The number of persons whe read none of the magazines is:

100 -(13+5+204T7+3+2+30)=100-80=20

and number of persons who read magazine C only = 30

Eet £ be the set of students who secured first class marks in English and M the set of students
who secured first class marks in Mathematics, The given information may be written as

alE o M) = B0, mAH = 50, mlE m M) = 10
We know that
wE M) = nlE) + (M) - nlE ~ M)
Substituting the values of n(E o M), n{M) and m(E ~ M), we get
80 = nm(£) + 50 — 10
= alk) = 80 — 40 = 40
Thus, the number of students who secured first class marks in English only
= mE) —m(E n M)=40 - 10 = 30
As 80% students passed in Mathematics, therefore, the students who failed in Mathematics
15 20%.
Also, 72% students passed in Science, therefore the students who failed in Science is 28%.
Since 13% students failed in both the subjects,

Students who failled in Mathematics only = 7%
and
Students who failed in Science only = 13%

s The students who failed in either of the two subjects or in both subjects
= T% + 15% + 13% = 35%
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The students who passed in both the subjects = 65%
Thus, if 65 students pass in both subjects, then the total number of students = 100,

. if 1 student passes in both subjects, then the total number of students = 2

65
. if 312 students pass in both subjects, then the total number of students

=100 319 - 480
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p—— RELATIONS AND FUNCTIONS

Learning Objectives

After successful completion of this chapter, the reader should be able to understand and
appreciate:

& Cartesian Product of Sets ¥ Functions
& Relations & Some Important Functions
INTRODUCTION

In our day to day life, we observe many relations such as mother and daughter, father
and son, and teacher and student. In mathematics also, we come across relations such
as line / is perpendicular to line m, number a is greater than number b, and A4 is a subset
of B. In all these a relation exists between pair of objects in certain order. This chapter
is devoted to the study of several such relations and functions in mathematics.

ORDERED PAIR

Let A and B be two non-empty sets. If ae 4 and b e B, then an element of the form
(a, b) is called an ordered pair, where ‘a’ is regarded as ‘the first element’ and ‘b’ as the
second element.

It is evident from the definition that

(i) (a, b) # (b, a)
(1) (a, b) =(c,d)ifand only ifa=cand b= d

Equality of Two Ordered Pairs

Two ordered pairs (a, b) and (c, d) are said to be equal if and only if a=cand b = d.
The ordered pairs (2, 4) and (2, 4) are equal while the ordered pairs (2, 4) and (4, 2) are
different. The distinction between the set {2, 4} and the ordered pair (2, 4) must be noted
carefully. We have {2, 4} = {4, 2}, but (2, 4) # (4, 2).

CARTESIAN PRODUCT OF SETS

Let 4 and B be two non-empty sets. The cartesian product of 4 and B is denoted by
A = B (read as ‘A4 cross B’) and is defined as the set of all ordered pairs (a, b), where

ae Aand b e B. Symbolically,
A*B={(a,b).aec Aand b e B}
2.1
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lllustration 1. | Suppose A=1{2,4,6} and B = {x, y}. Then
Ax B ={(2,x),(4,x),(6,x),(2,), 4,),(6,y)

BxA ={x2),(x,4),(x,6),(y2),(y4),(y6)}
Thus, we note that if 4 # B, then 4 < B# B = A.

lllustration 2. | Let 4 = {1, 2, 3,} and B = ¢. Then
AxB=9¢,

because there will be no ordered pair belonging to 4 x B. Thus, we note that
AxB=¢

if A or B or both of 4 and B are empty sets.

lllustration 3. | Let n(4) represent the number of elements in set 4. In Illustration 1
we can see that n(4) = 3, n(B) = 2 and m(4 x B) = 6. Thus, we note that

n(A x B)=n(A) * n(B)
In other words, if a set 4 has m elements and a set B has n elements, then 4 x B has mn
elements. Further it may be noted that n(4 x B) = n(B x A). This implies that 4 x B and
B x A are equivalent sets.

llustration 4. | If there are three sets 4, B, Canda€ A, be B, c € C, then we form
an ordered triplet (a, b, c). The set of all ordered triplets (a, b, c) is called the cartesian

product of the sets 4, B and C. That 1s,
AxBxC={(a,b,c):aec A, be B, ce C}
In particular, A x 4 x A= {(a, b, ¢): a, b, c € A}
Some Results on Cartesian Product of sets
1. Let A, B and C be three sets. Then

@ Ax(BuC)=(A*xB)u(dxC() (b) Ax(BNC)=(A*B)N(4*C)
(€) Ax(B-C)=(AxB)-(4%C) (d) (A-B)xC=(4*B)-(BxC()
() (ANB)xC=(AxC)n(B* () () (AU B)xC=(A*xC)u(B*C)

2.IfA,Band Cbeanysetsand A c B,then A x Cc B x C.
JIfAcBand Cc,Dthend x CC B x D.
4. If A, B, C and D be any sets, then (4 x By (C x D) =(4A n C) x (B n D).
5. If A and B be any two non-empty sets, then

AxB=BxA ©A=8B

x 21
3 a3

1

2
sHx=2and v—-—=—o0or v=—+
- 3

Example 1. {f[ +1, ¥ —E]=[5 1], find the values of x and y.
E =]
3

1
Solution: lr-+1=.5_ or L. -
3 3 3 3

LSx=3andy=1

Example 2. If the set A has 3 elements and the set B = {3, 4, 5}, find the number of
elements in A * B.

Solution: Set A has 3 elements and set B also has 3 elements, therefore, the number of
elementsin 4 xB=3x3=9
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Example 3. Let A = {1,2} and B = {2, 3}. (a) Evaluate A x B, B x A, A x A, B x B
(b)IsA xB=BxA?

Solution: (a) AxB={1,2} = {2,3}={(1,2),(1,3),(2,2),(2,3)}
BxA={2,3} x{1,2}={(2,1),(2,2),(3,1)(3,2)}
AxA={1,2} x{1,2}={(1,1),(1,2),(2,1),(2,2)}
BxB={2,3} x {2,3}={(2,2)(2,3),(3,2),(3,3)}
(b) From above results, we conclude that 4 x B# B =< 4
Example 4. If A = {a b}, B = {2,3,5,6, 7} and C = {5, 6, 7, 8, 9.}, find
A x (Bn Q)
Solution: We have
(BNnC) ={2,3,5,6,7} " {5,6,7,8,9}={5,6,7}
A*x(BNC) ={a, b} x {5,6,7} = {(a,5),(a,6),(a,7),(b,5),(5,6),(5,7)}
Example 5. If A = {a d}, B = {b, c, e} and C = {b, c, f}, then verify that
MAxBUCO)=(4xB)u(dxC)
(i) Ax(BNCO)=(AxB)n(4xC),
(i) A x (B-C)=(4 x B)—(4 x ().
Solution: (i) (BulO)=1{b,c,e}uibc,f}=1{bc e[}
' Ax(BuUCO)={a d} x{brcef}

= {(ﬂ, b}! {ﬂ, C)', {ﬂ, E)i (ﬂ-.f}! {d! b}! {d! E}: (d: 'E)! (d!f)} "‘(I)
Also (4 x B)= {(a, b), (a, ¢), (a, e), (d, b), (d, ¢), (d, )}

and (4 xC)= {(a, b), (a, ), (a, /), (d, b), (4, c), (4, /)
‘ (A4 *B)u (4xC)={(a,b),(a,c)(a,e)(a[f)(db)(dc)(de)df)} -(2)
From (1) and (2), we have
A*x(BUuO)=AxB)u(d*x0
(ii) (Hr"ﬁC]— {b,c,e} N {b,c, [} = {b, c}
- Ax (BN C)={a, d} x {b, c}, = {(a, b), (a, ¢), (d, b), (4, c)}
Also, (4 xB)n (4 xC)={(a,b), (a,c) (d b),(d c)}
AxBNCO)=A>xB)n(4x0O)
(i) (B-C)={b,c,e} —1{b,c,[f} = {e}
: Ax(B-0C)={(a, e), (d e)} .{3)
Also, (4 x B)—(4 xC) = {(a, e), (d, )} (4)
Hence, from (3) and (4), we have
Ax(B-C)=(AxB)-(4xC)
Example6. If4=1{1,2,3}, B=1{2,3,4},C={1,3,4,}andD = {2, 4,5}, then verify that
AxB)Nn(CxD)=(AnNnO)*x(Bn D)
Solution: (A < B) = {1, 2, 3} = {2, 3, 4}
= {(1,2),(1,3), (1,4), 2, 2), (2, 3), 2, 4), 3, 2), (3, 3), 3, 4)}
(CxD)={1,3,4} x {2,4, 5}
={(1,2),(1,4),(1,5), 3, 2),3,4),3,5), 4, 2), (4, 4), (4, 5)}
(AxB)n(CxD)=1{(1,2),(1,4),3,2),G,4)}
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Also (AN C)={l1, 3} and (B N D) = {2, 4}
Therefore,
(AN C)x(BnD)={(1,2),(1,4),3,2),3, 9}
Hence AxB)Nn(CxD)=(AnC) x(Bn D)
Example 7. Let A and B be two sets such that A x B consists of 6 elements. If three
elements of A x B are (1, 4), (2, 6), (3, 6), find A x B and B x A.

Solution: Since (1, 4), (2, 6) and (3, 6) are elements of 4 x B, therefore, by definition of
ordered pair, 1, 2, 3 are elements of the set 4 and 4, 6 are elements of B. It is given that
A % B has 6 (= 3 x 2) elements. So,

A=1{1,2 3} and B= {4, 6}
Hence AxB={1273}x{4,6}={(1,4)(1,6),(2,4),(2,6),(3,4), (3, 6)}

and BxA=1{4,6}x{1,2,3={(4,1),(4,2),(4,3),(6,1), (6, 2) (6, 3)}

Example 8. If4 x B = {(a 1), (b 3), (a 3), (b 1). (a 2), (b 2)}, find A and B.
Solution: In the cartesian product 4 * B of two sets A and B, the set A is collection of
all first elements in ordered pairs in 4 x B. Thus, for the given

A x B = {(a, 1), (b, 3), (a,3), (b, 1) (a 2), (b, 2)};

set 4 = {a, b} (dropping the repetitions) and set B = {1, 2, 3} is the set of all second
elements in ordered pairs in 4 x B.

Example 9. State whether each of the following statements are true or false. If the
statement is false, rewrite the given statement correctly:
() If P={m, n} and Q = {n, m}, then P x Q = {(m, n), (n, m)}:
(i) If A and B are non-empty sets, then A = B is a non-empty set of ordered pairs
(x, v) such that x € B and y € A,
(i) IfA={1,2), B=1{3,4}),thenA x(Bn @ = ¢.

Solution: (i) False, P x Q = {(m, n), (m, m), (n, n), (n, m);}
(i) False, A * B is a non-empty set of ordered pairs (x, ) such that x € 4 and y € B.
(ili) True, B n ¢ = @, therefore, A x (BN @)= A x ¢ = ¢.

Example. 10. [fA= {1, 1},find A x A x A.
Solution: A x A = {~1, 1} x {1, 1}
={(-1,-1), (-1, 1), (1,-1), (1, 1)}
A x4 x A ={=] 13> 41, -5 1510 00,-1), (0, 1))
» =L <l =D l=L D1 L=1) L 1 1000, <8 <D0 (=0, T
(1,1,-1),(1, 1, 1))

‘ EXERCISE 2.1 I

LEVEL OF DIFFICULTY A
1. Find the values of a and b in the following equal ordered pairs:
(1) (a, 3) = (2, b); (i) 2a-3,b+2)=3a+ 1, 2b+5).

2. IfA=1{1,3,5) and B = {2, 3}, then show that 4 x B # B x A.
3. Ifd=1{a b}, B={c, d}, C={d, e}. then find
(i) A x (BuU O): (i) 4 (B n O).
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8. 1f4 = B={(a x), (a . (b x) (b, )}, find 4 and B.
5. IfA4d=1{1 2 3}, B= {4}, C = |5}, then verify that:
DAxBuwCO)=AxB)ud~=C)
(i) A x(BNC)y=(4 =By (4~ C),
(i) A x(B-C)=(4 = B)y-{(4 » ).
6. IfAd={14}, B=1{2.3 6} and C = {2, 3, 7}, then verify that:
MAx(Bu)=AxB)u{dxC)
(il A x(BNC)=(4xB)yn (4 x C).
7. IfAd=1{2 3}, B=1{6,8}, C={l,2}and D= {6, 9}, then verity that:
(A*B)yn(CxDy=(4nC)= (B D).
8. A and B are two scts given in such a way that 4 = B contains 6 elements. If three elements
of 4 = B be (1, 3), (2, §5) and (3, 3), find its remaining elements,
9, LetdA=1{1,2}and B= {3, 4]. Wnite 4 » B. How many subsets will 4 = B have? List them.
10. Let 4 and B be two sets such that n(4) = 3 and m(B) = 2. If (x, 1) (v, 2),
(z, 1) are in 4 = B, find 4 and B, where x, y, z are distinct elements,
1. Let A = {1, 2}, B = {1, 2, 3, 4), C = {5 6} and D = {5, 6, 7, 8}. Verify that
YA*BNACY=(4 > By (A » O}
(1) 4 = € 15 a subset of B = D,
12. The cartesian product 4 = 4 has 9 elements and two of them are (-1, 0) and (0, 1). Find the
set 4 and the remaining elements of 4 = A.
13, If P = {1, 2}, form the set P » P = P,
4. IfG=1{7,8,,4=1{54.2), find G « Hand H = G.
15. If R is the set of all real numbers. what do the cartesian products R * Rand R » R < R
represent’
16. If A < B = {(a, 1), {a, 5), (a. 2), (b, 2), (b, 5), (b, 1)}, find B = A,
LEVEL OF DIFFICULTY B
17. (i) If 4 and B be two non-empty sets having n elements in common, prove that 4 = B and
B = A have n° elements in common,
(ii) 4 and B are two sets having 3 elements in common. If n{4) = 5, n(8) = 4, find n(4 =
B) and n|(4 = B) n (B = A)l.
18. Let 4 be a non-empty set such that 4 = B = 4 » . Show that 8 = C,
| Answers
1. (i) a=2 b=13; (1) a=-4b=-13
3. () {a, c) (@, d). (a, €). (b, ¢), (b, d), (b, e}j:  (ii) la, d), (b, d)}.
4. A={a b}, B={x y}
8. (1, 5), (2, 3), (3, 5).
9. 4= B={l,3),(1, 4, (2 3), 2 9).

Number of subsets of 4 = B = 2* = 16.
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10.
12,
13.

14.

IS.

12.

16,
17.

18.
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Subsets of 4 * B are ¢, {(1. 3)}, {(1, H}. {2, 3, W2 4}, UL 3), (1L DA, 3), (2, 3)),
{(1. 3), (2, )}, {(1. 4), (2 3}, {(1, 4), (2. B}, (2, 3), (2, B}, (1L 4, 2 D} (A, 3),
(L4, 28, (L4232 85 {(1,3).(23), 29} {1 3), (1. 4., (2, 3), 2, 4)}.

A= {x,y 2} B=1{1, 2).
A={=1,0, 1% (=1, =1}, (=1, 1), (0, =1), (0, 0), (1, 1), (1, 0), (1, 1).
(L LD, (L L2, (L2 1), (L2 2,211,212, 22 12220

G = H = {(7, 5), (7. 4), (7, 2), (8 5), (8. 4), (8, 2)}
H>G=U57),05 8,47, 4 8.(2,7), (2 8

R < R={{x,y):x, ¥y € R} which represents the coordinates of all the points in two dimensional
space.

RxRxR={(x v 2y x v,z € R} which represents the coordinates of all the points in three-

dimensional space.
‘ HINTS AND SOLUTIONS I

Since (=1, 0)e 4 = 4 and (0, 1) & 4 = A, therefore,
(~l,hed d=-1,0ed and (DL 1)edAd=0, 1 4
-1,0, 1 € A
It is given that 4 has exactly three elements. Hence 4 = {1, 0, 1}
Remaining elements of 4 = 4 are:
(=1, =1} (=1, 1), (0, 0), (0, =1), (1, 1) (1, =1), (1, 0).
B = 4 can be obtained from 4 = B by interchanging the entries of ¢ach ordered pairin A = B,

(i) Wehave, (AxBYN(CxD)={(ANC)~ (B D)
= (A% By (B> A)y=(AB) = (B A)
Since, A ™ B has n elements, so (4 ™ B) = (B A) has n* elements.
But (AxB)y"(B*xA) =(4d~B)*(BrA)
(A = By (B = A) has n* elements.
Thus, 4 « Band B * A have »* elements in common.
(1) mld = B)= n(A)yn(B) = 54=20.
Using (i), n [(A * By (B » 4)]=3*=9.
Let & be an arbitrary element of B.
Then,(a. bye A =~ Bforallae 4
={a, b)e A=Clorallae 4 [ Ax B=A = C]
=be C
Thus, be B=bhe C
. BcC W
Now, let ¢ be an arbitrary element of C.
Then, (a.cye A = Cforallae 4
={a,c)e 4> Bilorallae A [ A=B=A=C]
=Ce B8

Thus,ce C=ce B
Lol - (2)

From (1) and (2), we get B= (.
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RELATIONS

The word relation in literal sense indicates a family tie between two persons. If we are
considering a set of persons, then there are many types of family relationships that may or
may not hold between two persons, such as * father of ', * mother of’, * brother of’, etc.

For example, if we have set of students 4 = {Asha, Ram, Hari} and set of fathers,
B = {Subash, Shyam, Krishan}, then there is a relation ‘is child of * between the elements
of sets 4 and B. If we agree to write R for * is child of”’, then the above relations can
be written as:

Asha R Subash, Ram R Shyam, Hari R Krishan.
Thus R = {(Asha, Subash), (Ram, Shyam), (Hari, Krishan)}
Le., R={(x,y)|xe A, ye B, xRy}

Thus, the relation *is child of' from set A to set B gives rise to subset R of
A » B, such that (x, y) € R if and only if x R y.

A visual representation of this relation R (called an arrow diagram) is shown in
Fig.2.1.

Fig. 2.1

Definition: Let A and B be two non-empty sets. The relation R between 4 and B is a
subset of 4 x B. The subset is derived by describing a relationship between the first
element and the second element of the ordered pairs in 4 * B. The second element is called
the image of the first element. Symbolically, we write the relation between A and B as:

R:A— Bifandonlyif Rgc 4 x B

<Y IMPORTANT

e A relation may be represented algebraically either by the Roster method or by
the set-builder method.
e An arrow diagram is a visual representation of a relation.

lllustration 1.| Let / be the set of integers. The statement “x is less than y for all x, y €
I’ determines a relation in /. This relation R may be described in the set builder form as:
R=1{(1,2),(2,3)(23),G,4, ..
={xy):x,ye L x<yj
lllustration 2.| Let NV be the set of natural numbers, The statement ‘x is the cube root

of y, for all x, y € N’ determines a relation in N. This relation R may be written in the set
builder form as:

R={(1,1),(2,8),(3,27), (4, 64), ... }
={(x,y):x,y€ Nand y = x°}

The relation between two elements, say, x and y in a set is also written as x R y which
is read as ‘x is R-related to y’.
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Domain, Codomain and Range of a Relation

If R : A — B, then the domain of R is the set of all first elements of the ordered pairs
(x, y) which belong to R. Symbolically,

Domain = {x : (x, ¥) € R, x € A for some y € B}
The range of the relation is the set of all second elements of the ordered pairs which
belong to R. Symbolically,
Range = {y : (x, ¥) € R, y € B for some x € A}
The whole set B is called the codomain of the relation R. Note that range < codomain.
llustration 3. | In the illustration 2, if R € N x N, then the set {1, 2, 3. 4, ... } is the

domain of R and the set {1, 8, 27, 64, ...} is the range of R. Also, the set {1, 2, 3, 4, ...}
is the codomain of R.

Relation in a Set
Let R be a relation from A to B. If A = B, then instead of saying that R is a relation from
A to A, we say that R is a relation in 4 or R is a relation on A.

Thus, a relation R in a set 4 is a subset of the cartesian product 4 x 4. Symbolically,
R is a relation in aset 4 ifand only if R C 4 x A.

Inverse Relation
Let R be a relation from 4 to B. The inverse of R, denoted by R, is a relation from B
to A and is defined by Rl= {(b, a). (a, b) € R}.
Note: ®(a,b)e Re (b, a) € R
e Dom (R) = Range (R™") and Range (R) = Dom (R™")
lllustration 4. | Let 4 = {1,2, 3,4, 5} and B = {1, 4, 5} be two sets and let R be the
relation “less than” from A4 to B.
Then, R={(1,4),(1,5),(2,4),(2,5),(3,4),(3,5),4,5)}
and R'={@41),(51).(42),(52).43),(53).,4)
Also Dom (R) = {1, 2, 3, 4} = Range (R"') and Range (R) = {4, 5} = Dom (R™")

Example 1. Let A = {1, 2, 3, ..., 14}. Define a relation R from A to A by R = {(x, y):
3x —y =0, where x, v € A}. Write down its domain, co-domain and range.
Solution: R = {(x, y): 3x —y = 0, where x, y € A}
=1{(1,3),(2,6),(3,9), (4, 12)}
Domain: {1, 2, 3, ..., 14}
Co-domain: {1, 2, 3, ..., 14}
Range: {3, 6,9, 12}

Example 2. Letr A = {1, 2, 3, 4, ..., 250} and R be the relation ' is cube of " in A. Find

R as a subset of A x A. Also find the domain and range of R.

Solution: R is the relation * is cube of * in A, that is x * is cube of * y. Therefore,
R={1,1),(8,2), (27, 3), (64, 4), (125, 5), (216, 6)}

Hence, domain of R = {1, 8, 27, 64, 125, 216} and range of R = {1, 2, 3, 4, 5, 6}.

Example 3. If4 =1{1,2 3,4 5} and R = {(x, ¥). x > 2, vy = 3}. Find the domain and
range of relation R
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Solution: Based on the relationship defined among elements of the set R, we can write
it as: R=1{(3,3),(4,3),(53)}

Domian of R = {3, 4, 5} and range of R = {3, 3, 3} = {3}
Exampled. [fU={1,2 3 4} andR = {(x,y):y>x forallx, y € U}, then find the domain and
range of R.
Solution: The elements nf R will be the pairs (x, y) satisfying y > xand x, y € U

= {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}
DnmamnfR-{l 1, 1,2, 2 3}, 1e, {1, 2, 3}
and Range of R = {2,3,4,3,4,4, }, ie, {2, 3, 4}

Example 5. Find the domain and range of the following relations:
M R={(x,y):x,ye N,y=x>+3 and 0 <x < 5};
(i) R= {(x, ) (x,¥) € N,y = 1/(1 +x) and x is odd natural number}.
Solution: (i) We may also write the given relation as:
R={(x,x¥*+3):0<x<5 xe N}

As per condition x takes the values 1, 2, 3, 4 and, therefore, y takes the values
4,7, 12, 19. Thus,
R={(1,4),(2,7),(, 12), (4, 19)}
Hence domain of R= {1, 2, 3, 4} and range of R = {4, 7, 12, 19}

(ii)) We may also write the given relation as

R= {(x, : JZ.I 1s an odd natural numher}
1+ x

As per condition x takes the values 1, 3, 5, 7, ... Therefore,

ceaedede

Hence domain of R= {1, 3, 5, ...} and range of R = {“Z—EE}

Example 6. Determine the domain and range of the following relations:

]
() R, = {(I;] 0<x<6,x€ N};
(i) R, = {(x, x) : x is prime number less than 10},
i
Solution: (i) R, ={(I.l):ﬂ{x=:ﬁ,.re N} ={ x,l]:x=112.3.4,5
.I i

v X

" 1 1 I¥fel
., [2‘ 2)’(3‘ 3]‘(4' 4)' hs’ 5)}

1111
Hence domain of R, = {l, 2, 3, 4, 5}and range of R, = {IEEEE}

(i) R, = {(x, ):xis prime number less than 10}
={(xx):x=2,3,57}={(28) (3,27), (5, 125), (7, 343)}
Hence domain of R, = {2, 3, 5, 7} and range of R, = {8, 27, 125, 343}
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Example 7. Define a relation R on the set N of natural numbers by R = {(x, y): y = x +
5, x is a natural number less than 4; x, y € N}. Depict this relationship using (1) roster
form;, (i) an arrow diagram. Write down the domain and the range.

Solution: We have R = {(x,y):y=x+5,x<4;x,ye N}

={(1,6),(2,7),(3, 8)} >
Domain = {1, 2, 3} >
Range = {6, 7, 8} Fig, 22

Example 8. 4 = {1, 2, 3, 5} and B = {4, 6, 9}. Define a relation R from A to B by
R = {(x, y): the difference between x and y is odd;, x € A, y € B}. Write R in roster form.

Solution: We have R = {(x, y): the difference between x and y is odd, x € A, y € B}
=1{(1,4),(1,6),(2,9), (3, 4), (3, 6), (5, 4), (5, 6)}
Example 9. Ler 4 = {1, 2, 3, 4, 6}. Let R be the relation on A defined by {(a, b). a, b
e A, b is exactly divisible by a}.
(1) Write R in roster form;

(i) Find the domain of R;
(iii) Find the range of R.

Solution: Clearly, R={(1, 1), (1, 2), (1, 3), (1, 4), (1, 6), (2, 2), (2, 4), (2, 6), (3, 3), (3, 6),
(4,4),(6,6)}
(i) Domain R = {1, 2, 3, 4, 6}
(i) Range R = {1, 2, 3, 4, 6)

’%:f Trick(s) for Problem Solving

The total number of relations that can be defined from a set A to a set B is the number
of possible subsets of 4 x B. If n(4) = p and n(B) = g, then n(4 x B) = pg and the
total number of relations is 2/,

Example 10. Ler A = {1, 2} and B = {3, 4}. Find the number of relations from A to B.

Solution: We have

AxB={(1,3),(1,4),(23),2,4)}
Since n(A x B) = 4, the number of subsets of A x B is 2% Therefore, the number of
relations from A into B will be 2*.

Example 11. Figure 2.3 shows a relationship between the sets P and Q. Write the
relation (1) in set builder form; (1) roster form. What is its domain and range?

Fig. 2.3

Solution: () R={(x,y);x—y=2, 4<x<8, x,ye N}
(i) R = {(5, 3), (6, 4), (7, 5)}
Domain = {5, 6, 7}, Range = {3, 4, 5}
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Example 12. A relation R is defined from aset A= {2,3,4,5} toaset B= {3,6,7, 10}
as follows: (x, y) € R & x divides y. Express R and R™ as a set of ordered pairs. Also,
determine the domain and range of R and R

Solution: Since, 2 divides 6, 2 divides 10, 3 divides 3, 3 divides 6 and 5 divides 10.
(2,6)e R, (2,10)e R, (3,3)e R,(3,6)e Rand (5, 10) e R

Thus R ={(2, 6), (2, 10), (3, 3), (3, 6), (5, 10)}
R ={(6,2), (10, 2), (3, 3), (6, 3), (10, 5)}
Also Dom (R) = {2, 3, 5} = Range (R™")
and Range (R) = {3, 6, 10} = Dom (R'")

Example 13. Let R be the relation on the set Z of all integers defined by (x, y) e R=>x -y
is divisible by n.

Prove that;

(1) (x, x) € R for all x € Z;

() (x, Ve R=(y,x)e Rforall x, y € Z;

(i) (x,y) € Rand (,z) e R=(x,z) e Rforallx,y, z € R

Solution: (i) For any x € Z,
x=x=0=0.n
= x — x is divisible by n
= (x,x)e R
() Let(x,y)€ R
= x — y Is divisible by n
= x—y=kn for some k€ Z

=y-3=-n
= y — x is divisible by n
(v.x) e R.

Thus, (x, )€ R=(y,x)e Rforallx,ye Z

(i) Let (x,y) € Rand (y,2z) € R

Then x —y = knand y — z = kyn for some &k, k, € Z
=2 x-»+E-2)=kn+kn
= x—z=(k + k)n
=» x — z is divisible by n

: (x,z) € R.

Thus, (x, V) e Rand (), z) e R= (x,2) € R

| EXERCISE 2.2 I

1. If 4= {1, 2, 3}, then write down the elements of the relation R = {(x, ¥) : x = v} in
Ax A

2. If4=1{4,5 9} and B = {4, 6, 8), then express a relation Rin A x Bifa< b, where ae A
and b € B.

Find the domain and range of the relation R = {(x, ¥) : x + ¥ = B and x, y are natural numbers}.

If N = {1, 2, 3}, then find the relation R = {(x, y) : x € N, ye Nand 2x + y = 10} in
N x N.

S, IfA=(1,234),B=(,23456NamdR={xy):xedyec B ad
y =x? = 3x + 3}, write all the elements of R.




212 MATHEMATICS XI
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9.

10.

1L

12.

13.

14.

15.

16.

17.

19.

21.

Let R={(1, 3), (2. 5). (3, 7). (4, 9), (5. 11}} be a relation in the set 4 = {1, 2, 3, ..., 11}. Find
the domain and range of R.

Let A= {1, 2,3, ... 70} and R be the relation “is square of " in 4. Find R and its domain
and range.

Let 4= {1, 2 3, ..., 30} and R be the relation “is one-fourth of " in A. Find R. Find also
the domain and range of K.

Let R be a relation from 4 = {1, 2, 3,} to B= {1, 2, 5, 6}. Write R as a set of ordered pairs
when, (1) R is the relation ‘is less than’, (ii) R is the relation ‘is greater than’.

Find the domain and range of the following relations:
() R=1{(x. ¥xx<4 xe N}
(i) R={(2x+3, 1+x:3<x<5 xe N}

2
(iii) R = I[J+l, :“""‘,, ]:15.154,1.;:4;}.
—.Ib

Let & be the relation on £ defined by @ R & if and only if @ — b is an even integer. Find:
(i} R. (1) domain of . (iii) range of R.

Let R be the relation on Z defined by R = {(a, b a € Z. b € Z & = #°). Find: (i) R;

(i) domain of R; (iii) range of R.

Let £ be a relation from ¢ into () defined by B = {{a. b): a, be Qand a - b € Z}. Show that
(i) (a, a) € R for all a € O

(i1} (a, &) € R implies (b, a) € R:

(i) (@, ) € R, (b, ¢) € R implies (a, ¢} € K.

lLet R be a relation from V into N defined by R = {(a, b): @, b € N and a = b*}. Are the
following statements true?

(1) (a, @) € R, for all a € N

(ii) {(a, b) € R implies (b, a) € R;

(iif} {a, &) € R, (b, ¢) € R imples (a, ¢) € R?
Justify vour answer in each case.

Let 4 =141, 2, 3 4) and B = {x. v, z}. Which of the following are relations from A to B?

(1) 11, x), 2. x) (3. ¥) (4, 23 (i) {(1. 1), (2, x). 3, ¥}, (4, 2));
(i) {(1, x), (2. ¥) (3. 2), (4, 2), (2, 2)}; (1v) 4 = B.
Write down the elements of the following relations:
(i) 4= {(x,y):x.ye Nandx=3y+1}; (ii) §={(x,y):x,ye Jandx? +y?<9};

Determine the domain and range of the relation R defined by R = {{(x. x + S):x e {0, 1, 2,
3, 4, §}}.

Let R be the relation on Z defined by R = {{a, ) a, b € Z, a — b is an integer}. Find the
domain and range of R.

Let A = {1, 2}. List all the relations on A.

Let A= {x, v, z} and 8 = {1, 2}. Find the number of relations from 4 into B.
A relation R is defined on the set Z of integers as follows:

(x, ) € R e x* +y* =25

Express R and R! as the sets of ordered pairs and hence find their respective domains.
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24,
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Let R be the relation on the set N of natural numbers defined by B = {(x, ¥): x + 3v = 12,
x € N, v e N} Find:

(i) R; {i1) Domain of R: (1ii) Range of R
Figure 2.4 given shows a relation R between the sets P and (0. Write this relation R in

(i) Set builder form; {ii) Roster form.
What is its domain and range?

<

Q
5
3
2
!
2

-3

-5

Fig. 2.4

Let R be a relation on N x N defined by
(g, D) R{c,=a+d=b+cforall(a b), (c. & e Nx N,
Show that:
(i) (a, B) R (a, b) for all (a, b) e N x N;
(i (a, YR(c, )= (c, ) R(a, b) for all (a, b), (c, d) e Nx N;
(iii) (@ &) R(c, D) and (c, D R (e, /) = (a, b) R (e, /) for all (a, b), (¢, d), (e, H € NxN.

25, Let4={7, 11} and B={13,15). Let R= {(a, b): ac A, be B, a— b is odd}. Show

that R is an empty relation from A4 into B.

Answers

1. (1. 1), (2, 2). (3. 3).

2. R={(4,6) (5 6), (5 8)

3. Domainof R=14{1,2 3 4,56, 7): Range of R = {7.6. 5,4, 3,2, 1}
4. Domain of R = {1, 2, 3, 4); Range of R = {§, 6, 4, 2},

5. {(1, 1), (2, 1), (3, 3), (4, T)).

6. Domainof R=1{1, 2 3.4 5}, Range of R = {3, 5, 7, 9, 11}

7. R= {1, 1) (4, 2), (9. 3), (16, 4}, (25, 5). (36, 6), (49, 7). (64, 8))

10.

Domain of R = {1, 4, 9, 16, 25, 36, 49, 64}
Range of R = {1, 2, 3, 4. §, 6, 7, 8}.
R={(1. 4), (2, 8), (3, 12), (4, 16), (5, 20), (6, 24), (7, 28)}
Domain of R = {1, 2, 3. 4, 5, 6, 7,};
Range of R = {4, 8 12, 16, 20, 24, 28}.
AxB={(1,1)(1,2)(1,5),(1,6), (2, 1),(2,2)(2, 5)(2,6),(3, 1). (3, 2), (3, 5). (3, 6)}
(1) x “is less than’ y;
R={(1, 2), (1, 5), (L. 6), (2, 5), (2, 6). (3. 5), (3, 6)}
(ii) x ‘is greater than' y;
R={2 1) (3 1) 3 2)).
(i) Domain = {1, 2, 3, 4}, Range = {1, 4. 9, 16}:
(ii) Domain = {9, 11, 13}, Range = {4, 5, 6}
5 10 17}

(i)} Domain = {3, 4, 5}, Range = {—E,-—B—.-E
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Il. (1} R = {{a, b). a and b are even integers}  {{c, d): ¢ and d are odd integers);

(i) Domain = Z, (iii) Range = Z.
12. (D R={(a.a)ae Z} v {(a, —a) ae Z};
(i) Domain = Z; (iii) Range = Z.

14. (1) No: (ii) No; (iii) No.
15. (1) and (iv) are relations from 4 to B, but (ii) and (i1i) are not.
16. (i) R = {(4. 1), (7, 2), (10, 3), (13, 4), ...}
Domain = {4, 7, 10, 13, 16, ...}, Range = {1, 2, 3, 4, ..}
(1) §={(0,0). (1, 1), (~1, 1), (1, =1} (=1, =1), (1, 0), (0, 1), (=1, 0)
(0,-1), (2, 2), (-2, 2), (2, -2),(2, 0), (0, 2), (-2, 0), (0, -2), (-2, -2), (3, 0),
(—3, 0), (0, -3), (0, 3)}
Domain = Range = { - 3, - 2, - 1,0, 1, 2, 3}
17. Domain(R)=1{0,1,2,3,4,5,6}
Range (R)={5,6,7,.8,9, 10}.
18. Domain (R)= Z, Range (R)=Z
19. ¢ {(1, D}, 4L 2 {2, D, (2,23 {(1, D, (1, 2)), {1, 1,2, DY, (L D (2, 2)) {(1, 2),
(2, D} UL 2), (2, D5 1@, 1), (2, 2}, 101, 1), (1, 2), (2, D, (L 1), (1, 2), (2, 2)3, {00, 1),
2, 1).(2,2)}, {(1,2),(2, 1), (2, 2)}, {(1, 1) (1, 2), (2, 2)}
20. 64,
21. R = {{0, 3), (0, =5), (3. 4), (-3. 4), (3, H4). (-3. 4), (4, 3). (-4, 3), (4, -3), (-4, -3,
(5. 0), (=5, Oy}
R = {(5, 0) (-5, 0) (4, 3), (4, -3), (4. 3), (-4, =3), (3. 4), (3, ), (-3, 4), (-3, —9),
(0, 5), (0, =3)}
Dom (R) = {0, 3, -3, 4, -4, 5, -5} = Dom (R").
22. (1) R={(9 1) (6, 2), (3, 3): (ii) Dom (R) = {9, 6, 3); (iii) Range (R) = {1. 2, 3).

2. HR={(x,y):x=y".xe P,ye O}
(i) R = {(9, 3). (9, -3), (4, 2), (4, -2), (25, 5), (25, -5)}
Dom (R) = {9, 4, 25}, Range (R) = {-5, -3, =2, 2, 3, 5}.

‘ HINTS AND SOLUTIONS I

13. (i) Since a — a = 0 € Z, it follows that (a, @) € R, for all a € O
(i) {(a, b)) € R implics that a - b e Z. So, b — a € Z Therefore (b, a) € R;

(ii) (@, b) € R, (b, c) € Rimpliesthat a - b e Z. b-ce Z So,a-—c¢c = (a~- b
+ (b - ¢)e Z Hence (a, ¢) e R

14. (i) @ = @ is true only when @ = 0 or 1. Therefore, it is not a relation.

(i) @ = &° and b = &° is not true for all a. b € N. Therefore. it is not a relation.

(ii) a = b, b=¢°, o a=(c"F = ¢ = a# o Therefore, it is not a relation.

19. Given 4 = {1, 2} 4 = A4 = {(1, 1), (1. 2), (2, 1). (2. 2)}. Since relation R from set 4 to set
A is a subset of 4 = A, therefore, all the relations on A are:
Since n(4 = A) = 4, the number of all relations in the set 4 = 2* or 16.

20. Here A={x,y,z}and B={1,2). Wehave 4 x B={(x, 1), (x, 2}, (., 1). O, 2), (z. 1), (=, 2)}
Since n (4 * B) = 6, the number of subsets of 4 x B is 2° = 64. So, the number of relations
from A into B is 64,
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FUNCTIONS

The concept of a function plays an important role in mathematics. 4 function is a special
tvpe of relation as it also helps to indicate the rule of association or correspondence
between two elements or objects of two non-empty sets.

Definition: A relation f from a set 4 to a set B is said to be a function if every element
of set 4 has one and only one image in set B.

In other words, a function f is a relation from a non-empty set 4 to a non-empty set
B such that the domain of fis 4 and no two distinct ordered pairs in fhave the same first
element. It 1s written as:

f:A— Bsuchthat x € 4 and y € B, where y = f(x).

If fis a function from A4 into B, then we write (x, v) € fas f(x) = y. where x € A4,
b € B. The element y € B is called the image of x under f and x is called the pre-image
of y under /.

Note that there are many terms such as ‘map’ or ‘mapping’ used to denote a function.
Hlustration 1. | Let X' = {1, 2, 3}. Y= {2, 3, 4, 5, 6} and let / be a function defined by
J)=2,12)=4,f(3)=6

Figure 2.5 represents two sets and the correspondence between their elements.
¥

Fig. 2.5

We observe that every element of X has an image in ¥ (or equivalently, we do not
have any element in X which does not have an image in ¥) and image of each element
of X is unique (or equivalentiy no element of X has more than one image).

Thus, we may say that f: X' — VY is a function.
lHustration 2.| Let X' = {4, b, ¢}, Y= {2, 3, 4, 5} and f be the function defined by
fl@=2, f(by=4

Here f is not a function as ¢ € X does not have its image (see Fig. 2.6).

Fig. 2.6
lHustration 3. | Let Y= {a, b, ¢} and Y= {2, 3, 4, 5} and let /'be a function defined by

flay=2, f(b)=3, f(b)=4, f(c)=5
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Here every element of X has an image in ¥, but there is one element b € X which does
not have unique image. Here b has two images. Hence f is not a function (see Fig. 2.7).

« ¥ IMPORTANT

In a function £ X' — VY,
|. Each element of the set X" must be associated with a unique element of Y.
2. Of course, two or more elements of the set X may be associated with the same

element of V.
3. There may be some elements of the set ¥ which are not assigned to any element
of the set X,
sin x sin0 0 4
lllustration 4. If f(x)= T,Ihﬂl‘lﬂﬂ] - T - E

Domain and Range of a Function
If f: X — Y be a function, then domain of /= X
and range of f =f(X)= {f(x) : fix)e Y, xe X}

= set of all image points in ¥ under the 02"
map /. Fig. 2.8

Y is called the co-domain of f.
Clearly fiX)c VY.

f
Hustration 5. | /f.Y= {0, +1,+2}, Y= 1{0,1, 2, 4}, X -
then the rule /: X — Y given by >
flx) = x* is a map from X to Y. g
' Domain of f= X, Range of f= {0, 1, 4} )
Fig. 2.9

ustration 6. | Let 4 = {-3, -2, -1, 4}and f: X = Z
given by f(x) = x* + x + 2. Find

(a) the range of f; (b) Pre-images of 6 and 4.

Solution: (a) We have, f(x)= 2 +x+2
=Sf(3)=(3P+(3)+2=8, f(-2)=(2) +(-2)+2=4
fD)=CE1)P2+ () +2=2and f(4)=@)>+4+2=22

Therefore, range (f) = {8, 4, 2, 22}

(b) Let x be the pre-image of 6.

1+17

2

Then,ﬂx}=ﬁ=:-.t2+J:+2=rﬁ=:-.rz+.=:—4={}=:rx=
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Since ¢ A, therefore, there is no pre-image of 6.

Let x be the pre-image of 4.
Then Ax)=4=>x +x+2=4=x +x-2=0=x=-21

Since -2 € A, therefore, -2 is the pre-image of 4.

Differences between Relation and Function

. If R is a relation from A to B, then domain of R may be a subset of 4. But if f1s
a function from A to B, then domain / is equal to A.

2. In a relation from 4 to B, an element of 4 may be related to more than one element
in B. But in a function from 4 to B, each element of 4 must be associated to one
and only one element of B.

Thus, every function is a relation, but every relation is not necessarily a function.

lllustration 7.| Let A = {1,2, 3,4} and B = {a, b, ¢}. Let R = {(1, a), (2, a), (3, b),
(4, b)}. Then R is a function from 4 to B. Obviously, R is also a relation from 4 to B
because R ¢ A » B. But consider the subset § of 4 x B given by S = {(1, a), (2, b),
(1, ), (4, b)}. Here, S is a relation from A4 to B because S € 4 = B. But § is not a function
from A to B. The obvious reason is that the element 1 € A4 is associated to two different
elements @ and ¢ € B.

GRAPH OF A FUNCTION
The graph of a function /: 4 — B is the set of points (a, f(a)) in 4 * B, where a € A.

SOME IMPORTANT FUNCTIONS

Constant Function

A function /: R — R defined by f{x) = ¢, ¥ x € R, wuere
c is a constant, is called a constant function. Its (0, ¢) fl)=c¢

domain i1s R and range is singieton set {c}. +
The graph of a constant function 1s a straight line
paralle] to x-axis when x is the independent variable > Y
(see Fig. 2.10). !
Identity Function Fig. 2.10

The function /; R — R defined by fix) =x,vx € R,
is called the identity function. Its domain 1s R and
range is also R. ‘ ) =x

The graph of the identity function is a straight

line passing through origin and inclined at an angle
of 45° with x-axis (Refer Fig. 2.11). 45° > ¥

Modulus Function or Absolute Value Function 0
The function /: R — R, defined by

x, ifx>0
fxy=|x|=40, ifx=0 v
—x, ifx<0 Fig. 2.11
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is called the absolute vaiue function or modulus function. Its domain is R and its range
is (0, e=). The graph of the modulus function is shown in Fig. 2.12.

Fig. 2.12

Greatest Integer Function or Step Function or Integral Function

The function f : R — R defined by flx) = [x] is called the grearest integer function,
where [x] = integral part of x or greatest integer not greater than x or greatest integer
less than or equal to x.
Le., Ax) =n, where n<x<n+ 1, ne I (the set of integers).
Its domain is R and range is /. The graph of the greatest integer function is shown
in Fig. 2.13.

Y

F S
3.-
2 -—_ﬂ
1 smn )

- — . 8— prer— Y’
-3 -2 -l 1 2 3
q—-—]

—) -2
- —3
v
Fig. 2.13

Note:
(@ [x] = x<[x] +1

) [x+y]= {H;:Ei; L ::: E;:E;; ; i} where {x} denotes the fractional part of x.

Fractional-part Function

The function f/: R — R defined by f{x) = x — [x] or flx) = {x}, where {x} denotes the
fractional part of x, is called the fractional-part function. Its domain is R and range
is [0, 1). The graph of the fractional part function is given in Fig. 2.14.
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3 =2

LIS

v
Fig. 2.14

Signum Function
The function f: R — R, defined by %

(0, 1)
l—I{, x#0

o X 3 « g X
Ax) & 2=l is called the 0
—% (0,-1)
signum function.

Its domain is R and range is the Fig. 2.15
set {—1, 0, 1}. The graph of the signum
function is shown in Fig. 2.15.

Reciprocal Function 1
The function /: R - {0} — R defined by fix) = 7, is called the reciprocal function.
Its domain as well as range 1s R — {0}. The graph .:%‘ the reciprocal function is exhibited

in Fig. 2.16. ¥
L&x

&

v
Fig. 2.16

Exponential Function

Let @ (#1) be a positive real number. Then the function f: R — R, defined by f{x) =
a', is called the exponential function, Its domain is R and range is (0, ). The graph
of the exponential function is given in Fig. 2.17.

Y Y
+ fy=a fxy=d 4

a=1 a<l
0, 1) / (0, 1)

% >y € » ¥

Fig. 2.17
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Note: (I)a* = ,(a>0),(ii) =x,(a>0,a#1).
Logarithmic Function

Let a( 1) be a positive real number. Then the function f: (0, =) — R, defined by f(x)
= logx, is called the logarithmic function. Its domain is (0, ==) and range is R. The
graph of the logarithmic function is shown in Fig. 2.18.

Y Y
4 '
f(x)=log, x
a>l
(1,0)
* > *— —
0 (1, 0) x 0 o
v
. fix)=log,x
Fig. 2.18 a<l

ﬂ'j-'ﬁ IMPORTANT

(i) log,a= 1, log, 1 =0
(ii) log,0 = —o, if a > |
= +oo, if0 <a <]
(iii) We denote log, x as Inx.

Polynomial Function
A function f: R — R, defined by fix) = a, + a;x + a,x* + - + a,x", where n € N, a,,
ay, dy, ..., a, € R, is called a polynomial function.

If a, # 0, then n is called the degree of the polynomial. The domain of a
polynomial function is R.

Rational Function
p(x)

A function of the form f{x) = ?{E where p(x) and g(x) are polynomials over the set

of real numbers and g(x) = 0, is called a rational function. Its domain is R — {x | g(x)
- ﬂ-}‘

TWO WAYS OF DEFINING A FUNCTION

Uniform Definition

-~

If a function 1s defined as

y=f(x), x € [a, b]
we say that it is uniformly defined. y=1

lllustration 8./(i) y = f(x) = sin x, x € R; ©.1)

(i) y=f(x)=x*+1,x€ [-1, 1].
Piecewise Definition -] 0

If a function y = f(x), x € [a, b] assumes different
forms in different subsets of [a, b], we say that
it 1s piecewise defined.
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1, =1<x<()

Ilustration 9. | v = f(x)={1-x, 0<x<]1
x=-1, 21}
EXPLICIT AND IMPLICIT FUNCTIONS

Explicit Function
A function y is said to be an explicit function of x, if the dependent variable y can be
expressed totally in terms of the independent variable x.

EQUAL FUNCTIONS
If f and g are functions defined on the same domain 4 and if f(a) = g(a) for every
ae A, then f= g
llustration 10. | Let /: {1, 2} — {1, 2, 3, 4} such that /= {(1, 1), (2, 3)} and g = {1,
2} = {1, 2, 3, 4, 5} such that g = {(1, 1), (2, 3)}.
Since domain of /= domain of g and f(a) = g(a) v a in the domain,
I=g
OPERATIONS ON FUNCTIONS
Let f and g be real functions with domain D, and D, respectively. Then,
(i} The sum function (/ + g) is defined by
(f+g)(x)=flx) + glx),»x€ D, N D,
The domain of f + g is D, N D,,
(i) The difference function (f —- g) is defined by
(f-8) (x) = f(x) - g(x), v x € D, n D,
The domain of f — g is D, N D,.
(i) The product function fg is defined by
(X)) =f(x)-gx),»xe D, D,
The domain of fg is D, N D,.
(iv) The quotient function is defined by

£(1)= m, vx € D, 0 D\x: g(x) =0}
8 g(x)
The domain of is D; N Dy\{x : g(x) = 0}.
(v) The scalar multiple function ¢f is defined by
(N (x)=c-Rx),»x€ D,
The domain of ¢f is D,.

Working Rule for Finding the Domain of a Function

In order to find domain of a function y = f{x). find all those real values of x for which
y is defined, i.e., v is real.

For algebraic functions,
(i) Denominator should be non-zero.
(1i) Expression under the even root should be non-negative.
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Working Rule for Finding the Range of a Function
Step 1. Puty = f{x).
Step 2. Solve the equation y = f{x) and find x in terms of y to get x = g(y).
Step 3. Find the real values of y for which x is real and is in the domain of f.
Step 4. The set of values of y obtained in Step 3 is the range of f.

Example 1. Which of the following are functions if X = {a, b, ¢. d}, ¥ = {1, 2, 3, 4, 5}.
() £, = {a, 1), (b, 1), (c, 3), (4, 4)};
@) £, = {(a 1), (b, 2). (c, 4), (a 2), (d, 5};
(i) /3 = {(a, 2), (b, 1), (c, 4), (d, 5)}.
Solution: Here X = {a, b, c, d} and Y = {1, 2, 3, 4, 5}.
(i) £, is a function because each element of X has unique image, viz.
f@=1,fb)=1,f(c)=3,/(d)=4
(ii) f, is not a function as a € X has two images, viz.
f(@)=1andf(a)=2
(ii) £; is a function because each element of X" has unique image, viz.
f@=2,f(b)=1,f(c)=4,/(d)=5.

Example 2. Examine the relation and state whether it is a function or not.

M) y=+J1-x2, forx<1; (i) y = Jx for x 2 0;

() vy = - (x) for x € R; (iv}y=ﬁfﬂrx2ﬂ.

Solution: (i) Since + .Jl — x2 is not defined for x < — 1. Thus, the points x = - 2, — 3,
... , for the domain have no image. Therefore, It is not a function.

(i) Yes, because for every value of x, we can find a corresponding y.

(ili) Yes, because for every value of x, we can find a corresponding y.

(iv) No, since f(1) does not exist, whereas 1 € D.
Example3. Ler X={1,2,3,4,5},Y={1,2,5,6,7,9,10, 11, 12, 13, 14}. Find the function
defined by f(x) = 2x + 3. Also find the domain and range.
Solution: Here the given rule is y = f(x) = 2x + 3.

JM) =572)=7/3)=9/4)=11,/(5)=13
f=1,5),(2,7),3,9), (4 11),(5, 13)}
Domain = {1, 2, 3, 4, 5} and Range = {5, 7, 9, 11, 13}

x2 -9

x=3

Solution: Domain is the set of all reals except 3 because at x = 3, y 1s not defined.
Domain = R — {3}

Example 4. Write the domain of v =

| x—1]

Example 5. Write the range of y = Tt

Solution: The value of y willbe 1 if x — 1 >0 and - 1 if x — 1 < 0. Hence the range
is {— 1, 1}.
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Example 6. Find the domain and range of the following functions:
.1'2 -

(i y= I,,:u:;wf:l; (y=Jx,x20; (iii]y=13; (iv) y=|x|.

Solution: (i) Smce y is defined for all real x except x = 1.
Domain = R — {1}

Furxatl, y=x+1#2
For other real values of x, y is always real. Thus, the range of the function = R — {2}.

(ii) y = v/x is defined only for posititve values of x.
Domain = All real x 2 0
Msurnngemallrealxaﬂ [ for x=20, y20]

(i) y = x°, is defined for all real values of x
Domain = All real x
Slmﬂarly, y can have all real values.

Range = All real x
(iv)y=|x|,
Since x can have all real values.
Domain = All real x
But y can never be negative.
A Range is all real x 2 0.
Example 7. Let A = {8, 11, 12, 15, 18, 23} and f is a function from A — N such that
f(x) = highest prime factor of x. Find f and its range.
Solution:  f(8) = highest prime factor of 8 = 2
f(11) = highest prime factor of 11 = 11
f(12) = highest prime factor of 12 = 3
f(15) = highest prime factor of 15 =5
f(18) = highest prime factor of 18 = 3
f(23) = highest prime factor of 23 = 23
o f=1{8,2),(11,11),(12, 3), (15, 5), (18, 3), (23, 23)}
and Range of = {2, 3,5, 11, 23}.
Example 8. Isg = {(1, 1), (2, 3), (3, 5), (4, 7} a function? If this is described by the formula
g(x) = ax + B then what values would be assigned to o and f?

Solution: Since first entry of each ordered pair has a unique second entry of the ordered
pair, i.e., g (x) = y is unique, so g is a function.
g=1=sa+f=1
and g2)=3=2a+p=3
Solving these equations simultaneously, we get =2, f = — 1.

Example 9. Find the domain and range of f(x) = \[1-x? from Rto R.
Solution: fo) =J1-x2

When 1 — x* < 0, f(x) is not defined.
f(x) is defined when 1 — x* 20
or —x¥*2-1 or ¥<1
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Domain = {x:xe R,—-1<x< 1}

y=Jl-x2 o y¥=1-x . .rz=l-y2
or :=1f1f}'2,

which is defined when

1=%20 or =y2=1 or y’<l,ie,-15 ys]
But yz0
3 Range = {y:ye R,0<sy<1}.

Example 10. Let f, g : R — R be defined respectively by
fix)y=x+1, gx)=2x—3. Findf+ g, f— g and fig.
Solution: (f+x)=fx)+gx)=x+1+2x-3=3x-2
(f-8@)=flx)-gx)=@x+1)-(2x-3)=x+4
& __f(.t}= x+1 3
(g)(x)—gm 2I_3,15Rand ,ntz_

Example 11. The function ‘t’ which maps temperature in celsius into temperature in
degree Fahrenheit is defined by

For range,

HC) = %Z +32
Find: (i) K0); (i) 1(28); (iii) (=10); (iv) The value of C, when ((C) = 212.
Solution: We have

NC) = %+32
@) #0)= @+32=32
Eansa @+32=%+32=2§2;lm=22
(i) #(=10) = 9(—510J+32 =_18+32=14
(iv) (C)=212=212= EE +32 or % =212 -32=180
= C=13ﬂ:5=1{]{}

Example 12. Find the domain of the function:

2
x"+2x+1

f(x)=—
x —-8x+12
X2+l (x+1)?

Solution: We have, f(x)=

X2 -8x+12 (x—=2)(x-6)
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The function f is not defined at x = 2, 6.
Domamnoff = {x:xe Randx # 2, x # 6}

=R - {2, 6}

Example 13. Find the range of each of the following functions:
(i) ix)=2-3x,x€ R, x> 0;
i fix)=x"+2,xe R;
(i) fix)=x,x€ R
S

Solution: (i) Let fix)=y=2-3x=>x= S

Now x>0=22-y>0ory<2
Range (f)={y:ye Randy <2}
@) Let fix) =y =x" +2

=x¥=y-2orx= Jy-2 =2y>2
Range (f)={yv:y€ Rand y > 2}

(iii) Let f(x) =y = x, x is a real number.
x = f(x) = v = a real number

Range (f)={y:y€ R}

Example 14. () [f f(x) = — : = i : . find (1 + h):
X

X

SINX — COSX

(i) If f(x) =

SiN X 4 COSX

gind {2} ) 1A+ =2+ 1, find 2 - 3

. x+1 2 2
{W'} Iff{I} i :,ﬁﬂdﬂx‘}. [f(.l'}]‘ .

Solution:
(1+h)?2 -+ +1  h>+h+1
i) A1 + k)= =
DA ) 1+ +(Q+h)+1  h?+3h+3
(i) I(EJ _sinm/3-cosn/3 _ V3/2-1/2 _V3-1
3 sinm/3+cosm/3  V3/2+1/2 N3+1
(iii) Since f(1 + x) = x> + 1, replace x by 1 — x, we get
fA+1-x)=0-xP+1 =~ f2-x)=x*-2x+2

=]

2 2
(i) S0 = = "~ and [f()* = [IHJ

x2 -1 x=-1
Example 15. Find a polynomial function f(x) of the second degree when f(0) = 5,
f=1) =10, f{1) = 6.

Solution: Let f(x) = ax* + bx + ¢
- f0)=a.0*+b0+c=5 - ¢c=5
Also, f-D=a-b+c=10 .~ a-b=>5 (1)
fiy=a+b+c=6 .. a+b=1 (2)
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Solving (1) and (2), we get
a=3andb=-2; .~ fix)=3x*-2x+5.
Example 16. Iff(x)=1+x, -1sx<0
=x*-1, 0<x<2

= IX X222
find f(3), (= 2), f(0), £(1/2), £(2 = h), f(=1 + h), f{ f(1/2)), where h > 0 is very small.
Solution: f(3) =2(3)=6 [+ f(x)=2xforx2=2],
f(=2) = not defined; f(0) = not defined
-2 -1-1+h0 12 1 2-h 2
Fig. 2.20

[ f(x)=x*-1for0 <x<2]

() -1

2
4
(@) - (-3)- ()4

fi-1+h)=1+(=1+h)=h [ fix)=1+xfor-1 <x<0]
fQ-h=Q-h*-1=K-4h+3 [ fx)=x*-1for0<x<2]
Example 17. Let f be defined by f(x) = x — 4 and g be defined by
(x2 -16
& , Xx#-4
gx) =1 x+4 .
k, x=-4

Find k such that f(x) = g(x) for all x.
Solution: We have
fl4) = -4 — 4 =—8 and g(-4) = k
But flx) = g(x) for all x.
: 8=k ie, k=8

| EXERCISE 2.3 I
LEVEL OF DIFFICULTY A

1. Which of the following relations are functions? Give reasons. If it is a function, determine its
domain and range.

(i) {(2, 1), (5, 1), (8, 1), (11, 1), (14, 1), (17, 1)};
(i) {(2, 1), (4, 2), (6, 3), (8, 4), (10, 5), (12, 6), (14, 7)};
(iii) {(0, 0), (1, 1), (1, = 1), (4, 2), (4, —2), (9, 3) (9, —3), (16, 4), (16, —4)}:
(iv) {(1, 3), (1, 5), (2, 3)}: (V) {(2, 1), (3, 1), (5, 2)}; (vi) {(1, 2), (2, 2), (3, 2)}.
2. letd={3,4,5,6}and B={7,8,9, 10, 11, 12}. Which of the following are functions from
Ato B?
(i) the relation R = {(3, 8), (3, 10), (4, 11), (5, 10), (6, 12)};
(i) the relation R = {(3, 8). (5, 10). (6, 12)}:
(iii) f: A — B defined by f(3) =8, f(4) =9, f(5) = 10, f(6) = 11,
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(1v) f: A — B defined by f(3) = 8, f(4) =8, f(5) = 10, f(6) = 10
(vif: 44— Bdefined by f/(3) =8, f(4)=9, f(3) =10, f/(5) =11, f(6) = 7,
(vi) '+ A — B defined by /(3) = 8, f{4) =8, f/(5) = 8. fi6) = 8.

3. Find the domain and range of the following functions:

, x* -1 .
(i) {[: l]:xER.x#l]; () {tx, =[x ) x e R}
-r—
{iii) {(x, 9—.:-:2).1ER}i {1v) {(Ll-xIJJER'I#]}L

4. Let / be the function defined by the rule f(x) = 4x* + 2x — 3. Find f(2), fi-=1), f{a) and
IARAE

8. Let f be a relation on the set N of natural numbers defined by f= {(n, 3n): n e N}. Is fa
function from N to A? If so, find the range of f.

6. letd={-2-1.01, 2} and /: 4 — Z given by f(x) = x2 — 2x — 3. Find
(a) the range of £, (b) pre-images of 6, — 3 and 5.
7. Letd={p g, r s}and B= {1, 2. 3}. Which of the following relations from 4 to B is not
a function?
MR, ={p 1) (g. 2. (r, 1), (s, 2)}; (1) R, = {(p, 1), (g, 1), (. 1), (5, 1)};
(i) Ry = {2 1), (@ 2), (p, 2, (5. 30 (V) Ry = {(p. 20 (g 3), ( 2), (s, 2)}.

8. Letd={12 13,14, 15. 16, 17) and f/: 4 — Z be a function given by f(x) = highest prime
factor of x. Find range of /.

9. Let f= {(1, 1) (2, 3), (0, = 1), (=1, =3)} be a function from Z into £ defined by
filx} = ax + b, for some integers a and b. Determine a and b,

10. Let /= {(1, 1). (2, 3). (3, 5) (4. 7)) be a function from Z into £ defined by
f(x) = ax + b, for some integers @ and b. Determine a and b,

I let A= {1 2 3,4}, B={1, 5 9 11, 15 16} and /= {(1, 5), (2. 9, (3, 1), {4, 3).
(2, 11)}. Are the following true?
(i) fis a relation from A4 into B8;
(ii) f is a function from 4 into B:
Justify vour answer in each case.

12. Let f be the subset of O » Z defined by /= {[%~m]:mEZ-HEZ="#n}. Is f a function
from Q into 27 Justify your answer.

13. Let fbe a subset of Z = Z defined by /= {{ab, a + b): a, b € Z}. Is f a function from Z
into 27 Justify vour answer,

14. Letl f(x) = J; and g{x) = x be two functions defined over the set of non-negative real

numbers. Find ( /+ g)x), (/- gix). (fe)x), (i)(IL

g
: : x +3x+5
15. Find the domain of the function f(x)= —3 :
X —5x+4
., 0<x<3
16. The relation f is defined by f{x) =
Ix,3sx=s10
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17.

18.
19.

20,

21.

22.

23,

24.

23,
26.

¥
x-,0€xs2

The relation g is defined by g(x) =
Ix,22x<10

Show that f is a function and g is not a function.
4 fil.1)y— f{1)
(L.1-1)
Find the domain and range of the real function f defined by fix) = Jx—1.

Find the domain and range of the real function / defined by fix) = |x = 1|.

[f fix) = +2. fin

=

X
Let f = {[I g ]:,r = R] be a function from R into R. Determine the range of /.

|+ x°

Let 4 =49 10, 11, 12, 13} and /: 4 — N be defined by #(n) = the highest prime factor of
n. Find the range of 1.

Draw the graph of the following functions:
(1) f: R — R such that f(x) = 4 - 2x
(i1) £ : R — R such that f({x) = |x - 2|.

Draw the graph ol the luncton:

1 for x>0
fix) = <0 for x=0,xeR

-1 for x<i)

A function f 15 defined by fix) = 2x — 5. Write down the values of (1) AO0) (1) A7)
(itn) f{=3).

'

If fix) = . find A3x), fix), 3Ax). A0,
-X
Find a linear function Ax) if fA0) = 2 and A1) = 1.

LEVEL OF DIFFICULTY B

i 8

28.

29,

3L

31.

33.

N flx) =

If fixy) = f(x) - f(v) for all x, v, find £(1) if F(0) # 0.
 [243x -1sx<]

A=) = {3-2;.-, l<x$2

find A0). A1), A1 + h), A2 ~ k), A2). AR1.5)).

I+ x flx)-fix*y 1

1-x ahxave:hal L+]f(0)) ) and f{fix)) = e

b(x—a) F alx = b)

- i a—b

If fix) =

. show that fla + b) = fla) + f(b).

x|

If f(x) = —, x # 0, show that | fa) — fi—ex)| = 2, where a # 0.
X

If v = fix} = T show that x = f{y).

+ X
If v = fix) = (a - x" ]”“. n any positive mteger, show that

(a) x = fly) (B) x = f(f(x)).
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| _ L R
P, xi-é-. then show that £ fix)) = s

35, Find the domain of the following functions:
X X is
(i) J’=mm_—1]: () v=
|
(i) y= ¥ , (iv) y=
| x| =x '

. Find the range of the following functions:

3. If fix) =

3
. provided x# - 3

_ X . X =3r+42
(i} y=2——=; (n) y=—; :
1+ x A H+x—-6

37. Find f+ g f - g ol € R). fg. % aid L
g

(i) fixy=yx-1L glx=Jx+l: (i) fln)=

(iii) fix) = x + 1, glx) = x + 1,

3
L elxi=(x+4):
i glx)=(x+4)

Answers

I. (i) Domain = {2, 5, 8, 11, 14, 17}, Range = {1}:
(1) Domain = {2, 4, 6, 8, 10, 12, 14}, Range = {1, 2, 3, 4. 5, 6, 7}:

{iii) No; (iv) No, | has appeared more than once as first component of
the ordered pairs, therefore, it is not a function;

(v) Domain = {2, 3, 5}, Range = {1, 2);
(vi) Domian = {1, 2, 3}, Range = {2}.
2. (1) The relation K is not a function as 3 € 4 is the first clement of two clements
(3, 8), (3, 10) in R;
(ii) The relation R is not a function as 4 € A is not the first element of any clement in R:

(iii) fis a function as to each element of 4 there corresponds exactly one element of B. In
this case, the images are distinct.

(iv} /15 a function as to each element of A there corresponds exactly one element of B:

(v) fis not a function as there are two clements B and 10 of B which correspond to the same
element 3 of 4:

(vi) fis a function as to each element of A there corresponds exactly one element of B. In
this case, the images of all elements of 4 is the same element 8 of 8.

3. (i) Domain = R - {1}, Range = R — {2};
(ii) Domain = K, Range = { v : x € K and x < 0);
(iii) Domain = {x :x € Rand -3 sx <3}, Range={y:ve Rand - 3 =y = 3);
(iv) Domain = R - {l, -1}, Range = {yv:ve Ry 0, y<0and y = 1}.
4. 17, -1, 44° + 2a - 3, 39
5. Yes, Range of /= {3n : n € N},
6. (a) Range of /= {0, 5, - 3, - 4},
(£) No pre-image of 6; 0, 2 are pre-images of — 3, — 2 is pre-image of 3.
7.(¢c). 8. {3,13, 7.5 2 17} 9. a=2b=-1.
10. a =2, b=-1.
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12.

14.

15.
I8.

19.

37.

(i) Yes, as each element of f belongs to 4 = B;
(ii) No, as 2 € A4 has two images viz. 9 and 11 in B.

Nﬂ,%EQEﬂd%EQ

2 4
- [?1}5 £ and (54) e f
= (2, 2) € fand (2, 4) € f s0 f is not a function from Q to £ 13. No.

C+ax=Vx +x (F-2@=Jx —x folx) =2, [E]{xl-xi. x# 0.

R~ {1, 4). 17. 2.1.
Domain (/) = {x : x 2 1}

Range (/)= {y:yve R y210}
Domain (/) = R, Range { f) = {v : v 2 0}
lvy:ye Rand y € (0, 1)}. 21. {3, 5, 11, 13} 24. ()9, (1) 9;  (ui) =11,

45x +1 52541 15x% +3 [5:2+1

2-3x 22— 2-x ‘L 2—x
2. not defined, 1 — 2h, 2h - 1, =1, 2.

3
} : 26. fix) = —3x + 2. 2T 1,

- () (L 2y (1) == 1] W (3, =) (1) (==, 0 (V) (==, 2) U (3, ).

. 1 ] ' wa
(i) [*- 5] (i) (-0, ).

yx= x-1 _
i) VxT+ et fx=1- et L afx-1d T‘=131T"=x:_~—1,

1+(x+4* 1-(x+4* «

(ii) ; : Ax+4)%, x +4, - x#-4
x+4 x+4  x+4 (x+4)
(i) P +x+2 F-x e+ P FP a4+l : ,.::;t-l*xj"-l*;;e_]
O+l x+1

‘ HINTS AND SOLUTIONS I
2 —
(i) Let / = {[I.i‘ll]:xe R.x# 1}

Clearly. f is not defined when x = 1|
1 1s defined for all real values of x, except x = |
Domain (/) = R — {1}

x? =1

Let = =x+l(asxzl)=2x=y-1

x=1
Clearly, x is not defined, when v = 2 as x # |
Range ( f) = R - {2}.
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(i) Letf ={(x,—-1|x|):x € R}
Clearly, f(x) =—|x|is< 0, forallx e R
Domain ( f) = R
and Range (f)={x€ R :x <0}

(i) Let f= {(x.9=x7): xR}

Clearly, fis not defined when (9 — %) < 0, i.e. when x* > 9 = When x > 3 or x < - 3.
S0 domain (f)={x:xe R:-3=5x=% 13}

Further y = J9-1x2) = ? =9 -2 = x= J(9-yD)

Clearly, x is not defined when (9 — yz} <0
But 9O-)<0=yV¥>9=3y>30ory<-3
Range (f)={ve R: -3y <3}

I:i\-':IL’EIf={[I, : ]:xeﬁ'x#il}
1-x2

Clearly, f(x) =

T is not defined when (1 - .r'?} =0, i.e, whenx == |
- X

Domain (f)= R - {1, - 1}

Further y = 1 g[l—xz}:l:xz (lul]
y

1
Clearly, x is not defined, when [1'?] <forl < 2 ory <1
¥

Range (f)=R-{ve R:y<l}y={ye R.y21}
Since for each n € N, there exists a unique 3n € N such that (n, 3n) € [
Therefore, f 15 a function from N to N,
Now, Range of f= { fin) :mne N} = {3n:ne N}
{a) We have:
D=2 -26-2)-3=5/-)=(1)-2(-1)-3=0,
fO=-3f)=12-2x1-3=-4and f(2)=22-2x2-3=-3
S0 Range (/) = {0. 5, — 3. — 4}
(#) Let x be the pre-image of 6. Then

=62 - -3=62xr --9=0=x=12 410.

Since x = 1 + /10 & A. So, there is no pre-image of 6.
et x be the pre-image of —3. Then
f=-3=2x2-%-3=-3=22-=0=x=0,2
Clearly, 0, 2 € 4. So, 00 and 2 are pre-images of — 3.
Let x be the pre-image of 5. Then
fB=5=2xrX--3=5=3--8=0
= x-4)x+2)=0=3x=4,-2
Since, — 2 € 4. So, — 2 is the pre-image of 5.

Now, (1, 1) € fimplies f(1) = | and (2, 3) € [ implies f(2) = 3. So, ¢ + b = 1 and
2a + b = 3. Therefore, a = 2 and » = - 1. Then, note that f{0) =- 1, f(-1) = - 3.
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13. We ohserve that:
|l x6=6and 2 3 =6 =(l =6, 1 +6)e fand (2 = 3.2+ 3)e [
= (6,7) € fand (6, 5) € f
S0, 7 is not a function from £ to £
16. fix) = x* is well defined in the interval 0 € x € 3. Also, f{x) = 3x is well defined in the
interval 3 < x < 10,
At x = 3, from flx) = x°, fi3) =¥ =9
Also, fix) = 30, f(3) =3 x3=9
.~ f 1s defined at x = 3. Hence / 15 a function.

Now, glx} = + is well defined in the interval 0 € x < 2. gix) = 3x is also well defined n
the interval 2 < x < 10

But at x = 2, g(x) = x> = 2% = 4
Also, gix) = 3x=3xX 2 =6
At x = 2, relation on g has two values,
~. Relation g is not a function.
19. f{x) = Ix — 1] is defined for all real values of x.
S Domamn (f)=R
fix) = v — 1| can acguire only non-negative values.
S Range (f)={y:y 20}

2

20, Lety = fix) =

14 x°
flx) is positive for all values of x. When x =0, y= |, Also, 1:
denominator > numerator.

S Range (/)={yv:ve Rand y € (0, 1)}
21. The highest prime factors of 9, 10, 11, 12 and 13 are 3,
5. 11, 3 and 13 respectively.

- Range of = {3, 5, 11, 13}

22. (i) Let y = 4 — 2x. We know that a linear equation in x
and y represents a line. For drawing a line, we need only
two points. The following points satisfy the given =+——
equation. '

0(2,0)
=X

Fig. 2.21
X () L

¥ 4 ()

So, plot the point P10, 4) and (X2, 0) on a graph paper and join them to get the line PQ,
which is the required graph of the given function [see Fig. 2.21]

=2 torx=-2201e.,.x=22

(W) Clearly y= [X=21= 1fe=2), forx=2<0 in; x<2

We know that a linear equation in x and v represents a line. For drawing a line, we need only
two  points.

Fory=x-2

X 2
i 0

b |
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y=x-12
Q4,2)

x | 0
¥ ] 1

So plot the point P(2, 0), ({4, (), and join
PO to get the graph of y = x — 2. Plot point
R(1, 1) and S(0, 2) and join RS to get the

graph of y = 2 — x. The graph of y = |x 0 P(2,0)
— 2| is shown in Fig. 2.22.

1, for x>0 Fig. 2.22
We have f(x) = 10, forx=0,xeR
-1, forx<0

Graph of f consists of three paris viz.

(i) When x > 0, then y = 1 is a straight line parallel to x-axis at a distance of 1 unit above
x-axis, but it excludes x = 0.

(i) When x = (, then y = 0 is the x-axis.

(iti) When x < 0, then y = —1 a straight line parallel to x-axis at a distance of 1 unit below
x-axis, and it excludes x = 0.

The graph is exhibited in Fig. 2.23.

-

Fig. 2.23

26. Let fix) =ax + b

fMy=2=ax0+5, sb=2
Also, fll)=-1=ag+2 .. a=-3

27. As flxy) =fx) f(»), o A0) = f(0.1) = f(0). f(1)

= fOADH=-1]=0=/1)=1asf(0)#0

1+x 14x°
X
f(x)xf(;ri}n 1-x 1-x? _ 14 x2 =,!.
1+ ()P (14 Po20+xh) 2
l-x
1+I+.:r
1+ f(x) _ l=x __1
Also, /() = T fw | iix p
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bia—-a) § ala — b) +b{b—a} 4 alb-b) _
b—a a-—b b-a a-b
b{a+b-a}+a{u+b~—b] at = b’

L — +
b-a a-b a—h a+b

30. fla) + f{b) = at+b

and fla + b) =

3. If ¢ > 0. then |Aa) - f{-o)| =

'”'—'“ﬂ|=|i—-:—m=z
& -

If & < 0, then |ﬂcr]—f{—u}|=)|al—l_al =|ZE_Z&| = >
¥4 — X o el 4
=¥ _ I={I=x)/(1+x) _ 2x 2 _
. Joy= 1+ y l+{l=x)/(1+x) 1+.x/l+x =
3% () f(») = (a — V)" = [a — (a — ]V
=(J.ﬂ}]."i:=x

(b) Put ¥ = f(x) in (a) : x = f( f(x))



CHAPTER
| %

>~ L TRIGONOMETRIC FUNCTIONS

Learning Objectives

After going through this chapter, the reader should be able to understand and appreciate:

I Measurement of Angles in Trigonometry

W Trigonometric Functions (circular functions) and their properties.
& Trigonometric Functions of Sum and Difference of Two Angles
¥ Trigonometric Equations

INTRODUCTION

The literal meaning of the word Trigonometry is the science of triangle measurement. The
word Trigonometry is derived from two greek words trigon and metron which means
measuring the sides of a triangle. It had its beginning more than two thousand years ago
as a tool for astronomers. The Babylonians, Egyptians, Greeks and the Hindus studied
trigonometry only because it helped them in unraveling the mysteries of the universe. In
modern times, it has gained wider meaning and scope. Presently it is defined as that
branch of mathematics which deals with the measurement of angles, whether of triangle
or any other figure.

At present trigonometry is used in surveying, astronomy, navigation, physics and
engineering.

In earlier classes, we have studied the trigonometric ratios of acute angles as the ratio
of the sides of a right angled triangle. We have also studied the trigonometric identities
and application of trigonometric ratios in solving the problems related to heights and
distances. In this chapters, we will generalise the concept of trigonometric ratios to
trigonometric functions and study their properties.

ANGLE

Let a revolving line starting from OX, revolve about its end point O in a plane in the
direction of arrow and occupy the position OP, then it is said to trace out an angle XOP.
Here OJX is called the initial position and OP, the terminal position. The fixed point O

is called vertex. WS P Initial Position

+ve angle ¥
.

Initial Position

Fig. 3.1(a) o Fig. 3.1(b)
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An angle is considered as the figure traced by rotating a given ray about its end point.

An angle XOP 1s said to be positive 1f it 1s traced out by a line revolving in the anti-
clockwise direction as shown in Fig. 3.1(a) and negative if it is traced out by a line
revelving in the clockwise direction as given in Fig. 3.1(b).

QUADRANTS

Let X'OX, Y'OY be two perpendicular lines meeting in the
point (3. These divide the plane into four parts called
gquadrants (see Fig. 3.2). :
(i) XOY is called the first quadrant. () 1)
(i) YOX" is called the second quadrant. X" - X
(i) X" QY 15 called the third quadrant. (i) (iv)
(iv) Y OX is called the fourth quadrant.

ANGLE IN A PARTICULAR QUADRANT ¥

If the final position of the revolving line tracing out an angle Fig. 3.2
lies in a particular quadrant, the angle is said to lie in that
quadrant.

MEASUREMENT OF AN ANGLE

We know that different units are used to measure the same quantity. For example, different
units (kilogram, pound, etc.) are used to measure the same weight. In the same manner,
different units are employed in the measurement of an angle in different systems. Here,
we shall discuss two systems, viz. sexagesimal system and circular system.

-

Sexagesimal System
In this system an angle is measured in terms of degrees, minutes and seconds. We know
that there are 4 right angles in a complete revolution and one complete revolution = 360
degrees (360°). Thus, we have
| right angle = 90 degrees (90°)
| degree = 60 minutes (60°)
| minute = 60 seconds (60" )

Circular System

In this system, the angle is measured in radians.

Radian: Radian is the angle subtended at the centre of circle by B

an arc whose length is equal to the radius. Let O be the centre of ‘\r
a circle of radius r, cutoff an arc AB = r, then £408 = | radian and \'
is written as 1°, (see Fig. 3.3). £)

Note: # ‘¢’ used in the notation of radian is the first letter of the
word circular system.

¢ When no unit is mentioned with an angle, it is always
understood to be 1n radians. Fig. 3.3

To prove that radian is a constant angle:

Proof. Let (J be the cenire of a circle of radius » (Fig. 3.4). Let AB be the arc such that
arc AB = r = radius of the circle. Then Z40B = 1 radian. (By definition). Produce A0 to
meet the circumference in C. Since the angles at the centre of a circle are proportional
to the arcs on which they stand, therefore,
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ZAOB arc AB 1 radian r

1
—. : —
ZAOC arc AC 2n.Zs nr X

i
[« ZAOC=2nt. £ s and arc ABC = 3 circumference of the €

clrlp= % Q) =]

2t Zs Fig. 3.4

which is independent of r, the radius of the circle. Hence radian is a constant angle.

Relation between Degree and Radian

Since a circle subtends at the centre an angle whose radian measure is 27 and its
degree measure is 360°, it follows that

27 radian = 360° or & radian = 180°
The above relation enables us to express a radian measure in terms of degree measure

and a degree measure in terms of radian measure. Using approximate value of 7 as 2?2,
we have
1 radian = = 57°16' (approximately)

Also 1°= % radian = 0.01746 radian (approximately)

Arc-angle Relation

To prove that the number of radians in an angle subtended by
an arc of a circle at the centre = arc/radius or 0 = l/r, where
0 is the angle subtended by an arc.

Let O be the centre of the circle whose radius is r (Fig. 3.5).
Let / be the length of the arc 4B of the circle subtending an angle
(= 0 radians) at the centre O. Cutoff arc BC = radius. Join OC.
Then ZBOC = 1 radian, (by definition). Now, since angles at the

centre of a circle are proportional to arcs subtending them, Fig. 3.5
£ AOB AB £ AOB [ [ i
e = ZAOB = — radians or 0= —
ZBOC ~ BC''"" Tradian r r r

[ £AOB = @ radians]
Length of arc AB
Radius of the circle

Number of radians in Z£40B =

Circular Measure of an Angle
The circular measure of an angle is the number of radians it contains. An angle of one
radian is denoted by 1.
Note: * An angle can have any magnitude.
e In the result & = #/r; @ is always in radians and units of / and » are same.
e Following table gives the circular measure of some standard angles:
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Angles in degree | 0° | 30° | 45°| 60° | 90° | 120° | 135°| 150°| 180°| 270° | 360°
n | =

2n | 3n | 5= in

Circular measure 0 E "4F 3 > 3 4 5 n 5 2n

e The symbol 7 (read as pie) is the ratio of the circumference of the circle to its
diameter.  is an irrational number and its value is generally taken as 22/7 unless
otherwise mentioned.

Solution: (1) ledmg 1190° by 360° (um‘: cﬂmpl:t: remlutmn) we get
1190°=3 x 360° + 110°

Thus, the revolving line, after having made three complete revolutions in the positive
(i.e., anti-clockwise) direction has further traced out an angle of 110° in the positive
direction. Therefore, the angle is in the second quadrant.

(ii) Dividing —1930° by 360°, we get

—~1930° = -5 x 360° - 130°
Thus, the revolving line after having made five complete revolutions in the negative

(i.e., clockwise) direction has further traced out an angle of 130° in the negative
direction. Therefore, the angle is in the third quadrant.

Example 2. (i) Find the radian measure corresponding to the following degree measure:
-22°30'
(ii) Find the degree measure corresponding to the following radian measure: 1/4

Solution: (i) Here the given angle = —-22° 30

) (8] [

180° = & radians = 1° = E radians

i i 45 n
22— | =|Ex[-2]]| ==L raai
(23] = | (- %) - 5 rodans

Hence the circular measure of —22° 30'is — —

. : 180 \°
(ii) We know that m radians = 180° .. 1 radian = (?J
I 7 1N 315Y 7Y 7
— radian = [180x —x—| =|—| =|144+—| = 14°+—x60’
4 ( 22 4) ( 22 ) ( 22] 22
[ 1°=601
= 14"+ (%) = 14° 19" approx.
1 -
Hence the degree measure of 4 radians 1s 14° 19°,
Example 3. Express 50° 37' 30" in radians.
Solution: 30" = B [-60"=1"]
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R | I (S . . T
37'30 3?2 T [ 60'=1"]
5 - & 4{}5 n T _
50°37'30" =50 3 2 130 [ 180°= m radians]
9n .
= radians
Example 4. Find the degree measure corresponding to the following radian measures:
4
a)l; b) —.
(a) (b) o
: : : : - 180°
Solution: Since m radians = 180°, i.e..radian = =
180° 7 63(r
I radian = —— = 180 =
® racin . "
'ST— =27 ﬁ x 60 —ST"T =57 16—
=57°16' % x 60" = 57° lﬁ'z':? =57° 16' 22" (approximately)
n n 180° 45° -
— — b4 — L —
) prdim= X "8 "%
= §° Ex ﬁ'n\ill"ﬂ"E = 5"37— —5“3?'—x6{]"—5°3? 30"
8 2 2 2

Example 5. The angles of a triangle are in A.P. The number of degrees in the least is
to the number of radians in the greatest is as 60:m Find the angles in degrees.

Solution: Let the three angles in A.P. be a — d, a, a + d. Since the sum of angles of a
triangle = 180°

a-d+a+a+d=180° or a=60°

The angles are (60 — d)°, 60°, (60 + 4)°. Again the number of degree in the least
angle is (60 — d)° and greatest angle is (60 + d)° = (60 + d) _Sﬁ radians.

By the given condition,

0-d 60 - 60-d _ 1
@+d)-=- 60+d 3
180
or, 180 -3d=60+d or 4d=120,=d=30

Hence the angles are, 30°, 60°, 90°,

Example 6. Express in circular measure and also in degrees the angle of
() a regular octagon, () @ regular polygon of 40 sides.
Solution: (i) A regular octagon has 8 equal sides.

3607
8

The sum of the 8 interior angles = 360° .. Each interior £ = = 45°

Each interior angle = 180°, i.e., = 135°
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180° = m radians

in
135° = I;—td* % 135 radians = 4 radians
In
Hence the angle of a regular octagon is 135° = Tradmns

360°
(i) Each exterior £ of a regular polygon of 40 sides = e 9°
Each interior angle = 180° - 9° = 171°
Now, 180° = m radians
n 197
© = ——X 171 radians = —
171 120 radians 20
Example 7. Find the angle between the minute hand of a clock and the hour hand when
the time is 7.20.
Solution: When the time in a clock is 7.20, the minute hand is at

1
mark 4 and the hour hand has crossed % = —rd of the angle

3
between 7 and 8 (Fig. 3.6).
Now, angle between two consecutive marks in a clock

- (2 - 3o
12

The required angle between the two hands at the time 7.20

=3 x 30°+ %(3:1“) =90° + 10° = 100°

Example 8. Show that the minute hand of a watch gains 5° 30’ on the hour hand in a
minute.

Solution: Angle traced by the minute hand in 1 hour or 60 minutes =360°

360°
Angle traced by the minute hand in 1 minute = o0 6°
Angle traced by the hour hand in 12 hours =360°
360°
Angle traced by the hour hand in 1 hour = ik 30°
: , 30° 1°
Angle traced by the hour hand in 1 minute = 0 2
Difference in the angles traced by the minute and hour hands in 1 minute
1 e ] ®
=§°—-— =5— =53
2 2

Example 9. Find the angle in degrees and radians of a regular pentagon. &8s
Solution: The sum of interior angles of a regular polygon of n sides = (2n — 4) right
angles.

2n—4

Interior angle of a regular polygon of n sides = ( J right angles

A pentagon has 5 sides.



TRIGONOMETRIC FUNCTIONS 3.7

2x5-4) .
Interior angle of a regular pentagon = [ 5 ] right angles
= % right angles = g x 90° = 108°
180° = mr radians
n In
0 e lm L] e il =
108 180 X radians 5 radians

Example 10. The difference between two acute angles of a right triangle is @'9. Find the
angles in degrees.

Solution: 7 radians = 180° .. o radians = % lf = 20°
Let the two acute angles of the rt. A be x° and y°(x > y). Then x + y = 90° and
x—y=20°
Solving these two equations,
2x=110°% =2x=110°+2=55°
2y=T70°=y=T70°+2=35°,
Hence the two angles are 55° and 35°
Example 11. The angles of a triangle are in the ratio 3 : 4 : 5, find the smallest angle
in degree and the greatest angle in radians.
Solution: Let the three angles be 3x, 4x and 5x degrees, then

Ix+4x+5x=180° .. x=15°
Smallest angle = 45°

% IR
= = o =175 = 1
and Greatest angle = 5x = 75 X 18 - 12 radians
Example 12. In a circle of 5 cm radius, what is the length of the arc which subtends
an angle of 33° 15" at the centre.

: 15 L'V

Solution: Here r = 5cm, 15'= 60 —(J
1 133

6=33°15'=33 + . e degrees

133 _ n 133 22 1463

= b4 = = 1
4 180 4 “7x1s0 2520 mdians
ol e [t JRR ——
Now 0= = & = 6r = —-——2520?25 2?2 cm. (approx.)

Example 13. 4 cow is tied to a post by a rope. If the cow moves along a circular path
keeping the rope always tight and describes 44 metres when it has traced owt 72° at
the centre, find the length of the rope.

Solution: Here | = 44 m = length of the arc
2
a=12°=72-%radim1s=-$mdimm
If r is the length of the rope, then

l 5 7 [
= —:44 — = —— = m ';"E:-
"8 g 2n e 22 > [ ]
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Example 14. A4 railway train is moving on a circular curve of 1500 m radius at the rate
of 66 km p.h. Through what angle has it turned in 10 seconds?

Solution: Here r = 1500 m.
Distance moved in 1 hour (= 3600 seconds) = 66 km = 66000 m

66000 1100
Distance moved in 10 seconds = —— X110 m= —m
3600 6
1100
[ = length of the arc = Tm

r 6 1500 90 0 7 9 = 22

Example 15. The larger hand of a clock is 28 cm long. How many centimetres does its
extremity move in 20 minutes.

Solution: Here r = 28 cm. In 60 minutes, the larger hands moves 2 radians or 360°. In
20 minutes, it moves

l 1100 1 11 ° o
o= L - radians = (55 ) = (32180 =7

2 2
% .20 = (%”)mdim . 0= Tﬁ
2
Now ~ I=rf =28 - =58%¢m [~ 0= 1Iir]

Example 16. The wheel of a railway carriage is 4 ft in diameter and makes 6 revolutions
in a second. How fast is the train going?

Solution: Diameter of the wheel = 4 ft ... radius of the wheel = 2 ft
circumference of the wheel =2mr=2nx2=4nft
Number of the revolutions made in 1 second = 6

.~ Distance covered in 1 second = 47 x 6 = 24 ft

and Speed of the train = 247 ft/sec

Example 17. Find the degree measure of the angle subtended at the centre of a circle

(as shown in Fig. 3.7) of radius 100 cm by an arc of length 22 cm. (Useﬂ':%)

Solution: We know that [ = r@

where | = Length of arc = 20 cm £
: . @ 22 cm
r = Radius of the circle )
@ = Angle subtended at the centre 0100 cm
E=£=£={l22 radians
r 100 gt
-] g. 2
=(0.22 % e degree
T
~(0.22 x 180 x TJ)
- 22

22 o 180 %7 = 126 —12°36
100 22 10
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Example 18. [f, in two circles, arcs of the same length subtend angles of 60° and 75° at
the centre, find the ratio of their radii.

Solution:
! [
ﬁnﬂ ?jn
r, r
Fig. 3.8
l=n0 - I=r,8
=1 X 60X — =r K?5Hi
L § an _Sxr,
3 12
Since / is same for both the circles (as shown in Fig. 3.8),
= EF = ‘E‘E‘F
A T

=:-r]:r2=5:4

Example 19. Find the distance from the eye at which a coin of diameter 2 cm should
be held so as just to conceal the full moon whose angular diameter is 31"

Solution: Consider Fig. 3.9. Let AB be the diameter of the moon and O, the eye of the
observer so that Z40B = 31'. Let CD be the diameter of the coin. The full moon will be
just concealed if the diameter of a coin also subtends the same angle as the diameter of
the moon at O, i.e., if ZCOD = 31". As ZCOD is small, CD may be treated as the arc
of a circle whose centre is O and radius = OC or OD, the distance of coin from O. Let

OC=0D=r A
Here / = Length of arc CD = 2 c¢m (nearly) C
| [
= M= — —— i
g =31 6 = 180 radians ;
l
® - ' w = E
Now, using r B.WEEﬂ =t Fig. 3.9
| _2X60xI180 _ 21600x7 [..H_E]
Ax7 31x 22 i
75600 756
= 241 cm = mm—lzzm(nﬂﬂlﬂ

Example 20. A wheel makes 360 revolutions in one minute. Through how many radians
does it turn in one second?

Solution: Angle rotated in one revolution = 27 radians
Angle rotated in 360 revolutions = 360 x 27z radians
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=  Angle turned in one minute/60 sec = 360 x 27
30 x2n

Hence, angle turned in | sec = = |12 radians

Example 21. In a circle of diameter 40 cm, the length of a chord is 20 cm. Find the length

of the minor arc of the chord
Solution: Refer Fig. 3.10. Since radius = length of chord = 20 cm
= A OAB is equilateral triangle.

= 8=60°
n 20n
- = 20 x 60°x -
I=20 x 60° T
) Dn
T Fig. 3.10

Example 22. Find the degree measure of the angle subtended at the centre of a circle

of radius 100 cm by aw arc of lespth 22 eonde shown in Fig: 311 (Uﬂ: x=§}

Solution. We know that

l=r@ 22 &m
where | = Length of arc = 20 cm /)

r = Radius of circle = 100 cm
@ = Angle subtended at the centre

§=—=-"-—=0.22 radians
r 100 Fig. 3.11
=022 x 230 gegree
T
0.22x180x7 12)126 (12 degree
) e 120
( - ] 3
_ (22, 180x7 x 60
(100 22 10)360 (36 minute
360
r’
= [228) - 12036 R
\ 10 e

Example 23. Find the angle in radian through which a pendulum swings if its length

is 75 cm and the tip describes an arc of length:
(1) 10cm; (ii) 15Scm; (iii) zlcm(Us:#t-?-]

Solution: (1) r=175
{ =10cm
a=?
! 10 o = ;
g= - = s radians T radians
() r=75cm
[ =15cm
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(i) r=75
[=2] cm
I 21 7
§ = —=—radians = — radians
r 75 25
‘ EXERCISE 3.1 I
LEVEL OF DIFFICULTY A
1. Find the radian measure corresponding to the following degree measures:
(i) 15°; (ii) 108° (iii) S00° (iv) 110° 30% (v) 45° 20’ 30", (vi) - 36° 18"
(vil) 75°% (viii) 55° 15% ({(ix) 25% (x) —47°30% (xi) 240°; (xii) 520°.
2. Find the degree measure corresponding to the following radian measures.
7 LI v S 7 [N L] o 27
(1) Tn; (1) ?; (111) T; (1v) _E; (v) E; (vi) —2; (vii) 3: (vin) ?;
i 0 () 25 i)
3. Find in radians the angle of a regular
(i) pentagon; (ii) hexagon; (iii) decagon.
in
4. The difference between two acute angles of a right angled triangle is Tﬁ radians. Find the angles
in degrees.
5. Find the angle between the hour-hand and the minute-hand in circular measure at half past 4.
6. The angles of a triangle are in AP., the greatest of them being 80°, find all the three angles
in radians.
7. The angles of a quadrilateral are in A.P. and the greatest is double the least. Find the circular
measure of the least.
8. The angles of a triangle are in A.P. The greatest angle is 5 times the least. Find the angles in
circular measure.
9. The ang'es of a triangle are in A.P. and the number of radians in the greatest angle is to the
number of degrees in the least one as & : 60. Find the angles in degrees.
10. In a circle of diameter 40 cm, the length of a chord i1s 20 cm. Find the length of the minor
arc of the chord.
11. Find the angle (in degrees) through which a pendulum swings if its length is 50 ¢cm and tip
describes an arc of length
(a) 10 cm; (#) 16 cm; (c) 26 cm (Use :::i:-];
12. Find the length of the arc of a circle of radius 5 cm subtending a central angle measuring 15°.
13. A wheel 121 cm long is bent so as to lie along the arc of a circle of radius 180 cm. Find in
degrees, the angle subtended at the centre by the wire.
14. A wire makes 180 revolutions in one minute. Through how many radians does it turn in one
second?
15. Find the ratio of the radii of two circles at the centres of the which two equal arcs subtend

angles of 30° and 63°.
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16.

17.

MATHEMATICS XI

A railway engine is moving along a circular railway track of radius 1500 metres with a speed
of 66 km'hour. Find the angle turned by the engine in 10 seconds.

A circular wire of radius 3 ¢m 18 cut and bent 5o as to lie along the circumference of a hoop
whose radius 15 48 cm. Find in degrees the angle which is subtended at the centre of the hoop.

A
The angles of a polvgon are in AP. The smallest angle is 3 and the common difference is

5% Find the number of sides of the polygon.

LEVEL OF DIFFICULTY B

19.

20.

21.

21,

[Answers

A horse is tied to a post by a rope. If the horse moves along a circular path always keeping
the rope tight and describes 88 metres when it has traced out 727 at the centre, find the length
of the rope.

Meerut is 64 km from Delhi. Find the angle (in degrees) subtended at the centre of the earth
by the arc jomning these two towns, the earth being regarded as a sphere ol 6336 km. radius.

Assuming that a person of normal eve-sight can read print at such a distance that the letters
subtend an angle 5" at his eve. Find what 1s the height of the letters that he can read at a
distance of 2640 metres?

The angle in one regular polygon is to that in another is 3:2, and the number of sides in first
1s twice that in the second. Determine the number of sides of two polygons.

A railroad curve 15 to be laid out on a circle. What radius should be used it the track 15 to
change direction by 25% in a distance of 40 metres.

The greatest angle of a cyvelic quadrilateral 1s 3 times the least. Find all the angles if the other
two are in the ratio 4:5.

The angles of a quadrilateral are in GP. with common ratio » > 1. I the ratio of the largest
angle to the smallest angle is 8%, find the angles in degrees.

The perimeter of a certain sector of a circle is equal to the length of the arc of a semi-circle
having the same radins. Express the angle of the sector in degrees, minutes and seconds.

o A . I T .. 22In

1. (i} 5 (i1) x (i1} 5 (iv) 360
S441m : 121 E E _

(v) 21600 (Vi) ﬁmﬂ', (vi1) 5 (vinl) >0 T
5 197 "3 o 26x
(X} 36 " (X} 77 (x1) 3 (xii} 9
2. (1) 4207 (i) 108~ (1) 3407 (1v) -126°.

(v) 14° 19’ 5%; (vi) —144° 32 4% (vii) 19° §' 27" (viii) 40°.

(ix) 39° 22" 30™ (x) 229° 5" 27" (nearly), (xiy 3007
{xii) 210°.
. 37 o 270 e 47 T,
) (1) —: (il) —: (iii) —. 4, 72° 18° 8. — radians.
(1} S (11) - {111} 5 4
5 2% % Ax 7. B radians X X 3
9 3 ¢ 3 9 3 9
20

9. 30°, 607 and 907, 10, Zﬂ?l cm.
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11. (a) 11° 27% (b) 18° 20% (c) 29° 47" 12, % cm. 13. 33%
i4, 6. 15. 21:10. 16. 7°. 7. 225
18. 9. 19, 70 m. 20. 3443" (nearly). 21. 3.8 m{nearly).
22. 8, 4. 23. 91.636 m. 24. 45°, 80°, 100° 135°
25. 24°, 48°, 96° and 192°. 26. 65° 27' 18",
HINTS AND SOLUTIONS
2. (v)  mradian = 180°
| radian = i
T
1 : 1807 1 45x 7 315 §
r radian = TKI degrees = » degrees = > degrees = 14°, 19/, 55—
2x 180
(vi) =2 radians = - x1g degrees = L ]:;]K? degree = —144° 32’ 4",
T

1
Refer to Fig. 3.12. At halfl past 4, hour-hand will be at 45 and

minute-hand will be at 6. In 12 hours, angle made by the hour hand
is 60°,
In | hour angle made by the hour-hand = 30°

. ] :
n 45 hours, i.e., % hours angle made by the hour-hand = -2-

x 30 = 138°
LAOP = 135°

[n 60 minutes, angle made by the minute-hand = 360°
In 1 minute, angle made by the minute-hand = 6°
In 30 minutes angle made by the minute-hand = 6 = 30° = 180°

£ ACY = 180°

n
LPOQ = ZAOQ — ZAOP = 180° — 135° = 45° = 45 I:ﬂ = < radians.

Let the four angles of the quadrilateral be (a — 3d)°, (@ - &)°, (a + &)°, (a + 3d)°.

Theirsum=a-3d+a-d+a+d+a+3d=360 or 4a=360, .. a=90

~ The angles are {90 — 3d)°, (90 — 4¥°, (90 + d)°, (90 + 3d)".

Greatest angle = (90 + 34)°

-+ Greatest £ = 2 = Least /2 (Given)

M+ 3d=2(90-3dyor9d=90 .. d4d=10

13[} ) E

Let the angles of the triangle be (a — &)°, ¢° and {a + 4)°. Then,
—d)+a+(a+d)=180° = 3a=180° = a=60°

S0, the angles are (60 - d)°, 60°_ (60 + d)°. Clearly, (60 — 4)° is the least angle and {60 + &)° is the
greatest angle.

. Least angle = (90 - 3d)° = (90 — 30)° = 60° = 60 =

radians.

I [
Now, greatest angle = (60 + d)° = {{ﬁﬂ+d]ﬁ}
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10.

14.

16.

17.

18.

It is given that
Number of degrees in the least angle 60

Number of radians in the greatest angle i 4

60 — d
= ( ]ﬂ_ =E:3{6&—d]={ﬁﬂ+d]=&lm=4d=>d=3t]
(60+d)— 7
180
Hence, the angles are (60 — 30)°, 60°, (60 + 30)°, i.c., 30%, 60°, 90°,
Refer to Fig. 3.13. Radius O4 = OB =r = ? = 20 cm. Chord
AB = 20 cm.
s AOAB is equilateral [ each side = 20 cm)]
n ; ..
8= ZAOB = 60° = 60 = radians = — radians.
180 3
n 20 22 440 20
ik L f 1 AE - = _— . 4 = = i
ength of the minor arc ré ZﬂxSc:m 3 < >1 lﬂﬂ cm

No. of revolutions in one minute or 60 seconds = 180

s, No. of revolutions in one second = E = 3

60
But angle turmed in one revolution = 360° = 2x radians

s Angle turned by the wheel in one second = 3 x 27 = 6 radians

Radius of the circular path (») = 1500 m
Distance covered in 1 hour (= 3600 seconds) = 66 km = 66000 m

GO0 1100

Distan d in 10 ds = —x10 = ——
istance covered in 10 secon 3600 5 m
. : 1100
I = Length of arc of circular path covered in 10 seconds = —— m
[ 1100 1 11
H === X = radi
B r 6 1500 90 ans
W o 90 22 22
Length of arc = Circumference of circle of radius = 3 cm
l=2mr=2nx3cm=62cm
The radius of the hoop (r) = 48 cm
I _6a =
e B el === l-ad‘
r 48 8 R
*. Angle in degrees which is subtended at the centre of the hoop
n 180F 45
= —X - i .
8 2

Let n be the number of sides of the polygon. Then the sum of the measures of the interior
angles = 2(n — 2) = 90°. But sum of » interior angles in 4P,

= % [2 x 120° + (n - 1) x 59 ['.'Sumnfntcrms=g-[2a+{n-1]d]]



19.

20.

11.
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(201 —4)  90° = %iz % 120° + (n— 1) * 5°]

= 250+ 144=0=(n-16)(n-9)=

n=16 or 9
But 16th interior angle = 120° + (16 - 1) = 5% = 1207 + 75° = |95° = 1807, which is not possible.
Hence, the number of sides = 9,

Let O be the post, and 4, B be the two positions of the horse.
[see Fig. 3.14]. Here /, the length of the arc 48 = B8 metres.
Then

2R

Angle subtended = 72° = 72 xﬁ radians = 3 radians
B = Hn:v;ilan.s
If r (= length of the rope) be the radius of the circle. Then Fig. 3.14
l 2n 88 3 5 7
=7 gives S = r= 88 » Em EEKEKE = 70 metres
Hence the length of the rope = 70 metres.
Here » = 6336 km
I = 64 km
g = L radians = —l—x—-—lgﬂn
r 6336 9w
oy b 1 degrees
T~
86
= ﬂxﬁﬂ = 34"— = 60" = 34’ 43" (nearly). Fig. 3.15

121 121

Refer to Fig. 3.16. Let AB = [ be the height of the letter, and £, the eye of the observer so that
ZAEB =357 Since ZAEB is small, 48 may be regarded as the arc of a circle with centre E and radius

EA = EB = 264() metres s r = 2640 metres

A
PR s - ke \
60 180 :
g = Sn E 3 :
60 x 180 :'
! 5 Fid i : B
= - — Y — = FI - 3.]6
NOW S R - TR0 e .
5 n
=% | = — X = 2640 metres = 3.8 m (nearly).

60 180

Let the radius of the circle on which the railroad curve 15 to be lasd down be x metres and
the angle subiended by it at the centre is

25° or 25 = ( i ]radians L (E] = 4{)
180

180x40 _180x40 7 _720x7 _144x7 108 .
=X Tsn 5 22 55 1 11 D0 MELres
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25. Let the angles be a, ar, ar, ar'. where a(l +r+ P r3} = 3160°,

Since [ar:“mF 8%, we get r = 2° We obtain a = 24°. Hence, the angles
are 24°. 48°, 96° and 192°.

26. We have perimeter of the sector =r+r+ s ‘
But 6=3/
=g {2
s Perimeter of the sector =r +r+rf = r (2 + &= mr(given) ‘I‘-..._______,..J'"B
=2+80=nx I
= 8 = (- 2) radians Fig. 3.17

= (22/7 - 2) radians
[3 mﬂ]" [3 180 ]
=|—K——| =|=X—XxT

7 =7 7 22
= (65.455)°
= 63° + 0.455°
=65° + (0.435 = 60)
= 65° + (27.3Y

= 65° + 27"+ (0.3)’
= 65° + 27"+ (0.3 x 60)"
= 6$5°27' 18"

CIRCULAR FUNCTIONS OR TRIGONOMETRIC FUNCTIONS OR TRIGONOMETRIC
RATIOS (-RATIOS)

Let a revolving line starting from QX trace out an angle XOP = 8 in any of the four quadrants.
Let M be the foot of perpendicular from P upon X’OX. Regarding OM and MP as directed
lengths (OP always +ve), the ratios of OM, MP and OP with one another are called circular
Sfunctions or trigonometrical ratios (briefly #-ratios) of the angle 6.

Let OM=x, MP =y and OP = r(r > 0), we define the various circular functions as follows:

MP
i) — = L4 15 called sine of O, written as sin £.
oP r
OM
(i) —— = 2 is called cosine of &, written as cos 0.
OP r
MP
{iil) — = Y (x # 0) is called tangent of ¢, written as tan 6.
OM  x
OM . :
(iv) T =2 ( y#0)is called cotangent of &, writien as cot 6.
y
OP r ; .
(v) —— = — (x #0)is called secant of &, written as sec 6.
OM x
. OP _r i ;
(vi) —— = — (y#0)is called cosecant of 0, written as cosec .
MP ¥ y . ¥
; v TERN 5
. 8 " R
X 0 = M % == |o X
y ¥ ¥

Fig. 3.18(a) Fig. 3.18(b)
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oo M % TY

0 - Y X'=

v Y
Fig. 3.18(c) Fig. 3.18(d)

‘\,. CAUTION
¢ sin 0 does not mean sin * 6. It is a number ¥
denoting a certain ratio and not a product.

sin @ stands for sine of the angle 6 and £
bneﬂywerewnteltﬁsmﬂ Similarly for P

Notation

(sinﬂ,izmd(cusﬂ)zmwrittmassinzﬂaudmszﬂ.Theyarereadassinsquaredﬂaud
cos squared O respectively. Similarly, (sin 8)° is written as sin® 6, read as sin cubed 6
and so on. (sin 8)", read as sin 8 to the power n, provided (n # —1).

Cor.1. Relations between the trigonometric functions
From the definition of t-ratios, we have.

1. mse-:ﬂxsinﬂ=ixl=l mmH=LandsmE- ]
y r sin 6 cosec
2. secOxcosf=—xE=1 . ﬂ-—andnusa=L
X r cos @ secB
3. cotf@xtan@= i:-r:lﬂl cotB=Laudcusﬂ . 5
y x tan 6 cot
n 6 / 6
cos® x/r «x sn@ y/r vy
sin 6 S
o= 29 enp= 228
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Cor. 2. Three Fundamental Relations of f-ratios

2 2 2 pd 2

X Yy o+ r
+ s = 3 = : =1

r

1. sin“@ + cos‘@ = (l)
.

.I1

[ X+ 1*2 = OM* + MP? = OP* = P, By pythagoras theorem]
sin” @ + cos’ 6 = 1 (1)
2. Dividing (1) by cos” 6, we have
sin® @ & cos” @ 1
cos* @ cos* @ costéd

sec’@ - tan" 0 = 1
3. Dividing (1) by sin®6, we have
sin‘@  cos 0 1

_+_ —
sin@ sin“@® sin® @

— tan-8 + 1 = sec-@

= 1 + cot® 8 = cosec- 6

cosec- 6 — cot°0 = 1

SIGNS OF TRIGONOMETRIC RATIOS IN DIFFERENT QUADRANTS

The following table describes the signs of various s-ratios in different quadrants.

Quadrant I | 111 [\
MP =y +ye +ve -ve —ve
OM=x +ve —Ve —ve +ve
i v + ve +ve —ve —ve
gin f = — — = +ye = +yeg = —yg = —ye
F + ve +ve + ve + ve
X +ve —-Vve —Vve + ve
COs 'H S L —— e ———— e e —— = ye
r + ve + ve + ve +ve
by + ve +ve — Ve -y
tan@= —,x#0 —— = +ve = _yg —_— = tye — = -y
X + ¢ -ye — ¢ + e

}."

Fig. 3.20
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The signs of other f-ratios can be found by using reciprocal relations, i.e.,

msecﬂ=—-_1—-,secﬂ= and cntﬂ=~—1—*~.5n, we have
sin & cosf tan &
Quadrant; — | I I N
f-ratios All sin @ tan 6 cos 6
which are +ve cosec @ cot @ sec 0

< 1) IMPORTANT

(1) In the first quadrant, all are +ve.
(ii) In the second quadrant, sin and cosec are +ve Ly f
(iii) In the third quadrant, tangent and cotangent are +ve 2 I
(iv) In the fourth quadrant, cosine and secant are +ve. Sine
. _ & All
Simple Rule to Remember: Cosecart
add — sugar — to — coffee X >~ X
& Tangent 0 Cosme
o & &
after — school — to — college Cotangent | Secant
In above, ‘a’ stands for ‘all’, ‘s’ stands for ‘sine’, ‘t’ V
stands for ‘tan’ and ‘c’ stands for ‘cos’. The reciprocal of Fig. 3.21
these ratios are also positive in the respective quadrants.

TRIGONOMETRIC RATIOS OF STANDARD ANGLES

In this section, we shall find r-ratios of five standard angles 0°, 30°, 45°, 60° and 90°.
T-ratios of 45° or w4

Make an angle XOP = 45°. Draw 4
PM1 OX rrh.E“ 45°
ZOPM = ZMOP = 45° o
AOPM is isosceles. o a

MP = OM = a(say)

opP= q|"||4:12 +a* = a2 45° —

y e ; 0 - X
Thus, in the right angled A OMP, a M
MP a i Fig. 3.22
Sin 45° = — e
opP a2 2
OM a 1
CO8 43" = ——'= =—=
OP a2 2
MP a
tan45° = — = — =]
OM a
OM a
cot4° = — = — =]
MP a
oP a2
45° = — = =42
e oM  a V2
OP aﬁ
cosec 45° = = =42
MP a Jr
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T-ratios of 30° or /6;

Make an angle XOP = 30°. Draw PM L OX, as shown in Fig. 3.23. Therefore, in the right-
angled AOMP, side opposite to 30° is half of the hypotenuse, i.e.,

|
MP = 5 OP P
Let MP = a, then OP = 2a
¥
OM = J4g* -a* = E\E 20°
Thus, in the right angled AOMP. ¢ i M X
MP a 1
sin 30° = = = — Fig. 3.23
OP 2a 2 ¥
OM aﬁ 1@
cos 30° = = =
OF 2a 2
MP a 1
tan 30° = — = ——= = —=
OM a3 V3
OM av3
cot 30° = —— = =
MP a "E
OP 2a 2
sec 30° = = =
oM avi V3
OF 2a
cosec 30° = = =2
s MP  a
T-ratios of 60° or 73:

Refer to Fig. 3.24. Make an angle P'OP = 60°. Draw PM L OP" Then ZOPM = 30°.
Thus, side opposite to 30° is half the hypotenuse i.e., OM = (1/2) OP.
Let OM, = a, then OP = 2a

MP = 1/4{:2 —at =av3

Thus, in the right angled AOPM,

0°13
gage = 2 o @3 43
OP 2a 2
" OM a 1
e = r a2
MP aw‘g
Y e = =./3
s OM ¢ J_ 7 a M fod
¢ 60 OM a 1 Fig. 3.24
cot 60° = = =
MP a3 3
oOFP 2a
sec 607 = = =2
OM a
OoP 2 2
cosec 60° = = 2L =

MP a3 3
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T-ratios of 0°; P

Make £ XOP = 6(Fig. 3.25) as small as possible. g
Draw PM 1 OX. Now. @ becomes zero, when M = =y

and P coincide.

Le., MP = 0 and OM = OP = a(say) Fig. 3.25
Thus, i the right angled A OMP,
MP
sin)f = —=— =1
OP a
cos 0° =—GM =2 = ]
OF a
MP (0
tan0° = — = — = ()
OM a
OM a
ot = — = — = o0
MP 0
OP a
! e M |
OM a
cosec () = E =S a
MP 0
T-ratios of 90° or n/2:

Refer to Fig. 3.26. Make £ XOP = 6, nearly equal to 90°.

Draw PM 1 OX. Now, & becomes 90° when
(? and M coincide.

e, OM=0and OP = MP = a(say)
Thus, in the right angled A OMP,

5m9ﬂ°=%§=§=l
ms9ﬂ°=%=g=u .
mma_aﬂ%:% . Fig. 3.26
mtﬂﬂﬂ=%=gzn
sec9ﬂ¢=%=%=m

Oo°P _a

cosec 90° = — = = ].
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Remark. All these values of t-ratios can be put in the tabular form which the students
must remember.

P o 3P 45° 60° %
angle( &)
| 1 1 V3
= o = 1
sin 6 0 > 5 >
cos f | % LZ % 0
tan 6 0 "3 I V3 Undefined
NE)
The values of cot @, sec 8 and cosec 6 can be found from the above table by using
the relations cot 8 = r:nsﬁ; sec @ = l and cosec 8 = L
sin & cosf sin &
n in

Values of cos & and sin @ for 8= 0, > 4 B and 27

With @ as centre and radius 1 unit, draw a circle cutting the coordinate axes at 4, B, A’
and B', as shown in Fig. 3.27. Let P(x, y) be any point on this circle. If ZAOP = 6, then
sinf@=yandcos@=x. At 4,0=0,x=1,y=0 . .cos0=1and sinf=0.

m
AtB 6==, x=0, y=I 4y
n - K
cusa-—ﬂand sin 5 = ] Bl p(xy)
AtA,0=m x=-1, y=0 l
cosmt=-1 andsinmt=10 i y
3 M A
AlB',H=?n,x={}, y=-1 X o s X
cus?j?ﬂ=ﬂ andsin%=-l B
AtA, 0=2n,x=1, y=0
cos2m=1andsin2r =0 vy
Fig. 3.27

24 3
Example 1. /f tanf = Z3 and m< 0 < %*ﬁnd the values of sin 8 and cos 6.

a—

Solution: We know that

2
4
sec’@ =1+ tan’0 =1 + (2_1_—4) [Puttingtan 3=2?]
576
= ] o —
49
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2 7Y |
0™ |2 (1
(25] 1)
7
"_"i_
cos 6
7
As cos 0 1s —ve In 3rd quadrant, .. ::mf.ﬂ=_E

Now, sin“0 = 1 — cos’@

_ (Y 2576 _ (24)
25 625 25

; 24
= o —
sin 6 5%
s ; : 24
As sin 0 is —ve in 3rd quadrant, .. sinf@ = ~ s

Example 2. Find the values of the other five trigonometric functions in each of the
following problems:

(i) cos @ = -%, 6 in quadrant 11;

3
(i) tan @ = re 0 in quadrant 111;

(i) sin @ = %' 0 in quadrant 1.

Solution: In the second quadrant, sin & and cosec @ are positive and cos 6, sec 6, tan 6
and cot 6 are negative.

1
Now, cos 6 = 3 (Given)
5&¢E=L=—2
cos @
2
6=1- =]l=f——=] =1=-===
sin cos“0O [2) | 2 2
sinf= — = cusat:=—1 =—E—
2 sin # 3

sing _ 372
cos@ -—=1/2

(i) @ lies in the third quadrant and in third quadrant tan @ and cot 0 are positive and
sin 6, cos 6, sec @ and cosec 6 are negative.

e B % (Given)

tan 6 =

N e
=-J3 = cotf = T i

— ::nr:ot!5'=~—l—~=E
tand 3
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31
seczﬂ=l+tanzﬂzl+(z)
5 1
= secf= —— = cosh= —
4 secld
16
P 2 ”
=1 P=1-— =
sin cos Y
. 3 1
sinf = —— = cosecl = —
5 sin @

(i1i) Here O lies in the first quadrant and in first quadrant, all the six t-ratios are

positive. We have

3
e
sin 5
-t - L3
=  cosec -sin9-3f5'3
t 16
29=1-sin’f=1- — = —
COS sin 25 5
4
cosf=— = secO= .
5 cosé
mﬂ_shﬁ=3!5_3
cosf 4/5 4

Example 3. Find the value of
1

1
3 tan®45° — sin%60° — 5 cot230° + g Sec

Solution: 3tan®45° — sin®60° —

\E 2
=3(1)? - [T -—{J‘}3+ fﬂ?-s

1
cot*30° + — sec?45°

12-3-6+1

B
4 2 4
Example 4. If sin (A + B) = *—5— cos (A - B) =

the first quadrant.
3

Solution: sin (4 + B) = % = sin 60°
A+ B=60°

V3

and cos(4 — B) = & = cos 30°

A-B =30°

Solving (1) and (2), we get 4 = 45° and B = 15°.

w|S

4
=—=].
4

—_— o ——

(Given)

, then find A and B if they lie in

A1)

-(2)
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| + tan & + cosec @
1+ cot @ — cosec @

Example 5. /fsec 0 = J2 and % < @ < 2m, find the value of

Solution: secO = ‘vE

1 1 2 15 5 1 |
f= = 6=1- f=1-—=—
cos oy ﬁ sin cOos 3 3
|
Thus, sin @ =+ —
J2
Now, 3—;’ < @<2mr = 0 lies in the fourth quadrant .. sin @ is negative
" 1 smg -1/2
=4 ﬂ:  —— g tanﬂ' -~ = e— =.__I
= 2 cosf@ 1/42
cot@ = L = —] and cosec 6 = —l—— i =—~J2_
tan & sin & :l
2

l+tan@+cosec§ _ 1+(-D)+(-v2) _ 42

St et P
L]

l+cotf—cosecd 1+(-1)-(-v2) 2

Example 6. If @ is the positive acute angle, solve the equation 4 cos*@ — 4 sin@ = 1.

Solution: 4 cos’@—4sin@=1 or 4(1 —sin®@) —4sinf=1
or 4sin*0+4sinf-3=0
which is a quadratic in sin 6.

-4 J@)?-4.4(-3) -4+8 1 3
S!I.Il E s = = o ur o
2.4 8 2 2
As sin @ £ 1 numerically, hence the value of sin @ = -E is not possible.
sin 8 = % =sin 30° .. 8=30°

Example 7. If A, B, C are acute positive angles satisfving the equationssin (B+C—-A) =1,
cos(C+A-B)=1andtan (4 + B—C) = 1, find the values of A, B and C.

Solution: Given sin(B+C—-A)=1=sin9° .. B+C—A=90° (1)
cos(C+A-B)=1=cos0®° .. C+A-B=0° -2)
tan(4 +B-C)=1=tand5° .. A+B-C =45 .(3)

Adding (1) and (2), we get 2C = 90° = C = 45°

Adding (1) and (3), we get 2B = 135° = B = ﬁ?~12—

lﬂ
Adding (2) and (3), we get 24 = 45° = A4 = 223

i 1°
Hence 4 = 22?, B= ﬁ?;, C = 45° are the required values.
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Example 8. /fsin A =3/5, tan B= 1/2 and n2 < A < n< B < 3792, find the value of 8 tan A

-Jssﬂcﬂ.
: : 9 16 4
Solution: A= ] — A SRR — i e e
n: COSs SN 1 5
1 5 J5
=l+tan’B=1+—-==> . s,
sec’B =1 + tan’B = 1 k- sec B -

Now, g < A < m, therefore, A4 lies in the second quadrant. cos A4 is negative, Hence cos 4

sin A 3/5 3
stan A = = - ——
~cos A -4/5 4

Also m< B < %, therefore, B lies in the third quadrant. sec B is negative, Hence

A
secB-—-z_
~3 V5 5
8 tan 4 -5 B=Rl—|- S| ——| =—6 4+ — = —
A [4) J‘[ 2] 2 2

Example 9. If 6 is a positive acute angle, solve the equation 3 tan 6 + cot 6 = 5 cosec 0
sing cosf _ 5
cosf sin@ siné

Solution: 3 tan 8 + cotf@ = 5cosec 8 = 3

Multiplying by cos @ sin 6, we get

3sin’0 + cos’@ = 5¢cos 8 or 3(1 — cos’) + cos’0 = 5 cos O
or 2 cos’0 + 5cosf — 3 =0
It is a quadratic in cos 6. Solving for cos 6,

_ 559743 _ -5:7_ 1
202) a2

But —1 < cos @ < 1, therefore, cos @ = -3 is not possible.

1
cos B = E = 0 = 60°

cos 0

-3
Example 10. /fcos 6 = = and 1< 0 < 3?3. find the values of remaining trigonometric

cosecd + coté
secl—tanf

Solution: 0 lies in the third quadrant, therefore, sin @ < 0, cos # < 0 and tan 6 > 0
We have

ratios and hence evaluate

sin0 =1 —cos’@ =1 — (—
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4 4
shlﬂ=:tg,butsinﬂis—ve sinﬂ-—g
1 i 5
sec 0 = = = —
cos# -3 3
5
5
cosec 8 = —L— g 2
sing  —4
5
sinb -4/5 4
tan @ = = = —
cos@ -3/5 3
1 1 3
cot f = — = -
tan & (ﬁ) 4
3
cosec@+cotd -5/4+3/4 -2/4 2 3 1
an = = = e W B
sec & — tan & -5/3-4/3 -9/3 4 9 6

‘ EXERCISE 3.2 I

LEVEL OF DIFFICULTY A

1.

Find the values of the other five trigonometric functions in each of the following problems:

(i) sin @= —%, @ lies in third quadrant; (i) tan 6 = 1//5, 6 lies in first quadrant;

(i) cot 8= y2/3, @ lies in third guadrant; (iv) sec &= 2, 8 lies in fourth quadrant;
(v) coesc 8 = —2/J3, 8 lies in fourth quadrant;

(vi) cos # = —% . @ lies in third guadrant; (vii) sin 8 = 5 & lies in second quadrant;

3 13
(viii) cot @ = E , @ lies in third quadrant; (ix) sec @ = “ﬁ' & lies in fourth quadrant;

(x) tan @ = -—%. 8 lies in the second quadrant.

Given cot @ = 12/5 and @ lies in third quadrant, find the values of other five trigonometric
functions.

If cos@=-1/2 and m < @ < 3x/2, find the value of 4 tan’8@ - 3 cos 8.

1+ tan & + sec &
1+cot & —cosec §

if sec 8= 2 and 372 < @ < 2 1 find the value of

If sin @ = 7/25 and @ lies in the second quadrant, find tan @ and sec 6.
If sin @ + cos @ = 0 and @ lies in the fourth quadrant, find sin @ and cos 6.

If sing = 1213, 2 < o < mand secf = 53, 322 < f < 2m find the value of
Stan ¢ — 12 cot .

If sin @sec @ = -1 and @ lies in the second quadrant, find the values of sin € and sec 6.
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9. M cos & cosec @= -1 and @ lies in the fourth quadrant, find the values of cos & and cosec 6.

13sin A + 5sec A
Stan A + 6cosecA

10, If A4 lies in the fourth quadrant and cos 4 = 5/13, find the value of

21 1
1. Ifsin@= 37, 0<0< g show that sec 6 + tan 6 = 2.

3
12. It @ lies in the fourth quadrant and cos 8 = E find the value of

S5sinf+ 3secH - 3tan
dcot 8+ 3cosec+ Scos 8

3 | n 3
1. Ifsina=§,tanﬁ=iand5f:ﬂfiﬂrﬁﬁﬁ?}:.ﬁndmcvalueufﬂmna—ﬁ sec .

4 4 1
14. Prove that 5 cot*30° + 3 sin“60° — 2 cosec™6l® — 3 tan”30° = 3;.
i a n n n n n n 15+43
15. Show that cos*— sec— cos — — 15 sin® — cos—- 4 COS — COS — COS — = — )
4773772 2 4 6 4 3 V2

16. Prove that
(i) cos°30°, cos®45°, cos®60° are in AP, (ii) cot*30°, cor*45°, cot*60° are in GP,

LEVEL OF DIFFICULTY B
17. Given angle C of a tnangle ABC to be obtuse, find all the angles when

sin{A+H)=£ HJ'[dEﬂS{.‘I—B}=L

2 V2

18, Ifsin(d+ B+ )= 1, sin{d — 8= 112 and cos {4 + ") = 1/2, find the values of 4, # and .
19. If2sin"@ - 5sin@+2=0,0 <8< w2 find the value of &

20. If 3sec'@+ 8 = 10sec™® 0 < @ < &2, find the values of 8.
21. Find the angles of a triangle, given that angle A is obtuse and
sec(B+ C)=cosec(B-(C)=12

22. If g < ¢ < 1, find the value of the expression

I-sinﬂ:+ 1 4+ sin o
1 + siner | —sinex
cos A cos B | n n
23, If = == ——=< 4 <, —— < B <), then find the value of
3 4 5 2 2
2smnA4d+ 4sin 8.

Answers

1. (i) cos 8 = ?, tan & = % cot § = % sec 0 = % cosec B = ?:
{il) cot @ = E, sec B = E,msecﬂ= Jﬁ,sinﬂ=:%.cﬂsﬂ=%:
(iii) tan @ = %, sec @ = -Ei cosec @ = _fi. ﬁinﬂ=—%, cos = — 1—11;
(iv) cusm:ﬂ=—%,cnsﬂ= % sinﬂ=—%—§“, tan 8 = -3, cﬂl&=—%;



17.

sin 8= 1742 and sec 8=-2
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J3 1
0= -Y2 cosf=—, cot@=—7=, tan = -3, sec =2
(v) sin 5 cos ﬁ
J3 | 2
vi) sin @ = ——, tanﬂ=ﬁ,mt&=—, sec @ = -2, cosecl = -~ :
) 2 J3 N
. 38 |5 b5
(vu}cusﬂ—rs, tanﬂ——dr*cntﬁ' -3 e@=-7, cosec 6 = =3
4 5
{(wviil) sinE=—i.msﬂ—-—§ sar:nu:n‘.’il-—E tan @ = T, cosec @ = ——
5 5 3 3 4
5 13
[m}smﬂ—-%,mlﬂ=—%*msﬂ=E,tanﬂ=—%,msec&=—ﬁ;
. o 12 12 13 B3
(x) sin @ = 13,1:059-—5‘ cot 6 —s.cnsccﬂ 5.5&:& 1
5 5 5 13 13
= —_ 3ginf=-—, g =-—, g=-—, g=-—,
lan @ T sin € 73 cos T SeC 2 cosec 5
7 25 ] 1
45/4. I. — —_— = T =3,
. % S SR
1 I 2
—ﬁ,-ﬂ. 9.T,—J5. 10. ——. 12. —4/3. 13, -7/2.
] o
52—, 112— 120°, 18. 4 = 60°, B = 30°, C = 0°. 19. %
. 30°, 45°, (1) 120°, 45° 15°, 22, - : : 23. -4
COS (2
‘ HINTS AND SOLUTIONS I
We have
sin@ + cos@ =0 or sinf@ = —cos 0 .{1)
sin & :
= =~]1 ie, tanf = -1l
cos
sectf =1 +anff=1+(-1yF=1+1=2
1
sﬂcﬂ—ifandcnsﬁl-—l-= —f
But cos 8 is +ve in the fourth quadmnl
1
cnsﬂ=ﬁ
From (1),
in & cos 0 :
sin @ = - = =
2
We have sin 8 sec 8 = -1
smﬂ=—;=—l Le. tan & = -1
cos &
Now, sec’@ =1 +tan8=1+ (-1 =1+1=2
sec @= —.fi (+ Bis in Il gquadrant)
Given equation implies sin 8 . = :
¥ slN o= - =T
“q P sec -2 2
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10.

17.

18.

21.

A*S : A= L rdd
AT T wesa s
23 144
T TS = =
A=1-cosd=1- =
sin co 59 169
12
'A:i—.—
sin T
A lies in the fourth quadrant
5i.l'l..4=—£ => cosec A = ,1 =v1—3
13 sin A 12
o 4 smA - -12/13 12
cos A 5713 5

13[-E]+5[1_3)
13sin A + 5sec A 13 = B -12+13

Stan A + 6cosec A 5(_E)+ﬁ(_ﬂ) 1B _121

2

3 12

In AABC, A + B + C = 180°.
ZC is obtuse = £s5 4 and B are positive acute angles.

. 3 :
-sin (4 + 8) =sinbl® = 4 + B = 60°

i3
1
_E = cos 45° = 4 - B = 45°

Adding (2) and (3), 24=105° .. 4= 521?

cos (4 — B)

Subtracting (3) from (2), 2B =15 .. B = ?1—

2
Subtracting (2) from (1), C = 120°.
sm(A+B+O)=1=A+8B+C=9%°

1
sin (4~ B)= = = A~ B=30°

1
cos(d+ ()= E=A+C=ﬁﬂ"

Subtracting (3) from (1), we get B = 30°

~. From(2), 4 —30°=30°= A = 60°

From (3), 60° + C=60° = C =0°

Hence A =60° F=30°and C=0°.

3sec*@— 10sec’8+ 8 =0 = (3 sec’@— 4) (sec’6—2)=0

= sec 0=2/3 or /2 since sec 8> 0.

Therefore, 8=30° or 45°. [ sec30°=2/J3, 5&c45“=ﬁ]
Since A, B, C, are angles of triangle, .. A +8 + C = 180°
Since A is obtuse, .. B and C are both acute angles,

Now, sec(B+ (C)=2=sec60° . B+ C =60°
cosec(B-C)y=2=cosec 30° . B-C=3N"

From (2) and (3), B = 45°, C = 15°

From (1), we get 4 = 120°,

1)

el 2)

(3

(1)
(2)

.(3)

A1)

A2)
..(3)
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. n
22, Given, -2-*1 a€<m

l-sina+ l4+sina (l*sincﬂz_" (1 + sina)?
l+sineg Y1-sine cos? & cos”

_|1-s'tnt:.r|+ 1+ sin &| ~ _l-sina l+sina
| COs ¥ | COs X l COs COs X
W [+ cosa <0, sing > (]
COos o
4
23. Given cos A=i,cns B=—
5 5
; g 3 g 2y
smA-—E.sm B=_E [+ A, Blie in 4th quadrant}
Now, Zsin..rl+45inﬂ=—§~—1§-=—4.

TRIGONOMETRIC RATIOS OF ALLIED ANGLES

Two angles are called allied angles if either
(i) their sum is zero or
(ii) their sum or difference is a multiple of right angle.

(i) t-ratios of (—#) in terms of those of #(assumed to be +ve acutg angle):

AOMP is a right angled triangle of acute angle @ and AOMP' is a rt. angled triangle with
angle (—@). Therefore, AOMP and OMP’ are similar. Refer to Fig. 3.28. But MP' = —MP,
OF = OP'

In A OMP', p
sin (—8) = % = —g = —sin @
WS(—H}’-%E%:CGSE . 2 M
m(—ﬂ}=%=*$=—taﬂﬂ /
Similarly, o

cosec (—f) = —cosec O _
sec (—) = sec 6 Fig. 3.28
cot(—8) = -cot 8
(ii) t-ratios of (90°+ #) in terms of &

AOMP is right angled with angle MOP = & and AOM'P" is right angled with angle
MOP'=(90° + 8). A’s OMP and OM'P' are similar. Refer to Fig. 3.29.

MP'=0M and OM' =-MP OP'= 0P p—
In AOM'P,
sin (90° + 8) = h;;: = {;E = cos 6
cos (90° + 9) = g‘g __mMr = 4O M O A
tan (90° + 6) = fgg; _ _% o o

Fig. 3.29
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Similarly,
cosec (9)°+8) =sec 0
sec (90°+ 8) = —cosec B
cot (90°+ @) = —tan 6.
(iii) #-ratios of (90° — &) in terms of &:
Changing &into — @in (90° + 8), we get
sin (90°—8) = sin [90° + (—@)] =cos (—0)=cos O [Using results (1) and (ii)]
cos (90° - 8) = cos [90°+(-0)] =—sin (-@) =sin 8
tan (90° - @) = tan [90° + (-8)] =— cot (—G)=cot 0
Similarly, we may get remaining t-ratios.
(iv) #-ratios of (180° + @) in terms of @:
sin (180°+ 8) = sin [90° +(90° + )] =cos (90° + ) =—sin @
cos (180°+ @) = cos [90° +(90° + 8)] =—sin (90° + B) =—cos O
tan (180° + &) = tan [90° +(90° + 8)] =—cot (90° + f)=tan &
Similarly, we may get other z-ratios.
(v) f-ratios of (180° + &) in terms of &:
Changing 6 :jnm (—8) in result (iv), we get
sin (180°—6) = sin 0
cos (180°—-8) = —cos @
tan (180" —-0) = —tan 0
Similarly, we may get other ¢-ratios.
(vi)f-ratios of (270°+ &) in terms of 8
sin (2707 + 8) = sin [180° + (90° + #)] =—s1n (90" + 8) = —cos O
cos (270°+ 8) = cos [180° + (90° + 8)] =—cos (90° + @) =—sin §
tan (270°+ @) = tan [180° +(90° + &)] =tan (90° + 8)=—cot &
Similarly, we get other ¢-ratios.
(vii) t-ratios of (270° — &) in terms of #:
Changing € into (—8) in result (vi), we get
sin (270°—-68) = —cos 0
cos (270°-8) = —sin 6
tan (270°-0) = cot 0
Similarly, we may get other (-ratios.
(viii) t-ratios of (360° — &) in terms of &:
We get the same values as in result (1), hence
sin (360°-60) = —sin 6
cos (360°-6) = cos @
tan (360° — 8) = —tan
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(ix) f-ratios of (360° + &) in terms of &:

After one complete rotation, we have the same AOMP, i.e., A’s for 8 and (360° + 0) 1s the
same (OMP), and hence we get the same ratios as for @, i.e.,

sin (360° + @) = sin @

cos (360°+ 6) = cos O

tan (360° + @) = tan @
Similarly, we may get other r-ratios.

(x) After n complete rotations, we have the same AOMP as for € and hence we get the
same ratios. That is,

sin (2nt + 6) =sin O
cos (2nm + @) =cos O
tan (2nm +6) = tan 6.

Remark. All the trigonometrical ratios discussed earlier can be presented in the form of
Table 3.1.

Table 3.1 Allied Angles
t-ratios -8 [90°-0 (90°+ @ [180°-0|180° + A|270°-0 | 270°+ 8 |360°P—-0 |360° +8
sin@ | —sin@® | cos® | cos@ sin@ | —sin® | —cos@® | —cos 8 | —sinf sin @
cos® | cosf | sin@ |-sinf |-cosB | —cosB | —sinf | sinf® | cosf cos O
tan® | —tan@ | cot® |-—cot@ |[—-tanB | tan® | cot@ | —cotf | —tanf tan 6
cosec@| -1 sec @ sec @ |cosec @ ~1 —sech | —secO® | -1 cosec 6
= cosec B xcosecH *cosecH
sec @ sec @ |cosecO -1 -sec @ | —sec B -1 cosec 8| sec B sec @
“cosecH * cosecH
cot@ | —cotf | tanf |—-tan@ | —cotB® | coth tan® | —tan @ | —cot O cot 6

RULE TO REMEMBER THE T-RATIOS OF ALLIED ANGLES

e.g.

sin

cos

cos — sin

tan —

sin (180° + ) = —sin 8
cos (360° — )= cos O
tan (180° — 8) = —tan 6

cot etc. with proper sign

tan (90° + @) = —cot 0
sin (270° + @) = —cos O
cos (270° — @) = —sin 6, etc.

i quadrant — all are +ve
ii quadrant — sin is +ve
il quadrant — tan is +ve
Iv quadrant — cos i1s +ve

(i) For angles with X'OX i.e,, — 6, 180° — 6, 180° + 6, 360° — & and 360° + 6,
we write the same r-ratio with proper sign. For example,

(i) For angle with Y'OY, i.e., 90° — 6, 90° + 6, 270° — 6, 270° + 0, we write
I —>

Note: By proper sign, we mean the quadrant in which the angle lies and remembering that in
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lllustrations. | (i) sin (—0)=-sin 0

*+ —0 lies in the fourth quadrant in which sine is —ve.

Also, by (i) sine remains sine.
(i1) cos (90° — ) = sin 0

' 90° — 0 lies in the first quadrant in which cosine is +ve.

Also, by (ii) cosine changes into sine. (remove ‘co’)

(iii) tan (90° + @) = —cot @

+» 90° + @ lies in the second quadrant in which tangent is —ve.
Also, by (ii) tangent changes into cotangent. (add ‘co’)

(iv) cosec (180° — @) = cosec @

-+ 180° — 6 lies in the second quadrant in which cosecant is +ve.

Also, by (i) cosecant remains cosecant.

Example 1. Find the values of:

(1) cos 135°; (11) sec 1207 (1i1) cosec 150°;

(iv) cos 225°;

(v) tan 120°;

(vi) sin 315% (vii) cos (-300)°; (viii) cot 330°; (ix) cos405°% (x)sin {—“TE]:

1
(x1) sin% . (x11) cos (=1710°).

Solution:

; 1
(i) cos 135° = cos (90° + 45°) = —sin 45° = ——

V2

(ii) sec 120° = sec (90° + 30°) = —cosec 30° = -2
(iii) cosec 150° = cosec (90° + 60°) = sec 60° = 2

1
iv) cos 225° = cos (180° + 45°) = —cos 45° = ——F
it V2
(v) tan 120° = tan (180° — 60°) = —tan 60° = —4/3
1
vi) sin 315° = sin (360° — 45°) = —sin45° = ——
(vi) t ) 5

(vii) cos (—300°) = cos 300° = cos (360° — 60°) = cos 60° =

(viii) cot 330° = cot (270° + 60°) = —tan 60° = — /3
1

ix) cos 405° = cos (360° + 45°) = cosd45° = —

(1x) ( ) 5

11z

(x) sin [--3—} = —sin % = —sin [4;:—%] = -[—sing] = sin
NE]

. .S ; F o .
X1) sin — =smin | 10x+ — =8Il — = =—
(xi) sin = [ 3] :

1
2

(xii) cos (—=1710°) = cos (=1710° + 5 x 360°) = cos (—1710° + 1800°) = cos 90° = 0
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Example 2. Find the values of:
(i) cos 1050° (i) sin (-2025°); (iii) sec 4620° (iv) tan (—945°);
(v) cosec (=1170°); (vi) cot 1215% (wii) cos (=960%); (viii) sin 1230°
Solution: (i) cos 1050° = cos (2 x 360° + 330°)
V3

= cos 330° = cos (360° —30°) = cos 30° = ?;

(ii) sin (=2025°)= —sin 2025° = —sin (5 x 360° + 225°) = —sin 225°
: a 0} = | Yy = o - 1 3

= —sin (180° + 45°) = — (—sin 45°) = sin 45° = E,
(iii) sec 4620° = sec (12 x 360° + 300°) = sec 300° = sec (360° — 60°) = sec 60° = 2;
(iv) tan (—945°) = —tan 945° = —tan (2 * 360° + 225°)

= —tan 225° = —tan (180° + 45°) = —tan 45° = -1,
(v) cosec (—1170°) = —cosec 1170° = —cosec (3 x 360° + 90°) = —cosec 90° = —1;
(vi) cot 1215° = cot (3 x 360° + 135°) = cot 135° = cot (180° — 45°) = —cot 45° = —1;
(vii) cos (—960°) = cos 960° = cos (2 * 360° + 240°) = cos 240°

= ¢0s (270° — 30°) = —sin 30° = —%:

(viii) sin 1230° = sin (3 x 360° + 150°) = sin 150° = sin (180° — 30°) = sin 30° = %
Example 3. Prove that tan 315° cot (—405°) + cot 495° tan (—585°) = 2.
Solution: tan 315° = tan (360° — 45°) = —tan 45° = - |
cot (—405°) = —cot 405° = —cot (360° + 45°) = —cot 45° = -]
cot 495° = cot (360° + 135°) = cot 135° = cot (180° — 45°) = —cot 45° = |
tan (-585°) = —tan (585°) = —tan ( 360° + 225°) = —tan 225° = —tan (180° + 45°)
= —tan 45° = -1
i LHS. =D+ ED=1+1=2=RH.S.
Example 4. Prove that sin (—<690°) cos (-300°) + cos (-=750°) sin (—240°) = 1.

|
Solution: sin (—690°) = sin (-2 x 360 + 30)° = sin 30° = E
1
cos (—300°) = cos (=360° + 60°) = cos 60° = ‘2‘
cos (—750°) = cos (=2 x 360° — 30)° = cos (-30°) = cos 30° = % ﬁ
sin (—240°) = —sin 240° = —sin (180° + 60°) = —(-sin 60°) = sin 60° = T
I 1 <% 1.1 .3
- _ﬁmu " + _'?5 '_24“5'=—--—+—-—:—“+_=1.
sin ( ) cos (=300°) + cos (—750°) sin ( 122 iy g

Example 5. Simplify

tan (90° + &)sin (180°+ &) sec (2707 + &)
cos (270° — @)cosec (180° — @) cot (360° - G)




3.36 MATHEMATICS XI

Solution: The given expression is

tan (90° + @) sin (180° + #)sec (270° + 0) " (—cot 8)(—sin #)(cosec §) ,
cos (270° - B)cosec (180° - @) cot (360°—8) (—sin O)(cosec & )(—cot )

Example 6. Prove that

- I
(1) cos 24° + cos 55° + cos 125° + cos 204° + cos 300° = 3
2 st oo - .

8 8 8
Solution: (1) L.H.S. = cos 24° + cos 55° + cos 125° + cos 204° + cos 300°
=c0s 24° +cos 55°+cos (180°—55°)+cos (180°+24°)+cos (360°—60°)

= ¢os 24° + cos 55° — cos 55° — cos 24° + cos 60°

o5 ¥/
(ii) cos” E + cos

i
= ¢cos60° = — = R.H.S.

2
" 57 . (nmn 5n ,
(ii) cos == = sin ki_?) I}.'msﬂ=sm[%— )]
. (4n-5n _ { ::) : _
= sin =sm|——| =-8SIn— ** ¢oS (—6) = sin
C= M T ——
cos 2= sin r‘PEE—EIF-EJ=5'1:1 sl =sin(—£]= smg—n
8 2 8 8 8 8
LHS. = cuszE+cuszﬁ+cu535—ﬂ+cuszT—ﬂ
8 8 8 8
=cn52£+cnsziﬁ+sm2£+sm3—3—?—r
8 8 8 8
- R » 3 . 33:.':]
=|cos“—+sm“— |+|cos"—+sin“— |=1+1=2=R.H.S.
( g S) ( 2 2 l1+1=2=RHS
Example 7. Find x from the equation
sec (90° + 4) + x sin A tan (90° + A4) = cos (90° + A)
Solution: sec (90° + A) = —cosec A; tan (90° + 4) = —cot 4
cos (90° + 4) = —sin A
Given equation becomes
" : : —cos A 1 .
—cosec A + xsin A (—cot A) = —sin 4 =::::su1A( } = —sin A

sin A sin A

1-sin>A  cos® A
= —-x CcosAd = -

sin A sin A

cnsz A il
= X = - - = —C0
cosAsinA

Example 8. Show that in cyclic quadrilateral ABCD
(i)tan4A +tanB +tanC + tan D = 0;
(11) cos (180° — 4) + cos (180° + B) + cos (180° + ) — sin (90° + D) = 0.
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Solution: In a cyclic quadrilateral ABCD,

A+C=180° and B+ D= 180° A1)
() tand +tanB +tanC + tan D
=tan A + tan B + tan (180° — 4) + tan (180° — B) [Using (1)]

=tanAd +tanB —-tan4d —tanB =0
(i1) cos (180° — 4) + cos (180° + B) + cos (180° + C) —sin (90° + D)
= —0sA —cosB —-cosC —cosD
= —05A4 —cos B —cos (180° — 4) —cos (180° — B) [Using (1)]
= —c0sA —~cosB +cosAd + cosB [--cos (180° —6) = —cos 0]
=
Example 9. Find all the positive values of x less than 360°, which satisfy 3 tan*x = 1.
Solution: 3 tan’x = 1 = tan’x = i ==tan:r=:|:—l~
3 Ng

1
Case 1 When tan x = E, which is + ve, x lies in first or third quadrant.

tan x = tan 30° or tan (180° + 30°) [+ tan @ = tan (180° + 6)]
= tan 30° or tan 210°
= x = 30°, 210°

Case II When tanx = —%, which is —ve, x lies in 2nd or 4th quadrant.
tan x = —tan 30° = tan (180° — 30°) or tan (360° — 30°) = tan 150° or tan 330°
= x = 150° or 330°

Hence x = 30°, 150°, 210°, 330° are the required value.

5 1
Example 10. Find all the positive values of x less than 2m, which satisfy sin“x = 7

1 1
Solution: sin"x = E = sinx = :I:E

1
Case I When sinx = > Here x lies in Ist quadrant or 2nd quadrant.

sinx = — = sin 30° = sin (180° — 30°) or sinx = sin 30° = sin 150°

[

Hence  x = 30°, 150°,

Case II When sinx = ‘%. Here x lies in 3rd quadrant or 4th quadrant.

1
sinx = _E = —gin 30° = sin (180° + 30°) = sin (360° - 30°)
or sin x = sin 210° = sin 330°
H ~Z10% 330° 5 x== 3= 92 3=
ence X . ss X 6’ 6’ g ° 6
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Example 11. (a) Prove that

T T
[Hcm n'—sec[ai-E]] [Hmta-%-sec[ai-;}jl =2 cot o

Solution: sec (a’+g) = —COSecC o

L.H.S. = [(1 + cot @) + cosec @] [(] + cot &) — cosec a]
= (1 + cot @)* — cosec’a = 1 + cot*ax + 2 cot ¢ — cosec X
[+ 1 + cotat = cosec’a]
= cosec’ar + 2 cot o — cosec’ax = 2 cot @ = R.H.S.

‘ EXERCISE 3.3'

LEVEL OF DIFFICULTY A
1. Find the values of:

(i) tan 135° (i) cot 120%  (iii) tan 240  (iv) sin 315° (v)sin(_l;];

(vi) tan ”T”; (vii) sin (-330°); (viii) cos 495°;
(ix) sin 765°  (x) tan EF— (xi) cnt[—ﬁi]: (xii) tan 19_1'_
3 4 3
2. Find the values of:
(i) sec (—1680°); (i1) tan (—585°); (i11) cos 870°;
(iv) sin 1230°; (v) cosec (—1200°); (vi) cosec (—1560°).

3. Prove that:
(1) sin 420° cos 390° + cos (—660°) sin (=330°) = 1.
(ii) cos 510° cos 330° + sin 390° cos 120° = -1,

(iii) sin 600° tan (—690°) + sec 840° cot (—945°) = %;

(iv) cos 570° sin 510° + sin (-330°) cos (—390°) = 0;
(v) sin 150° cos 120° + cos 3307 sin 660° = 1.
4. Prove that:
(i) sin’54° — sin*72° = sin’18° — sin”36°;
(ii) sin 75° —sin 15° = cos 105° + cos 15°
(iii) cos 306° + cos 234° + cos 162° + cos 18° = 0;

3n . . .57 .,x

(iv) sin? Z + sin2 22 4+ 5in2 22 4 gin2 = = 2:
4 4 4 4

(v) sin1£+si;n1—3-£+sin:E+5in1E =2
8 8 8 8

(vi) mﬂ3g+m33%+ms35—n+ 3% =0
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5.  Prove that:

 c0s(90° + 6) sec (=) tan (180° - 8)
() Sec (360° — @) sin (180° + B) cot (90° - @) ~ 1>

. sin(-f)tan (180°- @) tan (190°+ &) .
1) ot (90° - @) cos (360° + B) sin (180°— @)~ cosec ¥

sin (—&) tan (190° + &) sin (180° + ) sec (270° + @)
sin (360° - 8) cos (270° - &) cosec (1807 - ) cot (360° - &)

i
—
-

(iii)

cos (2 + #) cosec [4n+9]tan[”+6‘}
(iv) 2

El
——
L] ]

sct:[g+ﬂ]msﬂcm{ﬂ'+ﬂ’}

) sin (180° + A) sec (270 + A) tan (907 + A) _
cosec (180° = A)cos (2707 + A) cot (3607 - A)

6. Find x from the following equations:
(i) cosec(90° + A) + xcos.d cot (90° + A4) = sin (90° + A);
(i) cos (180° + @) + xsin (90% + 8) cot (270° + &) = cosec (270° + ).
(iii} xcot (90° + A4) + tan (90° + A)sin A + cosec (90° + 4) = 0.
7. In any quadrilateral ABCD, prove that
(i) sin{d + B) + sin(C + D) = 0, (1) cos(d + B) = cos (C + ).
8.  Find all the values of x between (0 and 2n which satisfy the following equations:
(i) 4sin’x = 3; (i) 3 tan®x = 1. (iii) sec x = -2; (iv) tanx = 1.
sin 135° — cos 120°

(i = 3 .
9. (i) Show that e T 3422

(ii) Prove that:
. 2 T b4 & 1
a)sin® = + cos® — —tan*— = ——;
i 6 3 4 2
/4 3
®)2sintZE + cose? X co?s = =
I 6 3 2
5 St ’ T
(c) cot* — +cnsec? + 3tan*— = 6;
{d}isinzj—ﬂ- + ZEDSZE +25:-:2£ = 10
4 4 3 '

LEVEL OF DIFFICULTY B

10. Prove that sec[%r*E]M[H—%]+tan[%+ﬂ]mn[ﬂ-——]=—l.

11. Prove that in any triangle ABC

(1) sin(4 + B) = sin (i) cos(4 + BY + cos C = 0
A+ B A+ B
(i) cos Y. sin %; (1v) tan 5 = ¢cot %

3.39
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12. If A, B, C. ) be the angles of a cvelic quadrilateral, taken in order, prove that
(i) cosd +cosB+cosC+cosD =1}
(i1} cos(180° + A) + cos(180° + B) + cos (180° + () - sin (90° + D) = 0.
13. Show that sin [am + {—1)'x] = sin x for every integer n.
14. Show that sin (n7 + ) = (-1)" sin 6 for every integer.

15. Find the value of sin {ﬂ.rr+ (—l]’tg], where # is any integer.

tan 145°-tan 125°  1-x2
1+ tan 145° tan 125° 2x

16. If tan 35° = x, prove that

17. (1) Which is greater: sin 40° or cos 4077
(ii) If @ = —400°, determine the sign of (sin & + cos 8).

18. Find all the values of @ satisfving 0 < # < m and tan®6 + cot’d = 2.

Il
19. If 4= T, prove that sin’A — cos*4 + 2tan A — sec’d = —4,

20. If B + C = 60°, prove that sin (120° — B) = sin (120° - ).

6 2k +Din
21. Find the value of [1 Sm;.
b =0 14
b in 5m n
22. Show that €OS” — + COS—— + O8> —— + CO8% —— = 2.
sl TR T % " 16
Answers
LML ) —%; i) ¥3; () —ﬁ; ¥) %3;

1 |
G- ) 33 i) S () ?.e%” ®) J3: (i) b (xii) V3.

_— . . A3 2 .
2. (i)-2: (ii)} -1; (iii) > (iv) > (v) A (viy 2.
6. (Ytand (i) tan & (i) sinA.

8. (1) 607 120° 240° 300% (i) 30°, 150°, 210° 330° (1) 120°, 2407,  (iv) 45°, 225°,

! ; x iy
15. 5" 17. cos 40°, greater than 0, 18. 3 21. e

‘ HINTS AND SOLUTIONS I
4. (1) sin“54° = sinzt'.?ﬂ"’ - 36°) = C0s%36° [ sin (90° — &) = cos ]

$in“72° = sin(90° — 18°) = cos°18°
LHS. = sin?54° — sin®72° = cos?36° — cos*18°
= (1 — sin"36°) — (1 - sin“18°) [ cos"@ = 1 — sin’@]
= sin”18° — sin®36° = R.H.S.

- ; ¥ 1 3
3z
(i1) i:+|:.l:~i'1‘E = Eﬂﬂ[ﬂ'"? ] = [-EDS%} = -msE'E




11.

12.

13.
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In any quadrilateral ABCD., 4 + B + C + (D) = 360°
= A+B=360°-(C+ D)
=  sin{d+ B)=sin[360° - (C+ D)]=-sin(C+ D) [sin(27— ) = —sin O]
=  sin(d + B) +sin(C+ D)=
Also, cos (4 + B) = cos [360° —(C + D)) = cos (C + D) [cos (2 — 8) = cos 0.

Sz .'ﬂ T,
cosec| — |=cosec| r—— |=cosec —=2
6 6 i)

!

IF. 1 T b
cosec! — |=cosec! ¥+ — |=—-cosec —=-12
(& )roms{me ) momr £

. [3::] [ Jﬂl o I
s1n T =8N XA—=—1=8IN —=—-—x=

4 | 4 J2
Inany AABC, A+ B+ C=180"% or 4 + B= 180° - C
(i) sin{4 + B) = sin(180° — () = sin C [sin (180° — &) = sin #]
(ii) cos (4 + B) = cos (180° — ) = —¢cos C [cos (180° — @) = —cos 6]

= cos{d + B) +cosC =0

A+ B I8P - C C s
(iii) cos = COS = COS W_E = sin

2
cos = sin &

A+ I1R(P - C
= fan = t{an ['M‘—E} = oot E
2 2 ¢,

A+B _ t£
R co 5

(i) Since 4, B, C, D are the angles of a cyclic quadrilateral, we have
A+ C=180"and B + D = 180°
= cos A = cos(180° — ) and cos B = (180° — D)
= ¢08A=-—cosCand cosB = ~cos D [cos(m — @) = - cos 6]
=> cos A +cosB=—(cosC +cosD)=cos 4 +cosB+cosC +cosD=0.
(1) LHS=-cos 4 -cosB ~cosC —cosD

= —cos A —cos B — cos (180° — 4) — cos (180° — B)

= -—cos A —cos B —(-cos A) —(—cos B) =

fan

When n is a positive integer

sin [ + (—1)"x] =sin[x + {(n - Do + (- 1)"x}] [ sin(m + 6) = —sin ]
= (=) sin [(n - D + (-~ 1)’x]
= (=Dsin [z + {(n - 2)7 + (- 1)'x}]
= (-1¥sin [(n — 2y + (~1)Y"x] = (<1 sin [(n - 3w + (~1)"x]
= (=1)"sin [(n — mm + (-1)"x] = (=1)" sin [(-1)"¥]
= (-1)" (-1)'sin x [++sin(—1)"x = (~1)"sin x]
= (~1)™sin x = sin x [ D™ = 1]
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14. sin (m + @) = sin [+ {(n— 1)+ 8}]=—sin [(n— D+ O] [ sin (180°+ §)=sin O]
—sin [z + {(n - 2)w + 8} = (-1)?sin[(n - 2)7 + 8]

[ sin (180° + @) = —sin 6]
= (-1)’sin [(n - 3)m + 8] = (-1)" sin [(# — )+ 6] = (~1)"sin 8.

15. If » 1s an even integer, let n = 2k, where k € [

. _nn L L. I T ALY R Bl owe [ Bl b
Thensm{nﬂﬂ ”'ﬁ} sm{zkﬂ+[ 1) 'ﬁ} 51n{2kﬂ+ﬁ} sm(ﬁ) >

If » is an odd integer, let » = 2k + 1, where £k € 1.

Then  sin {”“ + (—1}”%} = sin {{Ek +hm+ (-1 1%}
= sin {11:::+1t-£} = sin {ﬂ-_i’} = gin
6 6

2
.

s

Thus, sin {HEH—H" E} = % for all integral values of n.

16. tan 145° = tan (180° — 35°) = —tan 35° = —x
1 1

tan 125° = tan (90° + 35°) = —cot 35° = -

tan 35° -
17. (i) In first quadrant 8, > 6, = sin 8, > sin 6,, as value of sin 0 steadily increases
from O to 1, & increases from 0° to 90°.
Now, cos 40° = cos (90° — 50°) = sin 50° .. sin 50° > sin 40° = cos 40° > sin 40°
(i) sin (—400°) = —sin (400°) = —sin (360° + 40°) = —sin (40°)
cos (—400°) = cos (400°) = cos (360° + 40°) = cos 40° = cos (90° — 50°) = sin 50°
sin (—400°) + cos (—400°) = —sin 40° + sin 50° = sin 50° — sin 40° > 0,
(- sin 30° > sin 40°)
20.L.H.S. = sin (120° — B) = sin [120° - (60° — )] = sin (60° + )

= sin (1807 — (60° + ) [sin (T — &) = sin 6]
= sin (120° - O)= R.H.S.
6 (2k+LDx .z .3 . Ia . 13m
a - IN=———————— = {Ill—. 5l— ... 51— ... 51—
iLile = Il @1 e
2
. r ., 5 137 n
- i —— —_ - =]
[EIH 14 51N 14 b i} 14] 1: 51N 13 SN 14 s 5 }
But sin— sin—sin cos ( £ H] cos [ 2 3”] COS [ £ Sﬂ]
In— sin—sin— = —— e —— ———
1414 14 > 14 2 14 2 14
R - e 2::( 4.11']
= 08— C08— C05— = C05— CO§—— | —0D5——
7 7 7 T 7
SinB_;.-: sin[:r+—)
_ 1ty Lo
B "EI.I'[%r 8 s10 i 8 64

22. The given expression

? 2 3 o X 3% fx
= (08 l—+cns"—+ms e i | s " | e

6 16 2 16 2 16
= 0082 X + 0062 32 4 5in? 32 1 5in2 X
16 16 16 16
b n 7 2 ir

i
—
E
I
|
-+
0
=

Fad
ey
.
+
—_—
=
L7 r]
|
+
=
=
‘-i.-"
I
_.|._
Il
[l

16 16
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TRIGONOMETRICAL RATIOS OF SUM AND DIFFERENCE OF ANGLES
F

Addition Formulae of sin (4 + B), cos (4 +
B), tan{A + B)

To prove geometrically:

(i)sin{4 + B) = sin 4 cos B + cos 4 sin B;
(1ycos{(4 + B) = cos 4 cos B — sin A sin B;
tan A + tan B

l1-tan Atan B

Proof. (i)Refer to Fig. 3.30. Let the
revolving line start from initial line QX and
trace out ZXOG = A4 in the anti-clockwise
direction and let the revolving line revolve”

further to trace out the ZGOP = B, so Fig. 3.30
that £ XOP = A + B. From the point, draw

PM1 OX and PQ 1L OG. From Q, draw QL 1| PM and ON L OX, then
ZOPL = 180° — 90° — Z POL
= 180° ~90° - (90° - 4) = 4

(iii) tan(4 + B) =

: ; : PM PL+ LM
A+ B)= XOP = =
(1) sin( } = sin £ XO > P
_ PL+ON _ FL+QN . PL PQ+QN oQ

OoP oP OP PQ OP 0OQ OP
=cos AsmB +sinAdcosB=sin 4 cosB +cos 4sinB
(i) cus(A+E)=ﬂ= ON-MN _ON MN ON LQ
OP oP OoP OP OP OP
ON 0OQ LQ PQ
0Q OP PQ OP

=¢os 4 cosB -sin 4 sinB

(i) tan (4 + B) = o
OM
PM  IM+P
tan (4 + B) = — = L _ QN+PL _ QN+PL
oM OM ON-MN ON-LQ
QN  PL QN , PL
_ON _ON _ ON_ ON _ tnA+tanB
- _LQ PL  j-tanAtanB

T ON PL. ON

. PL_PL PQ 0Q
"ON PQ 0Q ON

=cusAIanBsccA=tanB]

Note: Expression for tan(4 + B) could be obtained from those of sin(4 + B) and
cos (4 + B) as follows:

sin{A+B) sinAcosB+cosAsinB
cos(A+B) cosAcosB-sinAsinB

tan(4 + B) =
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Dividing numerator and denominator by cos 4 cos B, we get

sin A cos B N cos A sinB sin A _EE'E
cosAcosB cosAcosB cosA cosB tan A + tan B
tan (A + E} — - - = . . =
@@‘@E'smﬂmﬂ _SIHA_EEEE l1-tan A tan B
cosAcosB cosAcosB cosA cosB
“ -CAUTION

¢ The formula for tan (4 + B) is valid only when none of A, Band 4 + B is a
multiple of &/2.

e |t should be noted that the prefixes sin, cos, tan, etc. are not multipliers;
thus
sin (4 + B) # sin A + sin B; |
cos(Ad+B)#cosA +cosB; | L R4
. tan(4 +B)#tan A + tan B. ' AT e
Difference Formulae of sin (A - B), cos (A - B), tan (A - B)

Prove geometrically:
(1) sin(4 — B) = sin 4 cos B — cos A sin B;

(i1) cos (4 — B) = cos 4 cos B + sin A4 sin B;

_ tanA-tan B
) e = ) b AR

Proof. Let the revolving line starting from its initial position OX trace £ XOL = A in anti-
clockwise direction and revolving back through angle B and occupy the final position OP,

so that ZXOP = A — B. From the point P draw PO 1 OX and PR 1L OL.

From R draw RS L OX and RT perpendicular on QP(produced).
Now ZRPT =90° — £LPRT + £LTRL = £ A.

. o e _ PO TQ-TP RS-TP RS TP
s (1) sin(4 — B) = sin ZXOP = el R
RS {]'R TP RP

{JR ﬂP RP OP

OQ OS+SQ0 OS+RT
op op  oP
US RT  0OS ﬂﬁ' RT RP
GP oP OR ﬂP RP OP
=cos 4 cos B + sin A sin B.

PQ TQ-TP

00  0Q
IQ-TP _ RS-TP
O5+5Q OS+RT

RS TP RS TP

———— . —— . I —

_O0OS OS _ _O0S OS _ tamA-tanB

|

=sin A cos B—cos A sin B

Il

(i) cos(4 — B)

(u) tan (A4 - B)

1+£ 1+EE 1+t3ﬂA[ﬂnB
0§ TP OS§
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(“ TP _TP PR OR

"0S PR OR OS

Note: Expression for tan (4 — B) could be obtained from those of sin(4 — B) and
cos (4 — B) as follows:

=cos A tanHm:A=tanH)

. N ; B— . B
taty (= By = sin(A-B) _ sinAcos cf:-sd s.m
cos(A-B) cosAcosB+sinAsinB
Dividing numerator and denominator by cos 4 cos B, we get

sin A cos B - cos AsinB sin A _ sin B
cosAcosB cosAcosB cosA cosB tan A —tan B
tan(4 - B) = . - = : - =
cnsdcnsﬂ_l_smdsmﬂ vi sin A sin B 1+ tan A tan B
cosAcosB cosAcosB cos A cos B
C' CAUTION
e The formula for tan (4 — B) is valid only when none of 4, B and 4 — B is a multiple
of n/2.

e sin(4 - B)#sin A4 —sinB;
0 ~ cos(d - B)#cosd—cosB;

o
&
T

b ¥

e ,..J'L. . [P il it
AP fr %.rl e e e LT $
[ !.:_-'r._|l_._:!:r ‘i .I.I-::'::.K:"'Ir :r 2] e 1

l+tan A l—tan A
45°+ )= —; il 45° — = —
Cor. 1. (i)tan (45 ) b (ii) tan (45° — A) yry—
. 4 A tan A + tan B
PrGaL. ) G ase & )= SN0 i . tan(A + B) =
1-tan45°tan A l-tanAtan B
_ l+tan A [ tan 45° = ”
l1-1.tan A
tan45° — tan A i tan A — tan B
(ii) tan (45° — A)= [ tan(A - B) = ]
1+ tan45° tan A I+ tan A tan B
l-tan A
. g 4¢=|
1+1nA [« wn 450 = 1]
. cotAcotB -1 = cotAcotB +1
Cor. 2. t(A + = . t(4d - B) = i
” () cot 3 cotA+cotB V) oot ) cotB—-cot A

Proof. (i) cot (4 + B) = Cf’-‘-’*(-‘l"'ﬂ) _ E:DSA cos B —sin A stnB
sin(A + B) sin A cosB + cos A sin B

cosAcosB sin A sin B cnsﬂlmsﬂ_

~ sinAsinB sinAsinB _ sinA sinB 1
~ sinAcosB cosAsinB cusB+cnsA
sinAsinB sinAsinB sinB  sinA
[Dividing the numerator and denominator by sin 4 sin B]
cotAcotB -1

cot B +cot A
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cos(A—-B) ” cosAcosB+sinAsinB
sin(A - B) sin AcosB —cosAsinB

i

(11) cot (4 - B)

cos A cos B N sin A sin B
sinAsinB sinAsinB
sinAcosB cosAsinB
sinAsinB sinAsinB
[Dividing the numerator and denominator by sin 4 sin B8]

cﬂsA.cn-squ_l

_ sinA sinB _cotAcotB+1
cosB  cosA cot B -cot A
sinB  sin A

Some Useful Results
(i) sin(4 + B) sin (4 — B) = sin®4 — sin’B = cos’B - cos’4
(i) cos (4 + B) cos (4 — B) = cos’4 — sin°B = cos*B — sin’4
(i) sin{d + B+ C)=smn 4 cosB cosC +cos 4 sinBcosC
+ ¢05 4 cos B sinC — sin 4 sin B sin C
(ivicos(A+B+Cy=cos AcosBcosC —cos A sinBsinC
—sinAdAcosBsmC —sind sinf cosC
tan A+ tan B+ tanC—tan A tan B tan C
l-tanAtanB - tanBtanC —tanC tan A
Proof. (i) sin{(4 + B) sin (4 — B)
= (sin 4 cos B + cos A sin B) (sin 4 cos B — cos A sin B)

(V) tan(4d + B+ () =

= sin4 cos°B — cos-A sin“B = sin“A(1 — sin’B) — (1 — sin“4)sin*B
= sin"4 — sin°4 sin"B - sin°B + sin’A4 sin’B = sin°4d — sin’B
= (1 - cos°4) - (1 — cos’B) = cos’B — cos°A
(11) cos (4 + By cos (4 - B)
= (cos A cos B - sin 4 sin B) (cos A cos B + sin A sin B)
= ¢c0s’A cos°B - sin°A sin’B = cos’A(1 — sin“B) — (1 — cos*4) sin’B
= ¢0s?4d — sin°B = (1 - sinz.ﬁl} —(1 - cnszﬂj = ¢os-B — sin’4
(i) sin{d + B+ C)Yy=sin[(4 + B) + O)]
=sin{d +BcosC +cos(4 + B)sinC
=(sinAcosB+rcos AdsinBYcosC +(cos 4cosB-sin AsinB)sinC

= sin A4 cos B cosC + cos 4 sinf cosC + cos A cos B sin(C
—sin AsinBsinC

(iv) cos (4 + B+ C) = cos [(4 + B) + C)]
=cos {4 + B)eos C —sin(4 + B)sin C
= (cos A cos B—sin A sin B) cos C — (sin 4 cos B + ¢cos A sin B) sin C

= ¢cos A cosB cosC - sin 4 sinB cosC — sin A4 cosB sin(C
—¢c0s A sin B sinC
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(v)tan(4 + B+ C) =tan((4 + B) + O)

tan A+ tan B
tanC
_ tan(A+ B) + tanC - l-tan A tan B
l-tan(A+ B)tanC tan A + tan B
1- — [tanC
1-tan A tan B)

tanA+tanB+tanC —tan A tan B tanC
l-tanAtanB-tanBtanC - tanC tan A

Example 1. Prove that

V6 +42 V6 -2
4 A

(i) sin 75°= » (11) cos 75°=

(iii) tan 75° + cot 75° = 4; (iv)tan15° =2 - 3
Solution: (i) sin 75° = sin (45° + 30°) = sin 45° cos 30° + cos 45° sin 30°
A48, 14
J2 2 A2 2
. ﬁ+l - £+lx JE_
2V2 22 T2
[Multiplying Num. and Den. by v2 ]

_J6+42

(11) cos 75° = cos (45° + 30) = cos 45° c;?:ﬂ"—sinlﬁ‘“ sin 30°

1 3 11
2 2 22
. et . 2 5
242 3d2 2

[Multiplying Num. and Den. by v?2 |

&

EY

-2

4

1+

V3+1
v3-1

tan45° + tan30°
|- tan45° tan30° | _

-

(iii)tan 75° = tan (45° + 30°) = (1)

i

V3 -1

and cot /3 = ——— = il 2
J3+1 (@)

tan 75°
V341 f3-1 B+ +3-1)2
S. tan 75° + cot 75° = + =
V3-1 3+1 (B-DEB+1)

- 3+1+2J§+3+1—2v"§
3-1

B
1.
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tan 45° — tan 30°
1+ tan45°tan 30°
1

5 _(B-s

i l+1:715_(\ﬁ+1)fﬁ

xﬁ {I—u
V3-1
4-24’5

2

(iv)tan 15° = tan (45° - 30°) =

ja

= =
— =1

-3

(g

15
Example 2. If sin a = 7 and cos p = I— , find the values of sinfat + B) o, and B, are

positive acute angles.

Solution: Given sin o = %
cos’a =1 - sina=1- EI:IH225 e
17 289 289 239
8
Cos (X = 17 [** a is an acute angle = cos a > 0]
12
Now cmﬁ—ﬁ
2
: 12 144 144 25
2Q — 2q — _ _ _
=1- =]1-|=| =1l-— = 169-—— = —
el an {13] 169 169 169
5
sin f§ = 3G [+ B is an acute angle = sin § > 0]
Now, sin (ox + ) = sin @ cos B + cos & sin 8

15 12 8 5 180 +40 220

17 13 17 13 17 x13 221

Example 3. Prove that
sin(B = ) @ sin(C - A) i sin(A — B)
cosBcosC cosCcosA cosAcosH

sin(B-C) _ sinBcosC—cosBsinC
cosB cosC cos B cosC

Solution: First term of L.H.S. =

sinBcosC cosBsinC

= - =tan B — tan C
cos BcosC cosBcosC
Similarly, Second term of L.H.S. = tan C — tan A
and, Third term of LH.S. = tan 4 — tan B

Now, L.HS. = (tan B —-tan C) + (tan C — tan 4) + (tan 4 —tan B) = 0
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Example 4. Find the value of each of the following:
(1) sin 63° cos 27° + cos 63° sin 27°;  (11) cos 72° cos 42° + sin 72° sin 42°;
tan 47° + tan 43°
1-tan47° tan 43°
Solution: (i) We know that
sin 4 cos B+ cos A sin B = sin(4 + B)
% sin 63° cos 27° + cos 63° sin 27 = sin (63° + 27°) = sin 90° = ]
(i) cosAcosB+sinAsinB=cos(4-B)

(iif)

3
cos 72° cos 42° + sin 72° sin 42° = cos (72° — 42°) = cos 3ﬂ“=%
(i) - A = tan (4 + B)
l-tan A tan B
tand7” + tan 43" _ an (47° + 43°) = tan 90° = o
1 -tan47° tan43°
: 13 .
Example §. Ifcos 4 = ? cos B = ﬁ;prave that A — B = 60°; A and B being +ve
acute angles.
Solution: Since cos A = 7;—
1 48 443
sind =1-c 2A=I*E=E sinA=%_— [~ A4 is acute]
13
and cos B = 1a [Given]
169 27 343
in B = o 2 i s W NS, e SCIIT
sin 8= {1-cos’ B = 1~ J5¢ V96~ 14
cos(A—-B)=cos AcosB +sin A4 sin B
1 13 443 343 13436 49 1
= —, —+ . = —_— = — = —= ps 60°
7 14 7 14 98 Eh

A - B = 60°
Example 6. Prove that
(1) sin (45° + A4) cos (45° — B) + cos (45° + A4) sin (45° — B) = cos (4 — B)
(ii) sin(n + 1) A sin(n— 1)4 + cos(n + 1)4 cos(n - 1) 4 = cos 24.
Solution:
(i) LH.S. = sin (45° + 4) cos (45° — B) + cos (45° + A) sin (45° — B)
=sin [(45°+ A4) +(45°-B)] [ sin Acos B+ cos A sin B=sin (4 + B)]
= sin [90° + (4 — B)] = cos (A — B) = R.H.S. [--sin (90° + 08) = cos 0]
() LHS. =sin(n+ 1)4Asin(n—1)4 +cos(n+ 1)4 cos(n—1)4
=cos(n+ 1)4d cos(n— 1)4 +sin(n+ 1)4 sin(n- 1)4
=cos[(n+1)4d—(n—-1)A] [ cos Acos B + sin A sin B = cos (4 — B)]
=cos(nd + A—nd + A) = cos 24 = R.H.S.
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Example 7. Show that sin 105° + cos 105° = cos 45°,
Solution: sin 105° + cos 105° = sin (60° + 45°) + cos (60° + 45°)
= (sin 60° cos 45° + cos 60° sin 45°) + (cos 60° cos 45° — sin 60° sin 45%)

N3 1 F 1 01 A4 N8 ]

2 2 2 22 2 22
1

1 ——Z—u=—=cu545°

zf 2J2 22 2

Example 8. Prove that

(i) 3 an 4 = tan 62°; (ii) tan 50° = tan 40° + 2 tan 10°.
cos17° -sin17°

Solution: (1) Dividing numerator and denominator of L.H.S. by cos 17°, we get

cosl7® sinl7°

+
"?I:I 0
LHS = cosl cosl7 " 1+ tanl17° 5 tan45° + tan17°

cosl7® sinl7° l-tanl7° | -tan45°.tan17°

—— . = L m————

cosl7° cnsl?“

= tan (45° + 17°) = tan 62° = R.H.S.
tan40° + tan 10°

(ii) tan 50° = tan (40° + 10°) or tan 50° =
|l - tan40°-tan 10°

Cross-multiplying,
tan 50° — tan 50° - tan 40° - tan 10° = tan 40° + tan 10°
tan 50° = tan 40° + tan 10° + tan 50° tan 40° tan 10°
= tan 40° + tan 10° + cot 40° tan 40° tan 10°
= tan 40° + tan 10° + tan 10° = tan 40° + 2 tan 10° = R.H.S
Example 9. Prove that
sin (2n + 1) A - sin A = sin® (n + 1)4 — sin® n4
Solution: R.H.S. = sin” (m+ 1)A - sin® nd = sin n+ 1)4 + nd} -sin {(n + 1)4 — nd}
[ sin’4 — sin®B = sin (4 + B) x sin (4 — B)]
=sin(2n + 1) A. sin4 = L.H.S.
Example 10. Ifsin 8 = 1110, sin ¢ = 115, 0 and ¢ being positive and acute, show
that 6 + ¢ = w4,
Solution: As 0 and ¢ are positive and acute, therefore, all their r-ratios are positive.

Then cuﬂzﬂ=l—sinzﬂ=]__l-=i , msﬂ=+}—

0 10 7 J10

1 4 2

cos=1-sin’p=1- < = < Sl
anrsm(ﬂ+¢}=5iﬂﬂﬂﬂﬂ¢+cmﬂsiﬂ¢

3 1. 2#3 _ 3§ . 1

ff Jio 5 Jso  sv2 2
: gl o= _Z
5m(ﬂ+¢)_5m4=3+¢ ;
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15
Example 11. If sin @ = 7 and cos ff = :—i— « and P being positive and acute, find the
values of sin (a + f), cos (a — f) and tan (a + ).
Solution: sin o = 2
' 17
2
15 225 64 8
= RSy = eh Nty = ] = e D ——
cosa = 1-sin’ o Jl (1?) 28 V289 17
12
A — J—
gain cos 3
144
inf = J1-co? 1[ - -.J
sinf = 1-co ﬁ\j 169 V169 13
sina  5/17 15 sinf  5/13 5
IMa= e BT 8 M WP /B I
Now, sin (¢ + ff) = sin & cos B + cos & sin

—

15x12+ 8 x 5 _ 180+40 _ 220

17 13 17 13 221 221

Again cos (ot — fB) = cos a cos B + sin & sin

8 12 15 5 96+75 171
X—+—X— = =

17 13 17 13 221 221

15 35
_+_
tan @ + tanf g8 12 (180+40)/96 220
+ =] = = | e
e @D ianaang 155 (96-75/9% 21
8 12
220 171 220
Hence sin(a+f) = —+,cos(@-f)= —- and tan(a+f)= —

Example 12. Show that
(1) tan 70° = 2 tan 50° + tan 20°; (i) tan 34 —tan 2 4 — tan 4 = tan 34 tan 24 tan A.
Solution:
tan50° + tan 20°
1 - tan50° tan 20°

= tan 70° — tan 70° tan 50° tan 20° = tan 50° + tan 20°

()  tan 70° = tan (50° + 20°) .. tan 70° =

=  tan 70° -

tan 50° tan 20° = tan 50° + tan 20°
tan 20°

** tan 70° = tan (90° - 20°) = cot 20° = :
tan 20°

= tan 70° — tan 50° = tan 50° + tan 20° = tan 70° = 2 tan 50° + tan 20°
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(11) We have
tan2A + tan A

l-tan2A tan A

tan 34[1 — tan 24 tan A] = tan 24 + tan A
tan 34 — tan 34 tan 24 tan A = tan 24 + tan A
tan 34 — tan 24 — tan 4 = tan 34 tan 24 tan A,

tan 34 =tan (24 + 4) =

L4l

J3cos 23° — sin 23°
2

3c0s23° - si
Solution: LH.S. = V3cos - e A % cusZE“—% sin 23°

= ¢0s 30° cos 23° — sin 30° sin 23°

= cos 53°.

Example 13. Prove that

[ g =cos 30° and —;:= sin 30“]

= ¢os (30° + 23°) = cos 53° = R.H.S.
tan(45° + x) [1+tan,:m:)2

Example 14. Prove that -
tan(45° - x) | 1-tanx

tan 45° + tan x 1+ tanx

Solution: tan (45° + x) = = i o ai
) e s -t G
tan 45° + tan x 1-tanx
tan (45° — x) = =
( %) 1 — tan 45° tan x 1 + tan x
(ql_+tan,1uf‘1 ’
1 - tan
LS = J0ET 35 £ = | TE] RS,
tan (45° - x) 1 - tanx 1 - tanx
1""‘[3.“1)

3

tan| — + A +tau(;f—ﬁ

J
= cosec 24.

Example 15. Prove that =

i 3 A
tan E+A -tan(ir—.&
\ 4 J + J
. n n
Solution: LctE*H"l = o and E—A =f
sina sinf
+
tana +tanff _ cosa cosf
tana—tanf  sing sing
cosa cosf

(Multiplying num. and denom. by cos a cos )

dol Z+ast=a
4 4

LHS. =

sin@cos f+cosasin S sin(a+f)
sin@cos f—-cosasin B sin(a-f) 5in[£+d—£+ﬂ]

D 4
sin — ]
2 = cosec 24 = RH.S.

sin 2A § sin 2A
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Example 16. Prove that

o - B
0 tan 69° + tan 66 ey tan(A— B) + tan b 4
1— tan69° tan 66° 1= ta0(A - B) tan B
Solution:
(]
() SROL FUnOF o (69 + 66%) =t 1355 = o (D0 £ 45T = Gk A = 1
| - tan69° tan 66°

Uiing MRALURE o (A
l—tan A tan B

i tan(A- B) + tan B e -
H.S. = = — Bl =tan4 = RH.S.
(ii) L.H.S i tan(A~ B ol tan [(4 — B) ]

Example 17.(1) If A + B = 45° prove that (1 + tanA4) (1 + tan B) = 2
(i1) If A — B = 45°, prove that (1 + tanA4) (1 + tan B) = 2 tan A.
(iii) If A + B = 45°, prove that (cotA — 1) (cotB - 1) = 2.

Solution: (i) Since A + B = 45°, we get tan (4 + B) = tan 45°.

-, anAtwnB L e AttnB=1-tanAtnB

l-tan A tan B

= tan 4 +tan B + tan Atan B = |
= 1l +tanA4+ (1 +tan A)tan B = 2 [Adding 1 to both the sides]

= (1 + tan 4) (1 + tan B) = 2
tan A — tan B

(ii) Since A — B = 45°, we get tan(4 — B) = tan 45° = = ]
l+tan A tan B

= tanAdA—-tanB=1+tan 4 tan B (1)
= ] +tan A tan B + tan B = tan A

= 1+tand+tanB(1+tan 4)=2tan A [Adding tan 4 to both the sides]
= (1 +tan A) (1 + tan B) = 2 tan A.
(iii) L.H.S. = (cot4 — 1) (cotB — 1)

Y 0 S I S =[ - s nd]
“|tanA ) | tanB tan A tan (45° — A)

1-tanA) [1+tand5tanA | _(1-tanA) [1+tanA
tanA ) | tan45° - tan A tanA ) [1-tanA

Sl l1-tan A tan A l-tan A

|
(o) [t - () (e
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oo
-
b ]
=]
=
[4-]
S
o
o
3
-
L1
5
m"I-
=
[ B
e,
oo N
+
:
N
5
It
¥ e A
| 24
|
e
[}
@
=
o

Solution: LHS. = sin’

(eS8 5-2)

[+ sin®4 — sin®B = sin (4 + B) sin (4 — B)]

N 1 .
=sin — sin4 = — sin 4 = R.H.S.

4 J2
tan(A + B) _ sin’ A - sin’ B
cot(A-B) cos’A-sin’B’

Example 19. Prove that

sinA-sin?B _ sin(A + B)sin(A- B)

cos’ A —sin’B cos(A+ B)cos(A—B)

sin(A + B) _ sin(A - B)
cos(A+B) cos(A-B)

=I.E.I'I{A+B)' l = lﬂl‘l{ﬂ-i-ﬂ] =L.H.S
cot(A-B) cot(A-B)

Example 20. Prove that cos® (45° + x) — sin’ (45° — x) is independent of x.

Solution: cos®(45° + x) — sin’ (45° — x)
= cos [(45° + x) + (45° — x)] cos [(45° + x) — (45° — x)]
[ cos’d — sin®B = cos (4 + B) cos (4 — B)]
= c08$90° cos2x = (0) cos2x = 0
which does not contain x and hence is independent of x.

Solution: RH.S.

=tan (4 + B) - tan (4 - B)

sin acosa
Example 21. /ftan 8 = T o H: prove that tan (@ — ) = (1 — n) tan
—n
tana — ta
A R ...
1+ tanatanf
Putting tan f§ = i , we have

l—ir:sin2 o
SIN & m Sin & COSs o

COos & | —nsin® @

SIn ¥
: : ctana =
sin @ nsin @ cos & cos QX

cosa@ |-nsin’ a

L.H.S.

1+

3 2

sin & (1 - nsin® @) — n sin & cos” & _ sin@-—nsin” @—nsin @ cos” &
cos @ (1-nsin” @) +nsin’ @cos@  cos @ —nsin® @+ nsin® acos &

[ sina+ cos*a=1]

sin @ — n sin @ (sin” a + cos® @) _sin@—-nsina
cos & Cos &

sma(l-n)

= | — n)tan o
COoscr ( ﬁ}
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Example 22. If 3 tan 6 tan ¢ = 1, prove that 2 cos (6 + ¢) = cos (8 - @)
Solution: 3tan @tan ¢ =1 or, cot 8- cot ¢ = 3

cosfcosp 3
w sinasing |

By componendo and dividendo, we have

cos@cos@+sinfsing  3+1 cos(@-¢)

cos@cos@—sin@singe  3-1 ) cos (B+¢@)

or 2cos (0 + @) = cos (8 — Q).

a+b
2(a-b)’

i

Example 23. [f atan (Hrg) = b tan [54--‘*-;5), prove that cos 20 =

o m— atan(ﬂ—%) = b i (a+3§-’~)

: 2 b4

sin| @+ — [cos| #——
¢

o tan| 67 b cos H+2—I sin| 6-7

6 3 6

By componendo and dividendo, we have

' 3 i 3 i
sin 6~'+2i'r cos E—E + cos H+2—E sin H—‘E
at+b _ 3 ] 6 ) ! 21 1 5
= \ 3 / 3 r
a=b sin[E+E cus[ﬂ-f — COS &‘+E sin g_f]
3 A 6..-‘ % 3 4 \ 6
> 4
sin fﬂ+2_x +6-7 sin| = +26
s L\ 3 6 )] 2 _ cos 28
. Y|~ . 5%
sin || & Z—EJ-[H-E sin 22 sin(fr——)
L\, 3 ﬁi_
26 b
_ cos28 _ cos =}E+ —
sIn — 1 a—b
' 2
a+b
H 20 =
ence cos 2@ —b)

Example 24. [f 0 + ¢ = aand tan 0 = k tan ¢. then prove that sin (0 — @) = sin ot

Solution: We have tan 0 = k tan ¢.
tan6 Kk tanf6+tang  k +1

=3
tang 1 tanf—tan¢g k-1

(By componendo and dividendo)
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sinﬂ+sin¢
cos @ cos@ _k+l=;sinﬂcn$¢+msﬂsin¢_k+l

—¥ : : - : . .
sin@ sing k-1 sinfcosg-cos@sing k-1
cos @ cos¢@
sin{ﬂ+¢}_k+]:}siniﬂﬂgﬁ}_k-l
= sin(6-¢) k-1 sina  k+I [ a=6+4]

= sin(@-¢)= e sin a.
k+1

3 /4 - In
Example 25, /f sin 4 = rt 0<Ad< 3 and cos B = —Tl; and cos B < ?,ﬁndrhe
following: :
(1) sin (4 — B); (11) cos (4 + B); (i) tan (4 — B).

3
Solution: We have sin 4 = E. where 0 < 4 < *-g

9 4
cos A = +,/1 - sin? = cos A = +./1-sin> = [|l=—0— = —
Ji sin® A Jl sin” A 75 5
In the first quadrant, tangent function is positive. Therefore,
. sinA _ 3
cos A +
oy 12 n
It is given that cos B = T and Tt < B < 5

EiﬂﬂziJI“EUEEB =3 5in3=—Jl—cuszﬂ
[+ sine is negative in the third quadrant.]
2
-12 5
= sinB=—4/l-|—| =-—
-5 -

In the third quadrant tangent function is positive. Therefore,
sinB 5

cos B 12

tan B =

Now,

3 =12 4 - -1
(i) sin(A — B) =sin A cos B —cos A sin B = —x————x—S i 1
5 13 5 13 63

4 -12 3. =5 =33

(ii) cos(4d + B)=cos AcosB-sin4dsinB= - X——-—X— = —
$ 13 5 13 65

35
- 4 12 16
Gy - By= Al . ¢ 1. .
|+tanAtanB . 3,5 63
4”12

Example 26. Find the value of tan (ax +f ), given that

cot ¢ = r},: o € [EL;] and sec B = %.ﬁE[g.H].
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tan & + tan f3
1-tan & tan 3

Solution: tan (o + f) =

. ]
Gwen,mta=5==tancr=2

)
Also sec a = 3

%
tan = Jsec? -1 = £ /5 -1 = + 3

N
Ul 4 3 6-4 2
Butpe|— 7= = —— ¥ - - =
b (2 J Rl 3 o AR - 1—2(—-‘-1-) 3+ 11
3
‘ EXERCISE 3.4 I
LEVEL OF DIFFICULTY A
1. Evaluate:
(1) sin 22° cos 38° + cos 22° sin 38°; (i1} cos 40 ¢cos 20° — sin 40° sin 207;
{iii) sin 40° cos 10° — cos 40° sin 10°; {iv) cos 130° cos 407 + sin 1307 sin 407,
{v) tanA -1 if A = 75% (vi) sin?—ﬁ |r:||:us£ — COS K sin E;
tan A +1 12 4 12 4
{vii) Sin = cos—— + cos . sin St (wiii} msE cos X — sin o sin — .
4 1 4 3 4 3 4
2. Find the value of each of the following:
(1) stn Asin(B+C)—=cos Acos (B+O); (i1} sin Acos B+cos AsinBifA+B=m

(111} sin (70° + 4) cos (20° — A) + cos (70° + A) sin (20° — A):
(iv) tan{4 + B), if tan 4 = 1/2, tan B = 1/3;
(v) sin{d — By, ifcos A= 1213, cosB=8/17, 0 < 4, B < 72;

3 9
(vi) sin (4 — B), sin(4 + B), cos{4 - B), cos(4 + B). if sinA = 5 and cos B = T
=4 B af
< < —
: 2
i . ; 4 12 3z
(vii) cos (4 + B), sin{4 — B), if cos 4 = 3 cos B = 35 <A B<2x

3.  Prove that sin 75% — sin 15° = cos 105° + cos 157,

I 1
4. HWceos A= I cos B = *]-3-. prove that 4 — 8= 607, 4 and 8 being positive acute angles.

8. Prove that:
sinfA - B) i sin{B - ) i sm(C - A) N
smAsmB  smBsinC  smCsinA

{it) sin{n + lw sin(n + 2x + cos(n + 1x cos(n + 2x = cosx;

(il1) cos [:%+x] —~ COS8 (3%—:] = —,_J'E sin x;
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(iv) sin®6x — sin“dx = sin 2x sin 10x;
(v) cos?2x — cos*6x = sin 4x sin &x.

|
6. Iftand = —— tanB = _show that 4 + B = 2.

i+ 2a+1 4

7. Prove that
(i) tan 134 — tan 94 — tan 44 = tan 134 tan 94 tan 44;
{ii)} tan 50° = tan 40° + 2 tan 107,
(iii) tan 75° — tan 30° — tan 75° tan 30° = 1; (iv) 2 tan 70° = tan 80" - tan 10°.
8.  Prove that |
¢os 29° + sin 29° . cosli®+sinll®

i = o. - 56
) cos 29° — sin 297 tan 74%; () cos11®-=sinl1® e
... c0s10”=sinl0” < .. cos 15%=sin 15 _ 1
&) cos10° + sinl0° o A% ) cos 15° +sin 15° V3~

9. Ifsind = I—E_; and sin B = % find sin (4 — A). where 4 and B lie in the second gquadrant.

10. Prove that
(1) Siﬂz{.-‘l + B) - sin’(4 — B) = sin 24 - sin 25;
- ; |
(i} sin“(15° + A)— sin’(15° - A) = 5 sin 24;
(ifi) cos B-cos (2 - B) = costa — sin“(a — By

(iv) cos 20 cos 26 + sin(0 — ¢) ~ sin¥(0 — @) = cos (20 + 20);

' )

(v) cos’ f+ x |- sin:(f-—xj is independent of x;
\ 7

(vi) cos %+x + cos %-x = J2 cos x.
\ ;

11. Prove that

8 3y :
(i) cot2a — tan @ = mq_ : (11} sin®d = msl(.ﬁl — B) + cos’B
cosasin2a
— 2c0s8 (A — £)cos 4 cos B;
o cos (A+ B) l-tan A tan B
(i) tan 2at — tan & = tan & sec 2a {1v) =

cos (A — R) |+ tanAtanB

12. Prove that
T b
i —+A tan|—— Al =1
0 tn(§+4) un(§-4)
(ii} (sin 4 + sin B) (sin 4 — sin B) = sin (4 + B) sin (4 — B).

sin(x—y)  tanx—tany
sin{x+ y) tanx+tany

x il . (= | Z :
(iv) cos | ——x jcos [—"_‘!’] - Sin [.—1-—1]5111 [——_-.:] = smix + yk

(ii)

4 ] 4 | 4
4
tan J;'r+_l' A
4 {1+ tan x)°
(v) EE ‘=] 5 s
tan 4—-1 (1-tan x)
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cos {4+ x) cos (—x) 2

(wvi) =c” X
: n
sin (T = x) cns( > + .r]

(vii) ms[%” " x]cns (27 + x}[mt{%’ -'IJ+ cot (21 + x}]=1.

(B
135, HA + 5 =238 prove tht ——2 0 ., 2 _
l+cot A l+cot B

x
~

14. Find the value of tan (@ + f), given that cota = % sec fi = —%. where m < a < 3?:: and

g < B < m. State the quadrant in which (2 + ) terminates,

15. Iftand = —— and tan B =
m=-1 2m-1

16. Find the value of sin 163° cos 347° + sin 73° sin 167",
LEVEL OF DIFFICULTY B

n
, prove that 4 — B = I

17. Show that | +tanﬂtan—g-=tﬂnﬂmt§-l = gec O.

18. (i) Ifsinx+siny=a, cosx + cosy = h, show that
1
(a) cos{x-—y) = E{al + B2 - 2);

b -’ _ 2ab
(b) cos(x+y)= plegts ©)sin(x+y)= 22

(ii) Iftan 6 + tan ¢ = a and cot @ + cot ¢ = b, prove that cot (8 + @) = l-%.
a
19. Show that
cos’A + cos’B — 2 cos A cos B cos (4 + B) = sin*(4 + B).

B cos(@+f) 1
20. If cot & cot f = 2, show that ey

21. ftana=x+ 1, tan B = x — 1, prove that 2 cot (& — f) = x°.
22, If sin(f + ¢) = 2 sin {6 - @), show that tan & = 3 tan ¢.

23. Ifcos(ax + B) = % Sin{ﬂ-—H}I% where 0 < a, fi < % prove thattan?cx=%.
1 - tana

24, If sin(# + a) = cos (8 + «), prove that tan 8 = — i
1 4 tan ¢

25, Iftan(e + 6) = ntan (&x — €), show that (n + 1) sin 28 = {(n — 1) sin 2.
26, If 6+ ¢ = « and sin € = &k sin ¢, prove that
k sincx SN &

tan 8 = . 1 P = —
an 1+ & cosex ’ k + cosar

27. Iftan{x +y) = % and tan (x - y) = % show that
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77 13
i) tan 2x = — 1) tan = e—
(i) 3% (ii) 2y i
28. Prove that tan [§+H]mn[§f+ﬂ] = =].

29. In any quadrilateral ABCD, show that

cos A cos B — cos U cos D = sin A sin B — sin C sin D
ad + be
bd —ac’

30. If tan 0 = -:- and tan ¢ = 5 prove that tan (8 + @) =

3. Ifcos(au—f) +cos(f-p +cos(y— ) = —%, prove that

cos +cosfi+cosy=sina +sinf+ siny = 0.

32. An angle @ 15 divided into two parts such that the ratio of the tangents of the parts is

k-1
k: 1. If x be the difference of the two parts, prove that sin x = PR

2 Jtanx — tan” x
33. If tan x + tan .s:+E + tan .r+—ﬂ. = 3, prove that = = 1.
3 3 1 - 3tan“ x

sin (%

34, If'-::nsa+sinﬂ=aand5ina+msﬁ=b.pnwethatsin[a+.8]=—;=[a2+b3—2}.

5. If sin(x + f) = 0 and sin(ex — f) = % where 0 < o, i < g. find the values of

tan {x + 28) and tan 2 + ).

. b
36. I tan (7 cos @) = col (msin @), prove that cos [E 4] =+ ik

37. fA>0,B>0and 4 + B = ; then find the maximum value of tan 4 tan B.

. , n
38 Find the maximum value of 5 cos & + 3 cos (EH E] + 3.

sin” v cos’ v
+

39. Find the value of the expression :
l+cosy l-siny

b :
40. In APOR, £R = = ]f‘umg and tan% are the roots of equation ax® + bx + ¢ = 0
{a # (). then shm: that a + b = c.

41. If 3cos x + 2cos 3x = cosy, I sinx + 2 sin 3x = sin v, then find the value of cos 2x.
42, Find the maximum value of 1 + sin [%-q- H]+ chs[—H - E] for real values of 6.
4

43. If2sina- cos f-sin y=sin B sin (@ + ¥). then show that tan « tan fi, tan y are in H.P.

44, If tan % and tan g are the roots of the equation & — 26x + 15 = 0, then find the value

of cos i.:'r:r + [,

45. If cos(ff — y) + cos(y — &) + cos (e — f§) = ——, then show that

i | s

cosa + cos ff +cosy=0=sina + sin f + sin ¥,
46. If @ and f are the solutions of the equation a tan @ + b sec # = ¢, show that
2ac

lan (x + fi) = e
a“—-c
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[ Answers
A3 o ' o} . . 3
1. (1) 5 (1) 5 (131) 5 (v) O (v) ek {n}?,
(vii) V3. (viii) 3+l
2 242
. . . 140
2. (i)—cos (A4 + B+ C); (i) O (iii) 1, (iv) 1; (v) —E;
- 133 187 156 84 3116
T — i o s (vil) =, ——.
D 7205205205 205 W 5" s
~21
. =
21 2 l 1
= 14. = Istquadrant. 16. — . 37. —.  38. 10.
21 Tl s 2 3

627
39. ﬁcﬂs(%—y] or \Esin[%+}']. 41.-1. 42.44. ~——C

735
[ HINTS AND SOLUTIONS I

1r 3 +1
1. (viii) cos —— =cos 165° =cos (180° —15%) = —cos 15° = —
12 22
: 1 .3 I 8
4. Sincecosd=—= . sifA=1-cosfd=1-—=—
{ 49 49
443 3
sin 4 = i Ais acue) and cos B ]—

|| 169 || 27
B = 1,||' - = I——
Sin 1 - cos? 196

cosi{d - B) =cos 4 cnsH+sm.~l sin B

113 443 3/3 13436 _49 _ 1
714 7 14 98 98 2

= gcos 60°
A— B = 60°

8 (i) Ist term on LH.S. = an (A : B) _ sm m? F“E sin
sin A sin B sin A sin B

sinAcoslH cosAsinf
sinAsmbB sinAsinB

=cot B — cot A

Similarly, 2nd term on LLH.S = ¢cot C — cot 4
and 3rd term on LHS = cot A — cot B
LHS = (cot B—cot A) + (cot C — cot A) + (cot 4 — cot B} = 0 = R.H.S.

(iy L.H.S = cos (3—E+x] — CO% (-‘E—IJ
4 4

in In
Pt — +x=8 — —x=¢
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LHS = cos & — cos ¢
= —2sin H+¢sinﬂ_¢
)
( ((an it )
3_'#:.+I+3€:.._I [T IJ—[T‘“'"I]
= —2sin| 2 4 sin
2 2
\ %, A
r“3fu'
o< gin| <8 lai| X
2] 2
%
= —25in3—ﬂsin.t = —isin[.ﬂr—f—} si.nx:—lsinfsin:
4 4 4
= —wal—sin,t—— 2sin x=R.H.S
(i) L.H.S. = sin® 6x — sin® 4x = sin (6x + 4x) sin (6x — 4x)

= gin 10x sin 2x = R.H.S.

(iv) LH.S. = cos® 2x — cos® 6y = 1 — sin® 2x — (1 - sin® 6x)
= sin® 6x ~ sin 2x = sin (6x + 2x) sin (6x - 2x)
= sin &x sin4dxy = R.H.S.

cos 2ar  sin o cos ¥ cos & — sin 2o sin o

L. ) L.H.S = sin 2ar cos o - sin 2or cos
Qo+ o COS ¥
. S8 L . = RH.S.
sin 2¢r cos Ccos Fsin 2o
) cos (A+ B) cos Acos B—sin Asin B
{iv) LHS= = = :
cos (A-B) cos Acos B+smn Asin B
) l-tan A tan B
Dividing the numerator and denominator by ¢cos 4 cos B =
l+ tan A tan f

13, Heare A + B=225 or B=225°- A
tan B = tan (225" — 4) = tan (180°+ 45" - A) = tﬂnHﬁ“ - A)

= R.H.S.

[+ tan (180° + &) = tan 8]

~ I-tanA
= tan B = | +tan A
_¥  _k
., ©eotA cotB  tanA tan A
LS. = 1+cotA l+cotB 1+ l-—fl+—l—
tan A tan B
_ 1 | B | ‘ 1
- Ianfl+l.ta.n.ﬁ'+l  l+tanA l+tanB
| 1 I 1+ tan A

il

l+tanA, 1-@nA  TinA l+tanA+l-tanAd

|+ tan A

1
- = R.H.S.
2
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14. As fi lies in 2nd quadrant, therefore, tan § is negative,

25 4
tan = o : _1 = o _—1 e
B = ~(sec? f-1) [g ) 3
1
Also cmaf=5 tan ¢ = 2
.4
t + lan 2
tan(u--{-ﬂ’: ahe ﬂ = 3 T ——
|-tanatan f [ 4] 1
3
Now, tangent is positive in | and [1l guadrants.
n
Alsn*a}:;andﬁ}gﬂa+ﬁ}[ﬂ+5]=%

i.e., bevond Il quadrant. So, it must lie in the Ist quadrant.
16, 163° = |80° — 17°, 347° = 360° - 13°
73° = 90° - 17°, 167° = 180° - 13°

; . ; c |
Given expression = sin 177 cos 13° + cos 177 sin 13° = sin(17° + 13%) = sin 30° = 5
P sin @ sing cos chﬁ§+5in & sin 5
172 1 +tanPtan— = 1| + % |‘5‘= e 5 <
- cos ¢ 05 — cos & cos —
2 2
ms[ﬂ—&J
— 2) . 1 . 0
- 6 " omp ¢
cos & cos
2
6 sin Bcns? sin # cos P—Eﬂﬁﬂﬁil‘l E
tan Bcot — ~ | = ————="—] =
. . 8 .
cmﬂsm2 cos @ sin
sin[ﬂvﬂ]
- 2/ I - é
- .8 _msﬂ_m
cos # sin
f il
] +tanﬂtan-i- =tanﬂmt~1—— I = sec 0

I8, (i}(a) Given a = sinx + siny
b = cosx + cosy

Squaring and adding, we get

@ + b =2+ 2cosx cosy + sinx siny) =2 + 2cos(x — y)

cus[x—-y}=%{a1+bz-2}



3.64 MATHEMATICS XI

| ~ l-tanftang 1 tané tan ¢
tan (& + ¢ tan & + tan ¢ tan&+ tang tanf+ tan ¢
1 - i
tan @+ tan ¢ [ | I ]
+

tanf tan ¢

il

{ii) cot (8 + @)

il

1 1 1 1

(tan@+ tang) (cotB+cotd) a b

19. LHS. = cosd + cosB — 2 cos A cos B cos (4 + B)

cos A + (1 - sinIB} ~2¢cos A cos Beosid + B)

1 + (cos 4 — sin°B) — 2 cos A cos B cos (4 + B)

1 +cos{d + B) cos{4d — B) — 2cos Acos Beos(4 + B)
1 + cos{4 + B) [cos (4 — B) — 2 cos A cos B]

| +cos(d + B)[cos 4 cos B+ sin A sinff — 2 cos 4 cos B
=1+ cos{d + B) |sin A sinB- cos A cos 8]
I + cos (4 + B) [~cos(4 +B)] = | ~ cos(4 + B) = sin’(4 + B) = RHS.

20. cotaxcotfi=2 = I PP - ot coap ‘%

" b
sineg sinff 1 sin a sin 3

By componendo and dividendo,

cosa@cosfl —sinasing 2-1 cos (& + f) i
BE = ﬁ - S
cosarcosf+sinasini 241 cos (@ — f) 3
2. tan=x+ L, tanf=x - 1 A1)
N 1 3 1 N 1 + tan tan 3
cot(a - f) = tani a2 — 5 - _tﬂﬂﬂ-lﬂﬂﬁ_ - tan - tanf
1 + tan¢r tan
 l+tx+ix-1 _,;i _
T xeD=te=0 2 [Using (1]
2cot{ax - B) = x°

23. Since « and f lie between 0 and /4, therefore, - md<a- f<amdand 0 < a+ f < 7
Consequently, cos (a — f) and sin (& + ) are positive.

; ; 16 3
Now, sin{a + f) = Jl—msz{a+m = sin{a + ) = 1_E =E
25
and cos(@ - f) = JI—sin’(@-B) = cos(@-f) = Jl-—= =12
169 13
sin (e — ) 3/5 3
-+ — - e ™
i cos{a-f) 4/5 4
= 5
and tan (& — ) = sin(@—-f) _ 5



25,

26.

27,

28.
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3. 35
— 4 —-
tan (@ + )+ 1an (@ - ) 4 12
tan 20t = { Pt la-p)y = N 3
= o an [(a + B) + (a - P | - tan (e + ) tan (& - /) I-§ 5
4 12
= lﬂﬂ!ﬁ!=&
33

tan(cx + &) = ntan{x - 6)

tan{az+#) n tan (@ + &) +tan{a—-6) n+l
1

- tan (e — 6) 17 tan (@ + @) ~tan (@ ~8) n-1
|Applving componendo and dividendo]
i sin{a+@)cos(a—7)+cos(a+0)sin(ax—§) _ n+l
sin{a+ cosiax— N —-cos{(ax+ Nsin(a-H n—1
o sinfla+@) +(a-6)] n+l sin2e¢_ n+1

snf(@+ & —(a-6] n-1  sin20 n-1
= (m+ 1)sin260 =(n — 1)sin 2e.

Here 8+ ¢ = @, sin @ = ksin ¢ A1)
= sin @ = ksin ¢ = ksin(ax — 6) [+ ¢=0a .. p=a- 8]
= k(sin & cos & — cos ¢« sin #) = ksin a cos @ — kcos & sin §

Dividing both sides by cos ¢,
tan @ = Kk sing — kcosa tan @ = (1 + k cos a) tan O = ksin

g k sin cx
1+ &k cosex
Again, sin 8 = k sin ¢ [ 8+¢=a, . 8=a- ¢]

sin (@ — @) = ksin ¢ = sin & cos ¢ — cos & sin ¢ = ksin ¢
Dividing both sides by cos ¢, we get
Sin @ — COS o tan ¢ = & tan ¢
Sin &

=5 (k+cosa)tan ¢ = sinex .-, ta.n¢=m
COSs

tan {x+ v)—tan (x — y)
1+tan (x + v)tan (x — ¥)

(i) tan 2x = tan [(x + ¥) + (x — y)] =

3.8
at1s 45+ 60 7
= = W =
3.8 60 60-24 36
4 15
) tan{x + v) — tan{x — ¥)
tan 2y = tan[(x + y) = (x = y)] = : :
() ton 2y &9 == = e ¥) tan(x = y)
3_8
__4 15 _45-32 L _60 13
L35 60  60+24 84
4 5

(500 (0] (500 m 5]
_ *m[?e]cm[?ﬁ) [ tan[%+ﬁ‘)=—cm g}

=~ = LH.S.
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29.

31.

3.

&

In any quadrilateral ABCD
A+B+C+D=2Mn
A+ B=2n~-(C+ D)
cos{d = B)y=cos[2n — (C + D)} = cos(C + I
cos 4 cos B~ sin 4 sin B = ¢cos C cos D) - sin Csin D
=5 cos A cos B~ cosC cos D = sin 4 sin B - sin C sin D,

cos(a — f) + cos(f -~ y) + cos{y- @) = -%

=» 2coscxcos B+ 2sinasinfi+ 2cosfeosy +2sinfisiny+ 2cosycosa+
2 sinysino = -3

= (2cosaxcosfi+ 2cosfeosy+ 2 cosycosa) + (2sinaxsinff+ 2sin fsiny +
2sinysina) + 3 =0

=  (2cosacosfl+ 2cosfleosy+ 2cosycosa) + (2sinasinfi+ 2 sin fsiny +
2 siny sin & + (cos*e + sin“c) + (cos’B + sin’f) + (cos’y + sin’p) = 0

= (cos’e cos’f + cos’y + 2 cosa cosf + 2cos B cosy + 2 cos yeos @) + (sinfer +
sin“f + sin’y + 2 sine sin 8+ 2 sin B siny + 2siny sina) = 0

= (cos + cos § + cos ¥y + (sina + sin B+ siny)’ =0

=5 cosa +cosfi+cosy=0and sina+sinfi+siny=10

Let the two parts be & and ¢. 8 > @ then
P+o=aand 8- 9=x 1)
tané k sin 6 Cos ¢ k

Alsp — =— 2 ——— = —
tan ¢ 1 Ccos #sin ¢ 1

By componendo and dividendo, we have

sinfcosg—cosbsing k-1 sin(@-¢) k-1

sinfcos@+cosfsing  k+1 = sin (& + ¢@) k+1

sinx k-1

or = -
sinex k+1 [Using (1)}
i k-1 i
maux 1 SN

Square and add.
sin (@ cos &) cos (7 sin &)
cos(mecosd) sin{msinf)

tan (7 cos &) = cot(msin B) =

sin (71 cos ) sin (7 sin @) = cos (7 sin &) cos (7 cos )
cos (7 cos &) cos (7 sin 6) — sin (7 cos &) sin (7 sin &) = 0

=
=
=5 cos{mcos B+ asin@) =0 = wecos B+ gsin@ =+ 772 { ms[ig)zﬂ]
—

1
cos & + 5iné=i§

4

1 1 1 1
) E 4 — = _— ok 0 e R, . . 3
5 o8 7 & 8=+ Wi [Multiplying both sides by TZ ]

s o 0 si m 1 (ﬁ" ﬂ'] 1
==. & g — i — — — — j: Fm——
cos A cos T sin 6 sin — 203 = 08 2 N5
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37. lety=1tan A4 tan B

AM. > GM. . tma;tMBz,jthth
=3 ﬁ“_IMAIMB]EJtanAtanB

2

[~.-tanm+ B) = tan g,.utan A+tan B =/3[1-tan Atan E]]

=5 (1 -3 > 4y = 3y2—lﬁv+3gﬂ=hy5% or y >3
= ygl [-.-ﬂ-::A-:E,ﬂ{H-:E .-.tanAtanB{fi]
3 3 3
Henece max. value of tan A tanﬂ=%
. 3
38. Given expression =Smsﬂ+3[%cusﬂ-TsmH + 3 =l?3cusﬂ——3;r_—sinﬂ+3
A1)
> 2
13V (33 169 + 27 196
But — | || =N =y =7
2 2 4 4
. I 3
Max. and min. values of 33 cusﬂ—%_— sin @ are 7 and -7,
Max. value of given expression = 7 + 3 = 10
in® y(1 - cos $3y(1 + si
39. Given expression = = }{_ Frcmy} ) {ljsmﬂ
SIN- ¥ COs“ v
= SNy —siny cosy + Cosy + SNy Cos y
n g
= siny + cosy = ﬁcus(;-}‘] or ﬁsin[;ir}‘]
m m£+mg=_£im£m2:£
2 2 a 2 2 a
n PO
LR=— e it ey
2 2 2 4
tan £ 4+ tan 2 i -2
ZF %=lan-;=l=h—=a=#b=f*a=ha+b-a
l—-tan—tan = sl
2 2 a

41. sin’y + cosy = 9 + 4 + 12 cos(3x — x) = cos 2x = —1

|
42. 1 + sin[f+ﬂ] + 2 ms(%-ﬂ) =1 + ﬁ (cos @ + sin 8) + /2 (cos 8 + sin H)

f

=1+ k;%—*#ﬁ] «{cos @ + sin )
I L. _x
—[+kuﬁ+~.‘rf)-ﬁﬂﬂ5[ﬁ 4]

Maximum value = 1 + [—-+ﬁ} J2 =4
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43, 2sing-cosB-siny=sin@-sinf-cosy + sinf-siny-cos &
Dividing by sina-sin B-siny. 2 cot f = cot y + cot .

| - tan” xEp a+p tan & +tan§
44, Use cos(a + ) = £ , tan = :
a+f 2 NI
1 + tan* — I - tan--tan

2 2 2

f 13 a p 15

axd fta— 4+ T ==, tm— o =—,
2 4 2 2 8
3

45. Given, cos(ff — y) + cos(y - a) + cos{a - fi) =

= 3+2cos{f-1+2cos(y—-a)+2cos{a- =0
= 3+ 2{cos f cosy+ sinf) siny) + 2{cos ¥ cos o + sin ¥ sin @)
+ Heosacosf + sinasinff) =0
= (cos’a + sinfa) + (cos’@ + sin’f) + (cos’y + sin’y) + 2(cos B cos y + sin f sin p)
+ dcosycosa + sinysina) + 2ecosaxcos B+ singsinf =0
= (cos’a + cos’f + cos’y + 2cos @ cos B+ 2cos Bcosy + 2cos ¥ cos o)
+ (sinfa + sin®f + sin®y + 2sinasinf + 2sinBsiny + 2siny sinc) = 0
= (cosa+cosf+ cosy’ + (sina+ sinf + siny’ =0
which is possible only when

cos@+cosfB+cosy=0and sina + sinf + siny = (.

TRANSFORMATION OF A PRODUCT INTO A SUM OR DIFFERENCE

To prove that:
(i) 2sin A cos B =sin(4 + B) +sin(4d — B);
(if) 2 cos A sin B =sin(4 + B) — sin(4 - B);
(i) 2 cos 4 cos B = cos(4 + B) + cos (4 — B);
(iv) 2 sin 4 sin B = cos(4 — B) —cos(4 + B).

Proof. (i) sin(A4 + B) + sin (4 — B) = (sin A cos B+ cos A sin B) + (sin 4 cos B — cos A sin B)
= 2 sin A cos B
5] 2sin 4 cos B=sin{4 +B)+sin(4-B)
(ii) sin (4 + B)—sin (4 B) = (sin A cos B + cos A sin B) — (sin 4 cos B — cos 4 sin B)
=2c¢cos 4sn B
2cos AsinB=sin{d + B)-sin{4d - B)
(iil) cos (4 + B) + cos {4 — B)=(cos 4 cos B - sin 4 sin B) + (cos 4 cos B+ sin 4 sin B)
=2cosAd cos B
Rt 2¢cos AcosB=cos(4+ B)+cos(4d - B)
(iv) cos (4 — B) ~ cos (4 + B) = (cos 4 cos B + sin 4 sin B) — (cos 4 cos B — sin A sin B)
=2 sin A sin B
2 sin A sin B = cos (4 — B) — cos (4 + B)

TRANSFORMATION OF A SUM OR DIFFERENCE INTO A PRODUCT

To prove that:
A . . U+ D C-D
(1) sin C + sin D = 2 sin 5 COS - :
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c+D . C-D

sin :

(i) sin C — sin D = 2 cos

2
C+D C-D
cos ;

(i) cos C + cos D = 2 ¢cos

2
C+D . D-C

(iv) cos C - cos D = 2 sin sin s
Proof. Let A + B=Cand A -B=D. 1)
Then by addition and subtraction,
C+D C-D
24 =C+Dand2B=C—-D or A= and B = —— (2)
Then
(1) sinC+sinD =sin(4 + B) +sin(4 - B) [From (1)]
= {sin A cos B + cos A sin B) + (sin 4 cos B — cos A sin B)
C+D C-D
=2 sin 4 cos B = 2 sin cos 5 [From (2)]
C+D C-D
sin C' + sin D = 2 sin COS 5
(i) sinC —sinD =sin(4 + B) —sin(4 - B) [From (1)]
= (sin A cos B + cos A sin B) — (sin 4 cos B — cos A sin B)
; C+D . C-D
=2c¢os 4sinB=2cos sin > [From (2)]
: : C+D C-D
sin C - sin D = 2 cos sin 5
() cosC + cos D =cos(A + B) + cos(4 - B) [From (1)]
= (cos A cos B — sin A4 sin B) + (cos 4 cos B + sin 4 sin B)
C+D C-D
= 2c¢cos 4 cos B =2 cos 5 cns(TJ [From (2}]
C+D - D
cos C + cos D = 2 cos cnscz
(iv) cosC - cos D = cos (4 + B) — cos (4 — B) [From (1)]

= (cos 4 cos B — sin 4 sin B) — (cos 4 cos B + sin A sin B)
= -2 sin A sin B = 2 sin A(-sin B)

=2 sin A sin (—B) [+ —sin & = sin (—8)]
C-D
= 2 sin Zad ., sin —(—] [From (2)]
2 2
- C+D . D-C
= 2 8in sin ———
2
cnsC—cusD=251n[C+D] sin (ﬂ)
2 2
cC+D . D-C

cos C - cos D= 2 sin §iIn ————

2
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‘- CAUTION
e The above formulae are popularly known as C D formulae.
¢ The ‘C D formulae’ are used only when both the terms on L.H.S. are sines or cosines.
e The result of the formula (iv) should be carefully noted. The last factor

LT =21 J:;:F‘:': P E R

. | F g ol r .
i - "= ) - . - B M- & I
‘ ’1-=" i e b Y . i TR
3 ; - —_ T " . : ‘.'_ - |

N

W =L B i, ; '
J -1.. ! - . -:' N :-.
& .I--I_- F ) b ' i g n in
4 E S L&

Example 1. Express the following as a sum or difference:

76

(1) 2 sin 6 cos 360; (i) 25in§ Cos -E—;
1e ]lo
(ii) 2 cos (e + P) cos (ax — P); (iv) cusIZE msﬁTE :

Solution: (i) 2 sin @ cos 30= sin (0 + 360) + sin (6 - 30)
[+ 2sin 4 cos B=sin(4 + B) + sin (4 — B)]
= sin 460 + sin (-26) = sin 46 — sin 26,

(ii]zsini—ﬂ cnsE = sin [E+EJ+sin [SE ?E]
2 2 2 2

e

2 2
[ 2sin A cos B=sin(A + B) + sin (4 — B)]
= sin 66 + sin (—6) = sin 660 — sin 6. [+ sin (—6) = —sin 6].
(iii) 2 cos (ax + B) cos (ax — B) = cos [(a + B) + (ax — B)] + cos [(a + B) — (& - B)]
[** 2cos A cos B =cos(4 + B) + cos (4 — B)]
= cos 2ax + cos 2[0.

] I 1 | B B
= "y ol e o i
(w}mszzz COs Tz > [2:05222 EDEETZ ]

B T X -
=3 lcm(ﬂz +I["ﬁ'2 }+CDE[222 672 }]
[ 2 cos A cos B=cos(4+ B)+ cos (4 - B)]

- %[ms 90° + cos (—45°)] = % [cos 90° + cos 45°]

[ cos(—6) = cos 6]

1 I 1 1

— = g =ﬂ 4 g
2[n+ﬁ:| = [ cos 90° =0, cos 5-\5]

Example 2. Express the following in the form of a product:
(i) sin 146 + sin 20 ; (i) cos 10° — cos 50°

+B] .[ﬂ—ﬁ]
-2 ]| — ]
2
140+28 146-28
COSs 5

(iil) cos (6 + ¢) + cos (80— ¢) (iv) sin [ 2

Solution: (1) sin 146 + sin 26 = 2 sin

C+ D C-D
['.'sinC+sinD=25in : ]

cos
2

= 2 sin 86 cos 60
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(ii) cos 10° — cos 50°

10°+50° . 50°-10° i
=2 sin —— sIn ['+'cusﬂ~msﬂ=25inc+ﬂsinﬂ &
2 2
. : | + e
=2sin 30°sin 20°=2- 5 sin 20° = sin 20°, [ sin 30 =E
O+@)+O@—-¢) (0+¢)—(0-9)
(iii) cos (8 + ¢) + cos (6 — @) =2cus{ mz{ 9 COs 0 5 ¢
=2 cos 0 cos ¢.
6 a+ﬂ+a-ﬂ a+p a-p
sy . e | S et "
(1v) sin > —sm.ﬁzﬂ =2 cos . > - sin 2 > g =2c0535m5.
Example 3. Prove that: cos 20° cos 40° cos 60° cos 80° = 16
Solution: L.H.S. = cos 20° cos 40° cos 60° cos 80°
1 N _1
= Ecﬂs 20° cos 40° cos 80° - ‘:ﬂﬁﬁﬂn-i
= %(2 cos 20° cos 40°) cos 80°
= %[cus (20° + 40°) + cos (20° — 40°)] cos 80°.
[+ 2 cos A4 cosB=cos(4A+ B)+ cos(4— B)]
1
= Y (cos 60° + cos 20°) cos 80° [+ cos (-20°) = cos 20°]
1 (1 1
= — | —cos 80° + cos 20° cos 80° "+ cos60° =—
4\2 2

% (cos 80° + 2 cos 20° cos 80°)

% [cos 80° + cos (20° + 80°) + cos (20° — 80°)]
[** 2cos A cos B = cos (4 + B) + cos (4 — B)]

1 1
= E[cus 80° + cos 100° + cos (—60°)] = 3 [ms 80° — cos 80° + %:I
-11_1 _Rus

82 16

[ cos 100° = cos (180° — 80°) = —cos 80° and cos (—=60°) = cos 60° = %]

Example 4. Prove that 4 sin 0 sin [E+~;£)5in(ﬂ+ 2—:) = sin 36.



3.72 MATHEMATICS XI

Solution: 4 sin ﬂsm[ J [3+2?HJ =2shﬁ-25in[ﬂ+%)sin[ﬂ+g)

= 2sin f{cu{ H+— - H-—)— r:ns[ 6+ EBE+ H+§)]

= 2sin Bl:cus-i - cos( T+ 2&}] = Zsinﬂ[% - [-mslﬂ]]
= sin@ + 2co0s28 sin O = sin@ + sin(20 + 6) — sin(20 - 6)
= sinf + sin30 - sin® = sin30.
Example 5. Prove that:
cos*A + cos’B — 2cos A cos B cos (4 + B) = sin*(4 + B).

Solution: L.H.S. = cos*4 + cos*B — 2 cos A cos B cos (4 + B)
= cos°A + cos°B — [cos (4 + B) + cos (4 — B)] cos (4 + B)
[** 2cos A cos B=cos(A4 + B)+ cos (4 — B)]
= cos°4 + cos’B — cos*(4 + B) — cos(4 — B) cos (A + B)
= cos’A + cos°B — r.:nsz(d + B) — (mszd - sinzﬂ}
[ cos (4 + B) cos (4 — B) = cos’A — sin®B]
= (sin’B + cos’B) — cos*(4 + B) = | — cos*(4 + B)
[~ sin’B + cos’B = 1]
Prove: = sin*(4 + B) = R.H.S.
.4 O I WV 1

Example6. 2cos — cos — + cos — +cos — =0
13 13 13 13

Solution: 2cos E.mqg’ﬁ.‘.m 3_”+¢.;.55_""
13 13 13 13

£ _9x) T 9« 3 5m
= +— |+cos| ———| + cos — +cos —
o [13 13 (13 13) 1313

107 ( 87 10r 8x
= o -—— o x—-—
cos 3 +Eﬂﬂk 13]+ms[ 13) WE[ 13]

107 8T 107 8
= 08 — +C08 — —Ccos—— —cos— =10
13 13 13 13

Example 7. Prove that

cos Eﬂcﬂsg — ¢0s 36 cos ? = sin 58 sin ETH

96 9
Solution: cos Zﬂcnsg — COS Schs? = %(2::052&.:{:5%-2:{)539@5;]

A8 o 08 or%)oeo o)

[ 58 36 156 (3&]}
€08 — + €08 — — CO8 — — CO8 | ——

1
20 2 2 2 2

Il
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1I[ 56 36 156 36
- E_cm?+m5?—m57—cns? [+ cos (—A) = cos A]
56+153 156 56
1 56 156 -
=a—_cus—1‘——ms-?] =lx25in Z > 2 sin—= > 2 =ss.inSn‘l%':-:.ir.n~52—H

Example 8. Prove that: sin 10° sin 50° sin 70° = 2

Solution: LH.S.

|
= sin 107 sin 50° sin 70° = Esin 10°(2 sin 70° sin 50%)
1
E sin 10°[cos (70° — 50°) — cos (70° + 50°)]
[+ 2sinA sin B = cos (4 — B) — cos (4 + B)]

1 1 1
-Esin 10°(cos 20° — cos 120°) = Esin ]U“{mw+EJ

[ cos 120° = cos (180° — 60°) = — cos 60° = -E]

b 1 . | 1 .
_ o = R o ——— o i T L=
2:im 10° cos 20 451n 10 4{25m 10° cos 20°) 4mn 10

i 1
I[sin(Iﬂ°+2{]°)+5in(]ﬂ—2{]°)] + Esin 10°

% [sin 30° + sin (—10°)] + %sin 10

Example 9. Prove that:

Solution: L.H.S.

1{(1 1 . ) .
= —|—-sin10° | + —sin 10° . sin (—f) = —sin O
(1 ier) + (s~ s ]
1 1 1 1
= E—Isin 10° + Isin 10° = 3 = R.H.S.
tan 20° tan 40° tan 80° = tan 60°
sin 20° sin 40° sin 80°
=tan 20° tan 40° tan 80° =
cos 20° cos 40° cos 80°
(2 sin 20° sin 40°) sin 80° " (cos 20° — cos 607) sin 80°
(2 cos 20° cos 40°) cos BO®  (cos 60° + cos 20°) cos 80°

sin 80° cos 20° - (1/2) sin 80° _ 2 sin 80° cos 20° - sin 80°
(1/2) cos 80° + cos 80° cos 20° cos 80° + 2cos 80° cos 20°

sin 100° + sin 60° = sin 80°
cos 80° + cos 100° + cos 60°

sin ( 180° — 80°) + sin 60° — sin 80°
cos 80° + cos (180° — 80°) + cos 60°

sin 80° + sin 60° — sin 80° _ sin 60°

cos 80° — cos 80° + cos 60° cos 60°

= tan 60° = RHS.
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Example 10. Prove that: 4 sin 4 sin (60° — 4) sin (60° + 4) = sin 34.
3

Hence deduce that: sin 20° sin 40° sin 60° sin 80° = 16

Solution: 4 sin A sin (60° — A) sin (60° + 4) = 2 sin A[2 sin (60° — A) sin (60° + A)]
= 2 sin A[cos {(60° — A4) — (60° + A)} — cos {(60° — A) + (60° + A)}]
[ 2sin A sin B = cos (4 — B) — cos (4 + B)]
= 2 sin A[cos (-24) — cos 1207]
=2 sin A cos 24 — 2 sin A cos 120° [ cos (-24) = cos 24]

= [sin (4 + 24) + sin (4 — 24)] — 2sin A[-%J

['.'Zsin Acos B=sin(A+ B) +sin (A - B) and cos 12ﬂ°=%:|

= sin 34 + sin (—=A4) + sin A4

=sin 34 —sin A + sin A [ sin (—=4) = —sin A]
= sin 34
or 4 sin A sin (60° — 4) sin (60° + 4) = sin 34 (1)
Putting A4 = 20°, we get
4 sin 20° sin 40° sin 80° = sin 60° = %
or sin 20° sin 40° sin 80° = E or sin 20° sin 4ﬂ°£5in 80° = E % E
8 2 8 2
[Multiplying both sides by ?]
or sin 20° sin 40° sin 60° sin 80° = 3 ﬁ = sin 60°
16 2
Example 11. Prove that
i sin 7A —sin 5A by i) cf}sA—cufﬂA o
cos 7A + cos 5A sin 3A-sin A
. SmA+sin2A A
(m) = cot —.
cos A—cos2A 2
TJA+5A) . (TA-5A
] , 2 cos .sin
Soluti LIS, = sin TA—sin5A L 2
o () Ldls. = cos 7A +cos SA (TA+5A) "'TA-SAJ
2 COos .CO8| ———
2 L. 2
2¢cos6Asin A sin A
= 2cos6Acos A =tan 4 =R.HS.

cos A



. (A+3A) . (3A-A
A -cos 3A 2310 2 Lo
cos A -
(i.i] LHS. = . - = :"1 -
sin 3A —sin A 2m5[3—+—A sin{%‘j——d]
2 ¥,
sin2Asin A §in2A B
" cos2ASiN A cos 2A = tan 24 = R.H.S.
. (A+2A (2A-A)
Gidsdaid T Y% o
il - = \ J
B R * [.ﬂ.+ ] —t
2sin| —— | sin
2 i 2 )
«t:vmaﬁ
A
= £ =got — = RLH.5.
. A 2
sin —
Example 12. Prove that
sin(@+f)-2sina +sin(a-f)
= tan o

cos(a+ f)— 2 cosa+ cos(a - )

_sin A +sin 2A + sin 4A + sin 5A
(i) = tan 3A4:
cos A+ cos 24 + cos 4A + cos 5A

__ cosf - cos 268 + cos 36
() sin @ — sin 26 + sin 364

= cot 20

sinl 18 sin @ + sin 78 sin 36

() cosl 18 sin @ + cos 7 sin 3¢ = tan 80,

sin (& +f) -2 sina + sin(a =)

Solution: (i) cos(a+ f) - 2 cosa + cos(a— f)

[sin (@ + ) + sin (& — §)] - 2 sin & _ 2sinacosf-2sina
[cos (@ + f) +cos (@—Pl-2cos@  2cosacosf-2cosa

2sin @ (cos f-1)  sina
2cos @ (cos f-1) cosa

= tan

sin A + sin 24 + sin 4A + sin 5A _ (sin SA +sinA) + (sin 4A +sin 2A)
cos A + cos 2A + cos 4A + cos 5A (cos 5A + cos A) + (cos 4A + cos 2A)

(i1)
2sin3A cos2A +2sin3Acos A 2sin 3A (cos2A +cos A

2cos 3Acos 24 +2cos3Acos A 2cos 3A (cos 2A +cos A

sin 3A
cos3A

= tan 34
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cosf@—cos28+cos3f . (cos3f@+cosf) —cos2f
sin #-sin26+sin 36 (sin36+sin#)—sin26

5 if+o 3-8
CDS—Z—EHS

(111)

—-cos28

—
—

ig+80 3p-0
cOSs

2s5in —sin26

~ 2cos2fcosf—cos28  cos2@(2cosf- 1)

 2sin26cosf-sin26 sin2&2cosf-1)

~ cos2f
= Sin2d cot 26
_ sinll@sin@ +sin7@sin36 -
(V) Cos118sm B+ cosOsin30 (Multiplying the num. and denom. by 2)
2sin1 16 sin@ + 2sin 76 sin 36
= 2cos116 sin@+ 2cos 76 sin 38

(cos 1068 — cos 128) + (cos 468 —cos 108)  cos 46 — cos 128
" (sin 120 —sin 108) + (sin 100 —sin 40) ~ sin 126 —sin 46
2sin8fsin46  singe
T 2cos80sindf  cos8O

in 38° — 68°
Example 13. Prove that i c{_}s = /3 tan 8°
cos 68° + sin 38°

sin 38° — cos 68° sin (90° —52°) —cos 68°  co0s 52° — cos 68°

cos 68° + sin 38° cos 68° + sin (90° — 52°) cos 68° + cos 52°

. (52°+68°) . (68°-52°)
2 sin sin _ ;
\ 2 3 \ 2 ' sin 60° sin 8°

tan 86

Solution:

[ 68° +52°) 68 52 cos 60° cos 8°
2 cos CcOS
L. & \ 2 ]

= tan 60° tan 8° = /3 tan 8° = R.H.S.

g 2
Example 14. Prove that cos 6 + cos (-';rﬂ]+cns[:-;~+ﬂ] =0

Solution: cos 0 + I:cns[z—:d—ﬂJ+ COS (—235 + H]]

2N 2n 2n 2n

——f+—+0 —=f-—-8
= cos O + 2 cos — 3 cos—> 3
2 2
= cos 0+ 2 cos ? cos (—0) [ cnsgf =cosl20°= -%—;cus{-&j = cnsﬂ]

=cnsﬂ+2[-%] cosf=cos@—-cos=0



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



TRIGONOMETRIC FUNCTIONS 3.79

3.  Prove that:
(1) 2cos 28 cos{d — B)=cos(4d + B) + cos (4 - 3B),

(i) 2 sin (260 + @) cos (0 — 2¢) = sin (30 — @) + sin (0 + 3¢);

(i) cos (607 + @) sin (60° — q) = i(,ﬁ — 2 sin 2a);

i / : 1
(iv) 4 cos 8 cos g— H]ms Eﬂ+ H) = ¢os 30 (v) sin (453° + A) sin (45° - 4) = Emsl-!;
\, \

) y
{vi) sec[E+H sa:[E—H = 2 sec 20,
4 ¥, 4 Fi

N i . . X 3x
(vil) sin 3x + sin 2y - sinx = 4 sin x cos ?cnsE.

4. Prove that:
(1) cos(4 + B) + sin{4 — B) = 2sin (45° + A4) cos(45° + B),

|
T 0l - L e
(i) cos 15 sin 15 \E .
E [
sin 2A — sin 60° °

(iv) tan (45° + @) + tan (45° - @) = 2 sec 28 ;
(v) tan {45° + &) — tan (45° — @) = 2tan 28 ;

(iii) tan (4 + 30°) + cot {4 —~ 30°) =

_ 2 2
(vi) cos @ + cos ?-5‘ + coS TH? = ()

2w 4
(vii) sin @ + sin (E+T) + sin [ﬂ+ *"?;‘] = ()

2 4
(viii) cos @ + ms[-f + -5'] + cos [Tﬂ + 5'] = {;
(ix) (sin 34 + sin A)sinAd + (cos 34 — cos A} cosA = 0;
(x) cos (4 + B) + sin{4 — B) = 25 sin [-f+ A]ms(f+ B]:

(xi) sin 2x + 2 sin 4x + sin 6x = 4 cosx sin dx:

{xii) cot 4x (sin 5x + sin 3x) = cot x (s 5x — sin Jx).

8. Prove that;
(1) sin 10° sin 307 sin 50° sin 70° = -1%; (1i) cos 20° cos 40° cos 80° = i}:
3 3
(iii) sin 20° sin 40° sin 80° = £; (iv) cos 10° cos 50° cos 70° = %;
1
v) tan 20° tan 30° tan 40° tan 8§0° = —.
(v) 7
6. Prove that:
sin A + sin B tan[A+H] @ cos2 B - cos2 A S 8
1 - 3 = —_ .
cos A+ cos B 2 sin2B +sin2A
cos A —cos3A sin 7A +sin3A
(i11) = tan 24; (iv) = tan 54,

sin3A —-sin A cos TA +cos3A
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11. (i) Using sinA sinB = %[cns (4 — B) — cos (4 + B)] on the two expressions on the left side,

we gel

LHS. = = [cos(B+ C+ B~ ()~ cos (B + C — (B ~ )]

_% [cos(C+ A+ C—-A)-cos(C + 4 - (C - D)

-1 ) -2
s [eos 28 — cos 2C + ¢os 20 — cos 24] = =1 [cos 2B — cos 24|

i

-1 . [(2B+2AY) (2A-2HR ; ;
=T 26N}~ SN} = =—sin (4 + B) sin (4 - B)=R.H.S.

e g ez g : .
(1) Using sin 4 sin ff = pas [cos (4 — B) — cos (4 + B)] on each expression on the left side, we get

-

LH&=%MHH—D—m*Fn-mﬂJ+D+B—ﬂ+ﬂm3—D‘W—AH
-cos(B-D+C-A)y+cos(C-D~(A-B))—cos(C-D+ A4 - B)
= %[ms[,-l +C-B-M—-—cos{A+B-C-D)y+cos(A+88-C—-D)
—cos(B+C-A-DN+cos(B+C—-4-D)-cos{d4d +C -8B - D)
I
= E{ﬂ} = ) = RHS.
A+C
14. ' 4, B, Carein AP .. 5 =B 1)
& A+C |, A=-C A+C
< sinA—sinC <O, ST cosTE
i cosC—cosA .. A+C . A-C . A+C
2sin-—_—— sin gin———
A+ C A+C
= col ] = col B [ me[l];=ﬂj|
. 2 2
15, LHS. = cos A+ cos B "+' smA+sn B -
oo sin A —sin B (cos A - cos B)
I A+B A-B|" [.. A+B _A-BT"
2 CO8 ————— Q0§ ———— 281N ——— « CO8 ———
A+B . A-B . A+8B . A-B8B
4008 —— Bl ——— =2 81l ——— * Bi) ———
i 2 2 ] L 2 2 |
( A—HT [ A-BY
= | cot +| =cot——
y: Z
A-BY A-B
When » is odd, [—mtT—] = —cof” . therefore,
A-FB A-HB
LL.LH.S. = cot” - cot” = () = RH.S.

2
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Solution: (i) L.H.S. = sin A4 sin (60° — A) sin (60° + 4)

1
= - sin 4 [2 sin (60° - 4) sin (60° + A)]

%sin A [cos (-24) — cos 120°] = -;"sin A[cnsZH -[—%)]

1 . L ;.
EsmA[m52A+%) E Zsm A(2cos 24 + 1)

I : . 2 1 . . 3
=IsmA[E(]—ZsmA}+I]=Ism.d{‘j-#smﬁ!)

1 : . L. L. .
= 1{3 sin A — 4 sin’4) = E(Sln 34) = . 34

(i) LHS. = sin®8 + sin%(60° + @) + sin®(60° — @)

(1ii) L.H.S.

—
—

l-cos26 " 1 —cos(120° + 26) » 1 -cos(120° = 26)

2 2 2
3 1
573 [cos 28 + cos (120° + 28) + cos (120° - 28)]
3 1 120°+264120° - 26 120°+26-120°+26
=== | cos2f+2cos XCOS
2 2 2 2
C+D C-D

%‘% (cos28+ 2c0s120° cos26) [ cos C+cos D=2cos Cos ]
3.1 c0523+2(—l)cn523
2 2 2

[ cos 12{}“=cns(lﬂﬂ°—ﬁﬂ°}=—cﬂsﬁﬂ"=-%]
3 1 3
>3 (cos 28 —cos 28) = 5 = R.H.S.

cos ax + cusziﬂr + 120°) + cnsz(ﬂf— 120°)

l+cos2a G 1+ cos(2a+ 240°) i 1+ cos(2a— 2407)
2 2 2

3 1
—+—[cos 2a + cos (2a + 240°) + cos (2a - 2407)]

2 2
| 2a4+240°+2a-240° 2+ 240° -2 a+ 240°
_+E cos2a+2¢cos > X CO8 5

1
+— (cos 2a+ 2 cos 2a cos 2407)

7

| |
++{c052 X+ 2cos2 c:{-—II

2 2

1
[ cos 240° = cos (180° + 60°) = cos 60° = _E]
3 1 3
— . P,
>3 (cos 2ar — cos 20) > R.H.S.
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+”lﬂﬂ_ if{{' E{_.{{E
(11) tanx =340 x .1::4 7 g

Le., % lies in the first quadrant, so that all s-ratios of % are positive.

1 1 1 9
2 T = - - —_— —
Also COS°X iy T~ 3 1+1ﬁ %

and cos x is negative in the second quadrant.

3
= cusx—*g
x  [l-cosx _ Jl-{-&h‘i} i 2
My"N 2 V¥ 2 V3T E
x  (l+cosx _ 1-3/5 ~ 1
P2V 2 N2 i
x sinx/2 215
i — = = =2
2 cosx/2 U5

3 4 a-
Example 21. [fcos @ = > and cos f§ = E,ﬁndrhe value of cos T a and [ being

positive acute angles.
Solution: We have

-_—

2 cos’ g - 1 +cos(ax- f) [+ cos 8=2cos’82 — 1]
a —_
or 2 cos® 2ﬂ=1+¢nsacnsﬂ+sin:rsinﬂ (i)
3 . 3 ’ 9 ’lﬁ 4
= = - — 1 —— —
Now, cos & 5 sin & J 1-cos 35 25 S
4 : 3 ’ 16 ’ 9 3
- == I.l - —_— - :I-__'_ = P — —
and cos r sin 4 J 1-cos“f s Y

Substituting these values in (1), we get

B 3 4 43 12 12 24 49
- =24 = —p—m B[+ — +—=]% =
oo S st e s T VT s Ty T LN ™ s
or EDSE ﬂ_ﬂ = 9 = COS ﬂ_ﬁ = 7 = L
2 50 2 J50 542

Example 22. If a and B be two distinct angles satisfving the equation a cos ¢ + b sin
@ = ¢, prove that

; a* -b* i 2ab
(l}f:ﬂs{ﬂ+,ﬁ‘}=az+bz: (tl}sm(ﬂ‘+ﬂ=ﬂzjb1;
Gi) tan (@ + )= —

1 L]
a’ - b?
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3.104 MATHEMATICS XI

Solution: L. H.S.=cos 36° cos 72° cos 108° cos 144°
= cos 36° cos (90° — 18°) cos (90° + 18°) cos 144°
=cos 36° sin 18°(—sin 18°) (—cos 36°)

2 2
= sin?18° cos?36° = [E] ("‘EJ’ l]

4 4
2 2
5-1 1Y 1
=|—]| =|=| == =RHS.
( 16 ) (4, 16

3 A\
+ Example 27. Prove that (l + cnsg [l - cnsi;) (1 - cusE 1+ :usTT:!) =
J I\

/

1
3"
5 (1 o) 1o m- ) |1 oo -5
l+cos— || 1+ cos— ||]1+cos 71— — 1+cos m——
\ 8 8 8 /. 8

(
1+ msﬂ) [1 + cusEJ(I - cus3—n] [l - cusf)
\ 8 8 8 B

]

Solution: L.H.S.

( W4
= [1-cos?Z 1—EUEEE]=[1—C051£) l—cusz(wa)
\ E.J \ 8 3 z 3
¢ \
= l-lu:‘t:ssEE l—sinIEJ '.‘cns(f— )=sinﬂ
\ 8\ 8 2
_ rl_2+ﬁ][l_2—-‘5]
g 4 4
[:'.'cns%=sin EZ%Q =—"2?E and sin-';{=sin 22; =—-—'|2?Ej|

(2-J§)[2+J§]= (2)2-(J2)? _4-2 _ 2

1
4 4 16 16 16 8

Example 28. Prove that

(i) cos Ecns zncusdﬂms?ﬂ e
15 15 15 15 16

n 2n In 4n 5% 6%; Tn 1
(ii) cos — cos —— €08 —— COS — COS — COS— COS — = ——
15 15 1D 15 15 1 1

i '4£+sin"’E+ "‘5—ﬂ+s' L
)0 T e O Sl 8

|

Solution: (i) Let

n 2N 4 in
X = ¢p§ —+CO§ —+CO§ —-CO8§ —

15 15 15
Multiplying both sides by sin %, we get
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3.108 MATHEMATICS XI

17. Prove that:

{1) sin 207 sin 40° sin 60° sin 80" = sin Es‘m 29 sin— sin = :
(i} cos 20° cos 40° cos 60° cos 80° = %;

(t1) tan 20 tan 407 tan 607 tan 80° = 3.

18. Show that:
{1) tan6® tan42° tan66° an78° = 1., (i1} tan9® tan27” tan63° tang1® = |1,
19. Prove that: cos64 = 32 cosd — 48 cos'd + 18 cos’4 — |

20. Find sine, cosine and tangent of % if 0 2x<2xin the following problems:
(i) sinx = —%. x in Quadrant IV,

|
(ii) tanx = e x is in Quadrant I11.

LEVEL OF DIFFICULTY B

l=cos B

21. Iftan 4 = ., Tind whether tan24 = tan B or obt.

sin B

22. Prove that 2sin@ cos 8 — 2 sin’@ cos 6 = % sin6.

23. If tan A = % tan B = % find the value of tan (24 + B).
24. Prove that (i) sin A sin (607 — A) sin (60° + A) = %sin 34,

(i1} cosAd cos (60" — 4)cos (607 + 4) = %ms 34;

28, If Ik = 3 oo o that tan (ar = ) =20
S5-cos2f
26. Prove that ‘I - V3 = 4,
sin 10°  cos 107

27. Ifsec(¢+ ) + sec{® — ) = 2 sec ¢ show that cos ¢ = % () Eﬂﬂ%.

28. Prove that sec (f + H] Sec ('f - H] = Dsgec2@

29. In a triangle ABC, if sin 24 = sin 2B + sin 2C, prove that either B = 90° or C = 90°,
30. Prove that:
1

(1) cos 6° cos 42° cos 66" cos 78° = ﬁ;{ii] sin 12° sin 48° sin 54° = E
31. Prove that
(i) sin?72° — sin®60° = %{JE ~1); (ii) cos® 487 — sin® 12° = %{JE +1).

32, Prove that; cos 12° 4+ cos 607 + cos 847 = cos 247 + cos 48°
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3.122 MATHEMATICS XI

When sin

5 =nm, or O=2nm+ (2)

From (1) and (2), we have
8=2nm+ o, where n=20, =1, £2, ....

General solution of equation tan ¢ = tan «a:

sin & sin &

Given tan & = tan =
cos @ cosa
or, sinf@cosax-cosBsinx=0 or sin(@—a =0
8—a=nn O=nm+ o where n =0, £1, £2, ....

General solution of equations

(i) sin“@ = sin"« ; (ii) cos®8 = cos’ar; (iii) tan’@ = tan®cx:
l-cos280 1-cos2a
(1) Here sin“@ = sin“a = 5 s 5
= 1 -cos20 =1 - cos 2a¢ = cos 20 = cos 2ax

20 =2nn + 2
Hence 6 = nm + «, where #n is any integer.
I+cos260  1+cos2a

2 2
= | +cos280= 1+ cos2ax = cos 20 = cos 2

(i) Here cos“@ = cos®

x =

20 = 2nm = 2
Hence @ = am <+ (r, where n 1s any integer.
(iii) Here tan°0 = tan°ax = tan @ = +tan & => tan 0 = tan (+@)

Hence 6 = nm + «, where »n is any integer
2

Thus, sin“@ = sin‘«
cos’@ = cos’t = O =nm+ q wherene Z
tan’@ = tan‘ex
Solution of an equation of form acos 8 + b sinf = ¢
The given equation is acos 8 + bsin 8 = ¢ (1)
Divide throughout by 1{4:11 +b? ,ie, by \j{cﬂeff. of cos §)° + (coeff, of sin@)*, we get

cosf+

a b 3
g =
.,/a? + b2 1/:;2 + 5?2 . ,}al + b2 &

Let « be the least +ve angle such that

a b .
= ¢os ¢ and = §in &

Therefore, Eq. (2) becomes

cos ¢f cos @ + sin ¢ sin 8 = 5 =
a<+b
i

= cos(f - @) = cos B (say), where cos f = ==

al+b?
-a=2nn+t f=0=2nnt [+ & where n € Z
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3.130 MATHEMATICS Xl

(vii) 4cos 83 sec 0= tan 0= 408 0~ — _ sind
cosf cosé

= 4 cos’0 - 3 = sin @ = 4(1 — sin’6) — 3 =sin O

-1+J17
8

= 45in’0+sin@—1=0= sinf =
-1£V17| |
8 |
There exist angles o and B such that

Now,

and sin o = , sin B

Now, sin @ = 3 = sin &

= 0=nn+(1Ya=nn+ (1) sm-'['”gm)
= =3 Jﬁ

8

Also sin 6 = sin f

-1+—JT'?]

= ﬂ=nn+(—|)"ﬁ=nn+{-1}"sin-*[ -

~1+Jﬁ]
8

Hence 6= nm+ (~1)"sin! (

, Wherene Z

or nm+ (~1)"sin™ [ - —;’ﬁ)

Example 7. Solve the following equations:
() tan26tan 6 = 1; (i) tan x + tan2x + tanx tan 2x = 1;
(iii) tan 6 + tan 46 + tan 76 = tan 6 tan 46 tan 76 ;
(iv) tan x + tan 2x + tan 3x = tan x tan 2x tan 3x;

(v) tan @ + tan 20 + /3 tan O tan 26 = 3.

in20 sind
Solution: (i) tan 20 tan =1 = ——— ——— = | = sin 26 sin & = cos 20 cos @
cos2@ cosé

= cos20cos @ —sin20sinf=0=cos (260 + @) =0

=scos 360=0=cos g =&3-ﬂ'“—'ﬂﬂ'+g =}H=E§E +g’" e Z
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3.134 MATHEMATICS XI
(v) The given equation is
tan(i"-w) +m(£-&] =4
4 4

l+tan® 1-tané 1+ tané?* + (1 -t 2
an an =4={ nd)” +(1-tand)” _

= + -4
l-tan@ 1+ tanf (1-tan&@) (1 + tan &)
2+2tan’ 6

= — =4 =2+2tan’0=4 - 4tan’0
1-tan- &

2
= 6tan’f =2 = tan’f = % =(i) - 1,

V3 6

= 0= nm+ w6, where n is any integer.

in2
(vi) sin 2x = 3 tanx cos 2x = s = 3tanx = tan 2x = 3 tan x
cos2x
2tanx >
TR = Jtanx=> 2tan x = 3 tan x(1 - tan“x)

=tanx{(2 -3 +3tan’x) =0 = tanx (3 tan’x = 1) = 0
Either tanx = 0 or 3tanx — 1 = 0
When tanx =0 = x = nw

When 3tan’x — 1 = 0 = tan’x

i
|
J
s
"
i
al-
i )
.

i
=

X=nn=x

'H L] #
Hence x = nmor nm = L where »n is any integer +ve or —ve.

(vii) 4 sin x sin 2x sin 4x = sin 3x
= 4 sin x sin {3x —x) sin (3x +x) = sin 3x
=> 4 sin x (sin®3x — sin®x) = 3 sinx — 4 sin’x
= 4 sin x sin*3x — 4 sin’x = 3 sinx — 4 sin’x = 4 sinx sin®3x = 3 sinx
= sinx(4sin®3x —3) =0 =>sinx=0 or 4sin®3x-3=0

3
= sinx=0 or sinzj:r:;
Now, sinx=0=x=nmne Z
2
3 3
And, sin®3x = ey = sin’3x = [%) =5 sin“3x = iiHIE
=‘a31=m?rig,mez=ax=m—ﬂj:g

mua N
Hence X=nw or I=Tia,where m, ne Z
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3.138 MATHEMATICS XI

EXERCISE 3.7

LEVEL OF DIFFICULTY A

1. Find the general solution of the following equations:

(1) sin 78 = 0; (i) cos 60 = 0; (iii) tan 58 = 0;
C 1 1 1
Q= —- e y ey
{iv) sin 5 (¥v) cos 28 Jf : {vi) cos 50 -JE i
(vil) tan 38 = —1; (viii) sec 28 = -2; (ix) cosec 48 = ri;
3
(x) cosec26=2: {xi) cot2@ = J3.
2. Find the general solution of the following equations:
(i) sin 48 = sin 8: (i) cos mB = cos nf; (iii) cos 3@ = sin 28;
(iv) tan 30 = cot O; (v) tan 28 = cot 58; (vi) cos mB = sin nf;
(vii) cos mx +cos mx=10; (viii) tan 20 = tan % (ix) tan m@ + cot nf = 0;
(x) sin 368+ cos 28=10.  (xi) cos 4x = cos 2x; (xii) sin 2x + cosx =0
3. Find the general solution of each of the following equations :
(1) cos 8 + cos 78 = cos 48 (ii) sin & + sin3@ = sin 786;
(iii) cos 8 — cos 26 = sin 36; (iv) sin 4x — sin 2x = cos 3x;
(v) sin x + sin 3x + sin 5x = (; {vi) sin 2x — 2 sin3x + sin 4x = 0

(vil) cos @ + cos 30 + cos 58 + cos T8 =0  (viil) cos 3x + cosx — cos 2x = 0.

4. Find the general solution of each of the following equations:

{i) sin @+ cos 8= 2 ; (ii) Y3 cos @+ sin@ = J2:
(iii) tan @ + sec 6 = 43 : (iv) cosec 8 — cot 8 = 4/3;
(v) ¥3cos 6+ sin@ = 2; (vi) 2 sec @+ tan 6 = 1.
8. Find the general solution of each of the following equations;
(i) 3tan’6 = 1; (ii) 4 sin’6 = 1; (iii) sec?d = 4/3;
(iv) tan’28 = cot’cx (v} tan’6 + cot’d = 2: (vi) 4cot26 = 3 cosec?d:
(vii) 3 (sec’® + tan’f) = §; (viii) 7sin®x + 3 cos’x = 4;
(ix) cosec’26 = 4 cosec 26, (x) sec?® + cosecd = 4.
6. Find the general solution of each of the following equations:
(i) 2sin’x + J3cosx + 1 = 0; (i) 4 cos’@ - 4sin@=1;
(iii) 4 sin°6 - Bcos @+ 1 = 0 (iv) sec’2@ = | — tan 26;

(v) 3 cos®0 — 2J3sin B cos @ — 3 sin®0@ = 0: (vi) 2(cos &+ sec B) = §:
(vii) 2 cos’x + 3 sinx = 0.

7. Solve the simultancous equations for general values of x and y:

V3

(i) cos(x + 2y) = % cos(2x + y) = g

(i) tan(x — ¥y} = 1, sec(x + y) = i

V3

8. Find the general solution of the equation sec 8 — cosec 8 =

4

4
3’
x + cos'x = 1.

9. Find the general solution of the equation 4 sin
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3.142 MATHEMATICS XI

6. (i) x=2nm + %, ne Z (i) @ = nm + {—1]”%. ne z
Gi) 0=2nn+ L ne 2 ) 0="2nez oo 222 mez
3 2 2 8
{v}ﬂ=n:-'r—£ or 8=mnm+ E,m,nE L
3 6
{vi}ﬂ=znn§,ne z '
(vii) I=M+(—ll"%.ne 7
: 2n m_~n 2n 2n_nm
T. (lx=2m-n)— £ —F—,y=(2n—-m + ., mne 2
(1} ( )3 gxgy( 13 9;13
= T R oA non N
mx=2m+n—t—+—, v=2m-n) —t—-—_m ne Z
) ( ]2 12 B y=t }2 12 8
__14A
8. “E+{ ) sin“é ,nE Z 9, IEIHﬂicnS"ﬁ.
2 2 4 5
10. Null set. I
12 6
12. # = mn, nnﬂ:-;i, where m and » are integers.
14. -% 5&5%, 15.-"—5+=E,::e Z
16. 45°, 60°, 75° 17. (i) x=0; (i) no solution.
23, x = nm, dnm - E. “—E+Ei ne Z
2 3 6
=i E - EEe var MR 7
6 3 4 2 8

26. ¢={2n+]]§,ﬂe Z

7. (i) ¢= dnm+ 23_"; (iiy ¢ = 2n + )m, 2nn + E; (iii) @ = m + %,m e Z

28 9=nxt X pg=nxs X nez 29 0=%22% 432
3 6 67373 6
Sﬂ..r=ﬂ:l,y=(4ﬂ—l}§.
3. x = nr, %ﬂ+§+% (-1)" B, where sin = ksinawand n € Z
n 5 An n
NBrx=—y=-—orx=—,y= —,
67 6 " &
4. A2-3, x=2nm+ awhere cosa = (A + N7
3 -1
6 r=3+ 5% 428 3y, ¥3-1 ag B8
3’ 3 2 6 3
39, 2 0. x=+DE orx=nx-2. a4 132
6 2 4 4

7T B o i N
312
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4.14 MATHEMATICS XI

Replacing k by k + 1, we get (k + 1)- 3*'! Adding it to both sides,
LHS.=1-3+42-32+k-3%+ .. +k-3%5+ (k+1)-3¥

. k+1
RHS, = 2 ”43 3 k+D-*H

k=D ¥ 344k + )3
4

P2k -1+4(k+1))+3
4

36k +3)+3  (2k+1)-3*"% 43
4 4

[k +1)-1)-3%H 43

B 4
Therefore, P(n) is true for n = k + 1, L.e., P(k + 1) is true whenever P(k) is true. Hence,
by principle of mathematical induction, P(n) is true for all values of n € N.

Example 20. Prove by using principle of mathematical induction:
1:2+42-2243.2+ ..+ 2"=(n-1)2""1 + 2

Solution: Let P(n) be the given statement, i.e., P(n): 1-2+2- 22+3.224.. 4. 2"
=(n- 12" +2

Putting n=1,LHS.=12=2and RHS=0+2=2

Therefore, P(n) is true for n -1 Assume that P(n) is true for n = £, 1.e., P(k) is true,
J1-2+42-3+3 -4+ +k-2=(k-1)-2%1 42

Last term = k - 2%
Replacing k by k + 1, we get the next term = (k + 1) - 2**!. Adding it to both sides,
LHS. =1-2+2-22+43.224 ... + k. 281 4 (k + 1) . 2
RHS.= (k- 1) 2" + 2 + (k + 1) - 2F*]
=2l k—1+k+1]+2=2k-2"1 +2
= k-2 +2

Therefore, P(n) is true for n = k + 1. Thus, P(k + 1) is true whenever P(k) is true. Hence,
by principle of mathematical induction, P(k) is true for all n € N.

Example 21. Prove by using principle of mathematical induction:

1 1 ] ! nin+3)
+ + fooe =
1:2-3 2-3-4 3-4-5 nin+Dn+2) 4n+1)n+2)

Solution: Let P(n) be the given statement, 1.e.,

1 | L, 1 _ n(n+3)

P(n): + L e -
(n) 1:2:8° 334 3:4-% nin+1)}(n+2) 4(n+1)n+2)



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.3

2
(ii) f”’-[l]M - | i-— y L — 2
I (I-E)l'? (""1)'”

=@+ 1)V =F+2i+1=-1+2i+1=2i

m-l. For a positive integer n, Mﬁdhmﬁm{l—ﬂ’(l—%)! equals 2"
Solution: We have

a-or(1-Y =a-o (B -0 -or (-]

=(1+2-2)- [ 2] =(1-1-2)"-()"
=2 (=P =(22x-1y'=2"

wﬁ. Fmdﬁcmmmwaga'nw&ichwﬂimnhm (:+:) to unity.

(1+i) '=f1+fz+2f)"
A-a+i)]| U 1-:2

(1-1+2i|" i
= : = [E] = ,"
1-(=1) 2
whmhm&qualtn 1 forleastpusm\re mtege:rn—d

Solution: Given expression = [

Solution: We have |
P+l M2 M= (1 +i+2+D) =" +i-1-)=1"-0=0,

i

" CAUTION

For any two real numbers a and b, Va * Vb = Jab is true only when at least one
of a and b is either zero or positive.

Hhuthamdbmpasiﬁverulmmthmﬂumlmhﬂm

Example 7. Evaluate the following:
@ =25 36; (i) =16 y=25.
Solution: () J-25-v/36 = (|/-125)-/36 =(i-5)-6=230i
(i) y=T6-y=25 = (=1 V16) (=1 ¥25) = (i-4) (i-5) = 207 =20 (-1) =20
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.7

But we know that addition of real numbers is commutative, i.e., ¢ + ¢ = ¢ + a and
b+d=d+ b. Thus,
Associative law Associative law for addition holds for the set of complex numbers, i.e.,
for any three complex numbers z,, z,, z;, we have (2, + z,) + 2, = 2, + (25 + 23).
Proof. Letz, = a; + bi, z, = a, + b,yi and z;, = @, + b,i be three complex numbers, then
(2, tzy) +zy  =[a, + bi)+(ay + byi)] +(ay+ byi)
= [{a] + HEJ + (bl + .-52)1'] +(a;+ bji}
=llay +ay) + as) +{(b) + by) + byl
= [ﬂ'l * (ﬂg + ﬂ])] + [b] it (bg T b})]f
[addition of real numbers is associative.]
= '[ﬂ] T bﬂ} + [{ﬂz T '-'1'3) + {bz T bg}ﬂ
=(a, + b))+ [(a;, + byi) + (ay + byi)] =z + (2, +24).
Additive identity There exists a complex number 0 + j0 such that for every complex

number x + iy, (x + ) H(O+0)=(x+0)+i(y+0)=x+jv. Here 0+ i0 is called the additive
identity.

Additive inverse For every complex number x + iy, there exists a complex number —x —
iv such that

x+iy)t+t(-x-)=@x—-x)+i(y-y)=0+ i) = additive identity
—x — iy is called the additive inverse of x + iy.
Subtraction of Complex Numbers

For two complex numbers z, = a, + ib, and z, = g, + ib,, the subtraction of z, from z,
1s defined as:

Iy =2y =zt zy) = ay Hiby) (- ay - iby) = (ay — ay) T i(by — by)
lllustration 4. | If z, = 1 — i and z, = 5 + 2/, then
Z1 =2 ={(1-D-G+2) =(1-D+{5-2)
=(1-5+i(-1-2)=-4-3i

Multiplication of Complex Numbers
Multiplication of two complex numbers z, = a + ib and z, = ¢ + id is defined as
2,23, = (a + ib) (¢ + id) = (ac ~ bd) + ad + bc)
ie, z,2,=[Re(z,) Re(z,) - Imiz,) Im(z,)] + i [Re(z,) Im(z,) + Re(z,) Im(z,)]
llustration 5. | 1fz; =4 + 3iand z, = 3 — 2/, then
25, =@+ 33 -2i) =[4x3-3x(2)]+ild4=(-2)+3=3]
= |8 +i

Note: The product of complex numbers can be easily computed if we actually carry out
the multiplication as given follows:

(a+ib)(c+id) =ac+ iad+ ibc+ Fbd
= gc + i{ad + be) - bd (v i*==1)
= {ac — bd) + i{ad + bc)
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.1
(Vi) z, + 2, = (a + iby) + (ay + iby) = (@, + ay) + i(by + b,)

= 7, +2, = (a, +a,)+i(b, +b,) = (a; + ay)) — i(b, + b,)
Thus,

= (a, — ib)) + (ay — ib,)) = 7, + 2,

—

72, +2, =2, +2,
(vii) 2,2z, = (@, + ib,) (a, + iby) = (a,a, — b\b,) + i(ayb, + ab,)
= 7,2, = (a,a, — b)b,) — i(a\b, + a,b))
Also, 7, 2

=

]

{al — ibl} (”1 - sz} = (a,a, bibz} ~ :'{ﬂ]f:a2 + azb]}
Thus, 212y < EE
(x) = ; = g
Z5 a, + ‘bz ':ﬂz +lb-_,](£.l2 - :bzl a; +.’:.~1
_aya, +4E;'|.~!1'2 v l;—ﬂ!lb2 +a1b]}
R T T 2 . 12
as +b1 a; -Hil2
.E] . ﬂ]ﬂz +blb2 : —ﬂlbz +ﬂ:bl ” ﬂ]ﬂz +blb-z _ﬂlbz -ﬂzbl
= z_  a? +b2 i al + b2 a2 +b2? o al + b2
2 2 2 2 2 2 2 2 .
& z, a —ib, (ay—ib)(a, +ib,) a,a, +bb, +i(ab, —a,b,)
50 — = ———— = = — .
" a,da- +b[bz +i ﬂlbg — ﬁ'gbl
P 2 2 2
a, +1!:|I2 a, +.!1+2
Thus,

ﬁﬁ*' Trick(s) for Problem Solving

; a+ib
To write complex number

c +id
We have,

in the form A + iB,

a + ib £ (a+ib)(c—id)
c+id

(c+id)(c—id)

[Multiplying the Nr. and the Dr. by the conjugate of the Dr.]
_ (ac+bd)+ilbc—ad) _ ac+bd
¢ +d*

£ be — ad
|

c2 +d2 cl +d?
ac + bd

and
¢t +d?
a+ib

=A + iB, where A =
To put the complex number

be - ad
B:

5

=)

ct +d*
d in the form A + iB we should multiply the numerator
and the denominator by ther culnjugate of the denominator.
MODULUS OF A COMPLEX NUMBER

Modulus of a complex number z = a + ib is denoted by mod(z) or | z | and is defined as
|z | ™= 1!':11 + b2 , where a = Re(z) and b = Im(z)
Sometimes, | z | is called absolute value of z. Note that [z | 2 0.



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



You have either reached a page that is unavailable for wviewing or reached your wiewing limit for this
book,



COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.15

24+pb2 4 2+b2_
Ifxy{ﬂ.ﬂlen,f_——a+ib=i{J“ﬂ ﬂ-:J‘“’ ”]

2 2

Thus, square roots of z = a + ib are:

e JEIEHJE_E L forb>0
k 2 2
[ E“l‘ﬂ_i Zl—a
_"J 2 \‘ 2

Iustration 10. | Let a + bi be a square root of 7 + 24i. Then
(a+biy=7+24i = a* +2abi + *b* =17 + 24i
= (a&* — b%) + 2abi = 7 + 24i

=ad-b=7 .() and2ab=24 .(2)
Now, (& + b)Y = (@ - b ) +4ab = (T)° + (24)° = 49 + 576 = 625

and +

,for b <0

=
-
=

i3 &+ b = J625 =25 -(3)
Solving (1) and (3), we get

2% = 32 or =16 . a==4

26* =18 or =9 s o b=x3

From (2), ab = 12 which is positive, therefore, eithera=4,b=3 ora=-4, b=-3.
Hence the two square roots are 4 + 3i and 4 — 3/, i.e., £(4 + 3i).

Example 1. Express the following in the form a + ib, where a, b € R:

e (%‘] () 7+ 6% (i) (iv) 3(7 + iT) + i(7 + i7);
WU-D-(1+i6; i) |=+iz|-[4+i),
' 58 2)’

3

(vii) H%H%)}r[alﬂ.%)*[*%ﬂ]: (viii) (1 - i)*: ﬁx}[%+3¢'] :
3
tx)(uz—%f) |

Solution:

(1) (30) (—%‘) - [5}:‘%} X (i X i)

=3¢ =(3)-1)=3
=ag+ibwherea=3,b6=0
G) P+ =i &+ 1% =P+ i(?)’
=1 =DM I ===
=g+ ibwherea=0,b=0
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.19

Example 3. Express the following in the standard form a + ib:

1-2i 4-i & 3 o & = NN 2 )
(i) 2+i+3+2i. (i) (124 7; {llt"—:s—J—_IE’ (iv) a+3
B+iV5)B-i5)
(V3 +V2i) = (V3 -iV2)

W) (S +TDE =702 +(=2+7D)%  (vi)

Solution:
o o2, 4 (1-20G+204@4-D@+i)
2+i  3+2i (2+i)(3+2i)
_3+42i-6i—4i* +8+4i-2i—i* _ 16-2i
6 + 4i + 3i + 2i2 447
=2t 4=3 _ 64 —112i—8i+14i* _ 50 -120i
4+7i 4-Ti 16 — 492 16 +49
_50-120i _ 10 24,
65 13 13
: X 1 1 1 1
@ (1-20 = (1-2i)° 1-8° -6i+12i7 1+8i-6i-12 —11+2i
1 - ~11-2j
TS+ —11-21 (=12 -@2D)?
-1-2i 11 2,
T 125 125 125
i 2+4=9 _ 2+43i _ 2+3i L C5+4i (243 (=5+40)
~5-J-16 -5-4i ~-5-4i -5+4i (=5-4i)(=5+4i)
_ -10-12+i(-15+8) -2-7i 22 7T,
T -@i? 41 a1 a4l
W) A+ _ 1P +31%0+3.0% +i7 _ 1+3i-3-i
4+ 3i 4 +3i 4+3i
2420 (2420)(4-3) _ —8+8i+6i—6i
4+3i  (4+3i)(4-30) a2 _9;2

-2+ 14i 2 .14

25 AZS +1 75
) (V5 + 7)) (V5 =T70)* +(-2+7i)?
= (V5 +7) (V5= 7i) (V5 = TD) +[(=2)* +(7i)? +2(=2) (7i)]
= [(V5)? = (7)*1(J5 = Ti) + (4 + 49i% - 28i)
= (5 - 497) (/5 - 7i) + (4 — 49 - 28i)
= (5 + 49)(J/5 = 7i) + (- 45 - 28))

= (545 —378i — 45 - 28i) = (54/5 — 45) — 406i
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.23

Example 12. If (x + i%)'? = a + ib, show that 4@ - b*) = §+

e =

Solution: We have,
(x+ i) =a+ib

Cubing both sides,
x+iy =(a+ib)’=a +(ib)*+3abi(a+ib)
=a - ib’ + 3a’bi— 3ab’ [ P =fi=-i]
=a(d-3b%)+ib (3a* - b?)
= x=a(a*-3b)andy=b(3a* - b

= T=@-3Pad>=32-F L AR =4 @),
a b a b
1+b+ia :
Example 13. If a* + b* = 1, prove that — | = (b + ia).
1+ b-ia
Solution: We have,
l+b+ia 1+b+ia_l+b+ia  (1+b+ia)®

» —
l+b-ia 1+b-ia 1+b+ia (1+b)® - (ia)?

1+b% —a* +2b+2ia+ 2iab
(14+b)? +a?

2b% +2b+2ia+2iab  2(1+b) (b +ia)
1+(a®? +b*)+2b 2(1+ b)

= b+ ia [ca® +b% =1]

a+i
——; Prove that ay — 1 = x.

Example 14, If x + iv =

Solutioin: We have,
a+i ﬂ+l'xﬂ+f_{ﬂ'+l']lz_ﬂzf-l+2ﬂf_ﬂz—l+ 2a

x+i}-=ﬂ—fmﬂ-l' a+i a®-i>  a®+1  a*+1 ﬂ2+l,
- I=a2—l and y = =g
a’ +1 a’ +1
- 2a? —l=a2-1=x
a’ +1 a’ +1
Example 15. If 2 — = g + ib, prove that @ + b* = 4a - 3.
2+ cosf+isin@
Solution: Given. 2+cusﬁ+isinﬁ= 1 a—ib

3 4:1+i4!:-=u:12+1!;'z
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.27

Example 24. If two complex numbers z| and z, are such that |z, | = |z, |, is it then
necessary that z; = z,?

Solution: No, it is not necessary. For example, if z; =3 + i and z, = 1 - 3j, then z, # z,.

But 1z, 1= J3)? +)2 = 9+1 = /10
and 12,] = J)? +(=3)2 = JTF9 = J10 = |z, | =|z,]|
z-1

Example 25. If |z | = 1, z # -1, prove that

will be your conclusion if z = 17

. +1 I8 a purely imaginary number. What

Solution: Let z = x + iy (# 1), where |z| = 1.

Jxi+yr =1 =22+ =1

z—-1 " (x+iy)—1 . (x—l}+iyx (x+1)-
z+1  (x+iy)+1  (x+D+iy (x+1)=

Now,

_ (=14 y) iy +1-x+1) _ (x? +y2 - 1)+ 2iy

lf,t+1]1+y3 xz+y1+2.x+l
2iy y
g =5 n + a - a # 8 l
50 i [x a ], which is purely imaginary.

Whenz=1,thenx+iy=1+i0=x=1and y=0.

=1 _[x+iy-=-1]_ 1+0i-1]
z+1 x+iy+1 1+0i+1

= (0, which is purely real.

L]
L

Example 26. If z = x + iy, x, y real, prove that |x| + |y| <€ 2] z]|.
Solution: We have
(Ix|=1y1P20= [xP+|yP-2/x||y[20
=2|x||y|S|xP+]|y?
xR+ P+2lx||y|<2x+2]y [
=(x|+|y| P22 +y?).
= (|x|+|y| <2z [ |x|* =x? and |y|* = y?]
x| +|y|< y2lz]
Mﬂ. If z satisfies the equation |z | —z = 1 + 2i, then find the value of z.
Solution: Let z = x + iy.

|z]—z=1+2i = Jx2+y2 —(c+iy)=1+2i
= (Jx2 +y2 —x)+i(=)=1+2i

= Jx? +y? —x=landy=-2
3
If y==2, .r1+4~I=1=:x2+4={1+x}:=:2r=3;x="2—.

3
z=x+:}'=5~2f
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.31

284=2 ord® = 1, soa=
26> =6 or b* =3, L b=%/3
From (2), ab = /3 which is positive,
eithera=1,6=/3 or a=-1,56=-3.
Hence the two square roots are 1 + /3iand — 1 - /310
So (2+2y=3)2=(2+2 /3% = +(1 + V3 -(4)
: (2-2/-3)"2=(1- J3i) A5)

Adding (4) and (5), we get
(2+2 3)?+(2-2/-3)"2=x2

(x+1i)°

2x° +1

(x* +1)°
(2x° +1)

Example 37. If (a + ib) = , prove that @ + b* =

Solution: We have,

‘ (x+1i)°
= .
L = e ()

Replacing i by —i, we get

a-ib= (2
Multiplying (1) and (2), we get
(x+i) (x=i)?
x
2 +1 2x% +1

2 _[Gx+i)x -
(2x* +1)?

(a + ib) (a - ib) =

2 .2
or a —i‘b

- {IZ _‘11}2 = (IE +12}1
2x* +1)* (2x* +1)°

2 2
or a- —=b

(x? +1%)?
| 2x% +1)° |
REEe 0 Jind e cad bt sl 0 & — b) @4 s the confugare of

So!uﬁan: Cunjugatt: of — 6 —24iis . 6 + 24i . w1}
Also, (x — )3 + 5i) = 3x — 5yi® — 3yi + 5xi

= (3x + 5y) + (5x - 3y)i we(2)
From (1) and (2), we have

Ix+S5p+(5x-3y)i =—6+24i
& 3x + 5y =-6 and 5x-3y=24
or 3x+5+6=0 and S5x-3y-24=0

X . S 1 or o F ¥ 1
-120+18 30472 -9-25 -120 102 =34

a’ +b* =
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.35

30. Prove that the following complex numbers are purely real:

(4+30)(4-3) o (24 ) 2=
LR el | et W35 332 )

31. Find the number of non-zero integral solutions of the equation (1 — §)" = 2",

-
32. If o and B are different complex numbers with | 8| = 1, then show that i& o0 =1
LEVEL OF DIFFICULTY B
1-iz
3. fz=x+iyand w = F' show that |w| = 1 = z is purely real.

34. If(1 —5i)z) — 2z, = (3 - 7i), find z, and z,, where z; and z, are conjugate complex numbers.

35. Show that a real value of x will satisfy the equation =g-ibifat + b =1,

1 +ix
where a, b are real.

36. Prove that the sum and product of two complex numbers are real if and only if they are
conjugate of each other.

100
2.
37, If{—'-) =g+ ib then show that a = 1 and b = 0.

1+
38. If z; and z, are two complex numbers such that |z, | = |z, |, then is it necessary that
2, = 2,7
39. If z is a complex number such that |z — i} = |z + i|, show that Im(z) = 0.
40. Letz, =a+ ib, z, = ¢ + id be two complex numbers such that |z, | = |z,| =1 and RE{EIE}

=0.1f w, = a + ic and w, = b + id, then show that Re(w,w;) = 0
41. For any two complex numbers z, and z, and any two real numbers ¢ and b, show that

lazy — bzy P + (b2, + azy, P = (& + B*) (|, 2 + |z, [)

42. Let z; and z, be complex numbers such that z; # z, and |z, | = |z, |. If z, has positive real
G T + ! —
part and z, has negative imaginary part, then show that - Bl 15 purely imaginary.
£ =14
3
43, If = x + jy, then show that (x — 1) (x — 3} = — y~.

2+cosB+isind
4. If(atib)(c+id)(e+ if) (g + ih) = A + iB, then show that
@+b6)(E+E)E+)@+IP)=4 + P

45. For any complex number z, find the minimum value of |z| + [z - 1.

242

46. Find the maximum value of | z | when z satisfies the condition = 2
4
47. Find the solutions of the equation 2> + 7 = 0.
=12 -4
48. Find the complex number z satisfying the equations z 2 - % E——E = ].
z—8i z=

49. If z 15 a complex number such that {z — 1| = |z + | |, show that Re(z) = (.
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.39

3. Let z; = x + iy, then z, = x — iy. Substitute z, and z, in the given equation. Compare real

35.

37.

41.

42.

and imaginary parts on both the sides and find x, y and hence z,, z,.
l-ix _a-ib _ (1=ix)+(+ix) _a-ib+1

We have lvix 1 (-)-(+&x) a-ib-1
{Applving componendo and dividendo]

p) I+a-=ib , l-a+ib l—-a+ib (l+a+ib)
=5 = =% jx = = X

—~2ix —(1—a+ib) l+a-ib l+a-ib (1+a+ib)

1-a? =b? +2ib 2ib

x = = Jif @ + B =1

B o (1+a)? +b* (1+a)? +b2 :
2b .

X = Qra) o562 which is real.

Let the two complex numbers be conjugate of each other.

Let z, = a + ib, then z, = a — ib.

z) + 2, = 2a, which is real and z;z, = a* + b, which is real.
Conversely, let z; + z, and z,z, be both real.
Let z, = a; + ib; and z, = a, + ib,. Then z; + z, and z;z, are real.,

=» (a, +a,) + (b + by) and (a,a, — b b,) + i(a,b, + a,b,) are real.
= by + by=0and ab, + a,b; =0
=  by=-byand a\b, + a,b, =0 = b, =-b, and —a,b, + a,b; =0
= b,=-b, and (g, —a,) b; = 0= b, =-b, and a, = q,
= n=atiby=a-ib=z,=7).
= z; and z, are conjugate of each other.
=i 100
(m] == =[P =1 Loa+ib=1=a=land b=0
Ifz;=2+3iandz,=3+2ithen |z, |= J4+9 = /I3 and |z,| = [9+4 = JI3.
This shows that |z,| = |z, but z; # z,.
i =|nl=1=2d+bP=c"+d =1 e
RE{E;E} =gc+bd=0= % = _if = A (say) .(2)

Re(w,w,) = Re(a + ic) (b — id) = ab + cd

o Ln2ad
l#dl_j; or ¢ = b°A

From (1) and (2), b%(1 + A*) = &° [1+";%i_)

———— 2
= Re(wywy) = b*A -"T = B4 - B*A =0
|azy — bz, | + | bz + az, |
= {azy - bz,) iﬂﬁ-bg}ﬂfwl +ﬂz:lfh5+az_£>

2

= &5z +bino, —abyzy - abzyz, +b%z 7, + a’z, 2, +abz z, +abz, z,

=@+ ) (15 + |7,P [ 2Z =|z|* ]

Let z;, = a+ ib and 2, = ¢ — id, where a and d are positive real quantities.

1z =gz =d+ b ="+d A1)
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.43

Draw PM L OX as shown in Fig. 5.2. Then, OM = e
x and PM=y. Join OP. Let OP = r and ZXOP = 6. Then R
x=rcosBand y = rsin 6. Pxy)
z=x+iy=r(cos @+ isin6) r y
i imagi X 8 L ex
Comparing real and imaginary parts, we get ol x M
x=rcosb 1)
and y = rsin @ (2)
Squaring (1) and (2) and adding, we get ;ﬂ
P=xt+)ylorr=qx*+y* =|z| Fig. 5.2
y
Also tan 8 = —
x

e

This form z = r (cos @ + i sin 6) = re'’ is called polar form of the complex number z.

Angle 6 is known as amplitude or agrument of z, written as arg(z).

The unique value of @ such that — m < @ < x for which x = rcos @ and y = r sin 6,
is known as the principal value of the argument.

The general value of the argument is (2nm + 6), where » is an integer and @ is the
principal value of arg(z).

While reducing a complex number to polar form, we always take the principal value.

e [fx<0,y>0(ie, z is in second quadrant), then

arg(z) = 0= m - tan'l[i)
| x|

e Ifx<0,y<0(ie, zis in third quadrant), then

arg(z) = 0= - + tan"[l]

X

e Ifx>0,y<0(ie., z is in fourth quadrant), then
arg(z) = 0 = --tan"[%)

e Argument of the complex number 0 is not defined.

R .
0.if x>0 s3>0

i x<0 o agl) +3y) = 1

e arg(x + i0) = {

S—H. if yv<0 |
| 2 ' |
Example 1. Write the following complex numbers in polar form and determine the
modulus and the principal value of the agrument in each case:

M1+ @ -1+ J3i; (i) /3 —i; (iv) 1 - i

(v) -3; (vi) =2i; (vii) 3 + 4i.
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 547

(ii1) sin 135° —icos 135° = sin (90° + 45°) — i cos (90° + 45°)
= cos 45° + i sin 45° = | (cos 45° + i sin 45°)
(iv) 3 (cos 300° — i sin 30°) = 3[cos (360° — 60°) — i sin 30°]
= 3(cos 60° — i sin 30°) = %{I —i).

Let z=1—-i=r(cos@+isinf), then | =rcosB@and — 1 = rsin 6.

=2 or r=.2.
cos 0 = % (+ve)
and sin 8 = —T (— ve) so that @ lies in fourth quadrant.
B=—tan"[l) = tanl1=-Z,
1 4

The polar form of z is Jf[cﬂs(-f) + i sin [-%)]. Le., Jf(cus E — isin E)

= 3 (cos 300° — isin 30°) = %-ﬁ(cm;—fsin EJ = %[ms%— isin E—J

Example 4. Find the modulus and argument of the complex number :+§:
: 2 . ;
Soluti :z=1+21=1+2l 1+3i 1+6i° +2i+3i
1-3i 1-3i 1+3i @ 1-9;
1-6+5 -5+5i -5 5, P
= = S—t—1 = —— 4 —j
1+9 10 10 10
Put rcos@=— am:l rsmE*l,
2 2

2 2
| 1 1 1 1 1
’-2=—_ +| — = ——_==— = —
2| 2] " aTa 2 TR

Also, tan 8= —1

=» sin @ is +ve and cos & is —ve. . @ lies in second quadrant
r_3rm
L ﬁ H_q- 4
: 1+2i——1~and 1+2i| 37
: 1-31] vz o\1-%) 4
1+i 1-i

Example §. Find the modulus of

K g T

1+i_1+;fm1+f_{1+f}2 1+ 4220

Solution: - = = -
1=i 1=i 1+i 1-32 1+1 2

1-i _1—:’3{1—:‘_{1—:‘]3 1+t 42

i 141 11 1= &

1+i 1-i

= =i—(-=2
1-i 1+i =)
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COMPLEX NUMBERS AND QUADRATIC EQUATIONS 5.51

< 1) IMPORTANT

e To represent the quadratic ax” + bx + ¢ in the form (2) or (3) is to expand it into linear
factors.

e Ifa b, ce Qand D is a perfect square of a rational number, then the roots are
rational. and In case it is not a perfect square, then the roots are irrational.
e Ifa b, ce Randp + ig is one root of (1), then the other root must be the conjugate

p — ig and vice-versa. (p, g€ R,g#0and i= /-1).
e Ifa, b,ce Qandp+ /g is one root of (1), then the other must be the conjugate

p —+Jq and vice-versa (where p is a rational and Jq is a surd).

e Ifa=1and b, c € I and the roots of equation (1) are rational numbers, then these
roots must be integers.

e [f quadratic equation (1) has more than two distinct roots, then (1) becomes an
identity inx. ie,a=b=c=0. 1

REMEMBER
A polynomial equation of degree n has »n roots.

Example 1. Solve the following quadratic equations:

(i) +4=0; (i) 9% + 16 = 0;
(iii) 2 —4x + 3=0; (iv) (w+ I)(y=3)+T7=0;
(v) V22 +x+ 42 =0.

Solution: (i) We have,

X +4=0 =2 -4%=0=3x"-(2i)*=0
=x-2N(x+2)=0=x-2i=0 or x+2i=0
=x=2i or x=-2i

Hence, the roots are 2i and —2i

(i) We have,
9x* + 16 =0 = 9* - 16/ =0=> (3x)* - (4i)* =0

= (3x-4i)(3x+4i)=0=3x-4i=0 or 3x+4i=0
s g .
=X 3 I O X=-— 3 !
(ii1) We have

2 —4x+3=0
Here a =2, b=-4,c=1.

D = b -dac=(-4-4(2)(3)=16-24=-8<0

The equation has no real roots.

_-btJD _ (N2 -8 418 41247

1
—] —— 1 :t —
2a 2(2) 4 4 2

| 1
Hence, theroots are | + —iand | —- —i
J2 V2

X
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LINEAR INEQUATIONS 6.3

(i11) The given inequality is 3(x — 1) < 2(x - 3).

On simplifying € o1 >
3x-3S2x -6 i = B
Fig. 6.3
Transposing 2x to L.H.S. and -3 to R H.S,,
Ix-2x=6+3 or x<-3
The solution is (—=, —3] (Fi1g. 6.3).
(iv) The given inequality is 3(2 ~x) 2 2(1 —x). € ———>
SiII]prE . g’ — —4 }] + o@
6-3x>2- 2 Eig ot
Transposing —2x to L.H.S. and 6 to R.H.5.,
3x+2xz22-6 or —-x2-4
Multiplying by —1, we get x £ 4,
The solution is (—==, 4] (Fig. 6.4).
>r——>
o e X X €
(v}ThcgwenmcquahtylsI+E+§'~'~'”. ~ oo 0 6 + oo
2 s Fig. 6.5
Simplifyving,
6x+3x+2x . o Hx 4
6
Dividing both sides by l_f’l, we get x < 6.
The solution is (—=, 6) (Fig. 6.53).
o < O & >
(vi) The given inequality is Zs 5 +1. — oo -6 0 + oo
3 Fig. 6.6
X 2x = 3x

to L.H.S., we get 2251 or

T i
ransposing > 2 3 =

X
=1 or —-——>1
6

Multiplying by -6, we get x < -6.
The solution is (—ee, —6) (Fig. 6.6).
(vii) The given inequality 1s 37 — (3x + 5) = 9x — 8(x — 3).

Simplifying < ey
37-3x-5209x-8x+ 24 e 0 2 + oo
or 32-3x2x+ 24 Fig. 6.7

Transposing x to L.H.S. and 32 to R.H.S., we get
-3x-x224-32 or 4x=2-8

Dividing by —4, we get xeX

The solutions 1s (—ee, 2] (Fig. 6.7).
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LINEAR INEQUATIONS 6.23

The line passes through the points (0, 3) and (5, 0), The graph of 3x + 5y < 15 is the
line AB.

Step 3. Putting x = 0, y = 0 in 3x + 5y < 15, we get 0 < 15, which is true.

Step 4. Region containing the point (0, 0) is the solution set of the given inequation. We
shade the portion which contain the origin i.e., the point (0, 0). (Refer Fig. 6.27)

All points in the shaded region satisfy the given inequation and form the solution
set. But the points on the graph line are not included in the solution set. That is why
graph line is shown dotted.

Example 3. Solve 4x — y > 0 graphically.
Solution: Replacing the inequality sign by equality, we get
the equation

4x-y=0 W1

Putting x = 1, we get y = 4. Putting y = 0, we get x = 0.

The equation 4x — y = () passes through the points (X0, 0) x'-
and A(1, 4). The graph of 4x — y = 0 is the dotted line OA
as shown in Fig. 6.28.

Putting x = 1 and y = 0 in the given inequation 4x — y
>0, we get 4 > 0, which is true. So the region containing the
point (1, 0) is the solution set of the given inequation. We
shade the portion which contains the point (1, 0). All points
in the shaded region satisfy the given inequality and form
the solution set. But the points on the graph line are not included in the solution set.
That is why graph line is shown dotted.

Example 4. Solve the following inequations graphically:
()2x-320; (1) y<3; (iii) x > -3,
Solution: (i) Replacing the inequality sign by equality,

3
we get the equation 2x-3=0o0rx= ’x which represents a straight line parallel to y-axis ata

3
distance 5 units to the right of y-axis. We draw the line x= % . This line divides the xy-plane

3
into two parts—one part on the L.H.S. of x = - and the other on its R.H.S. Putting x =0 in the
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LINEAR INEQUATIONS 6.27

13. 14. Y

""-51'
"‘E

Fig. 6.46 Fig. 6.47

SOLUTION OF SYSTEM OF LINEAR INEQUATIONS IN TWO VARIABLES

To solve a system of linear inequations in two variables, we proceed as follows:

(i) Draw the graphs of all the given linear inequations.

(i) Find the common part of the coordinate plane which satisfies all the given linear
inequations,

() This common part of the coordinate plane is the required solution of the given
inequations.

(iv) If there is no region common to all the solutions of the given inequations, we say
that the solution set of the system of inequations is empty.

Note: It may be noted that the solution set of simultaneous linear inequations may be an
empty set or it may be the region bounded by the straight lines corresponding to
given linear inequations or it may be an unbounded region with straight line
boundaries.

The following examples illustrate the above procedure:

Example 1. Solve graphically:
Ix+d4y212,x21,y22
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636 MATHEMATICSXI

Fig. 6.71 Fig. 6.72
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7.2 MATHEMATICS XI

2 Possible Mumbers
1<3 12,13, 14
4 ®
1
2 3 21,23, 24
Start (selection of 4 @

(selection of first digit) second digit) 1

3 # 31,32, 34

4 ©

i
4<3 41,42, 43
3 ©

N — -
4 choice 3 choice Total =4 = 3
= 12 choice
Fig. 7.1

Since the first digit can be chosen in four ways and for each choice of the first digit
there are three ways of choosing the second digit, therefore, there are 4 * 3 ways, i.e.,
12 ways of choosing both the digits. Thus, 12 numbers can be formed.

IHlustration 2. | Anu wishes to buy a birthday card for the brother manu and send it
by post. Five different types of cards are available at the card-shop, and four different
types of postage stamps are available at the post-office. In how many ways can she
choose the card and the stamp?

Solution: She can choose the card in five ways. For each choice of the card she has four
choices for the stamp. Therefore, there are 5 * 4 ways, 1.e., 20 ways of choosing the card
and the stamp.

lllustration 3. | Mohan wishes to go from Agra to Chennai by train and return from
Chennai to Delhi by air. There are six different trains from Agra to Chennai and five
different flights from Chennai to Agra. In how many ways can he perform the journey?

Solution: Since he can choose any one of the six trains for going to Chennai, and for
each such choice he has five choices for retumning to Agra, he can perform the journey
in 6 * 5 ways, i.e., 30 ways.

The above illustrations suggest that if one operation can be performed independently
in m different ways and another operation can be performed independently in » different
ways, then the number of ways in which both the operations can be performed in
succession is mn.

The above principle can be generalized to the case of three or more operations. We
thus have the following fundamental principle of counting:

If one operation can be performed independently in m, different ways, and if a second
operation can be performed in m, different ways, and a third operation can be
performed in m, different ways and so on for any finite number of operations, then the
total number of ways in which all the operations can be performed in the stated order

fsm,mzrn3.,.
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7.6 MATHEMATICS XI

Solution: First question can be answered in 3 ways.
Second question can be answered in 3 ways.
Third question can be answered in 4 ways.
Fourth question can be answered in 4 ways.
Fifth question can be answered in 5 ways.
Sixth question can be answered in 5 ways.
Hence by fundamental principle of counting, the required number of sequences of
answers
=3x3x4x4x5x5=3600

Example 14. Each section in the first year of plus two course has exactly 40 students.
If there are 5 sections, in how many ways can a set of 4 student representatives be
selected, one from each section?

Solution: One student representative can be selected from section I in 40 ways.
One student representative can be selected from section Il in 40 ways.
One student representative can be selected from section III in 40 ways.

One student representative can be selected from section IV in 40 ways.
Hence the number of ways in which a set of 4 students representatives can be selected
=40 = 40 = 40 = 40 = 2560000
Example 15. A team consists of 6 boys and 4 girls and the other has 5 boys and 3 girls.
How many singles matches can be arranged between the two teams when a boy plays
against a boy and a girl plays against a girl?

Solution: A boy can be selected from the first team in 6 ways, and from the second in
5 ways.

The number of singles matches between boys of two
teams = 6 x 5 = 30 Similarly, number of singles matches
between girls of two teams = 4 x 3 = 12

Total number of singles matches = 30 + 12 = 42,

Example 16. /n how many ways can this diagram be coloured
subjected to the following two conditions?

() Each of the smaller triangles is to be painted with
one of the three colours, red, blue or green.

(i) No two adjacent regions receive the same colour. Fig. 7.3

Solution: Paint the central triangle with any one of three colours. This can be done in 3 ways.

After that paint the remaining three triangles with any one of the remaining two colours.
By the fundamental principle of counting, the given diagram can be coloured in

3 x 2 x 2 x 2=24 ways.

Example 17. There are 5 letters and 5 directed envelopes. Find the number of ways in which

the letters can be put into the envelopes so that all are not put in directed envelopes.

Solution: Here the first letter can be put in any one of the 5 envelopes in 5 ways. Second
letter can be put in any one of the 4 remaining envelopes in 4 ways. Continuing in this
way, we get the total number of ways in which 5 letters can be put into 5 envelopes
=5x4x3x2x]1=120
Since out of the 120 ways, there is only one way for putting each letter in the correct
envelope. Hence the number of ways of putting letters all not in directed envelopes

=120 - 1 = 119 ways.
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7.10 MATHEMATICS XI

(ii) For 2-digit odd numbers, unit’s place can be filled up with 3 or 5, i.e., in 2 ways
and ten’s place can be filled up with 2 or 3 or 5, i.e., in 3 ways.
; 2-digit odd numbers =2 x 3 =6

(iii) For 3-digit odd numbers, unit’s place can be filled up in 2 ways. Ten’s place can
he filled up in 4 ways. Hundred’s place can be filled up in 3 ways.

3-digit odd numbers = 2 x 4 x 3 = 24

(iv) For 4-digit odd numbers, unit’s place can be filled up in 2 ways. Ten’s place can
be filled up in 4 ways. Hundred’s place can be filled up in 4 ways. Thousand’s place can
be filled up in 3 ways.
J 4-digit odd numbers =2 x 4 x 4 x 3 =96

Example 30. How many numbers are there between 100 and 10,000 in which all the
digits are distinct?

Solution: Any number between 100 and 10,000 is of three digits. Since the numbers
should have distinct digits, therefore, repetition of digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 is not
allowed.

Also 0 cannot be placed on the extreme left place. Hundredth place can be filled in
9 wajrs Tenth place can be filled in 9 ways. Unit’s place can be filled in 8 ways.

Total three digit numbers =9 x 9 x 8 = 648

Example 31. How many integers between 1000 and 10,000 have no digits other than
4, 5 or 67

Solution: Any number between 1000 and 10,000 is of 4 digits.

The unit’s place can be filled up by 4 or 5 or 6, i.e., in 3 ways. Similarly, the ten’s
place can be filled up by 4 or 5 or 6, i.e., in 3 ways. The hundred’s place can be filled
up by 4 or 5 or 6, i.e., in 3 ways and the thousand’s place can be filled up by 4 or 5 or
6, i.e., in 3 ways.

Hence Required no. of numbers =3 x 3 x 3 x 3 = §]
Example 32. How many numbers are there between 100 and 1000 which have exactly
one of their digits as 77

Solution: The numbers between 100 and 1000 having 7 as exactly one of their digits
can be classified into three types:
(1) When the unit’s place has 7.
Here the ten’s place can have any one of the digits except 7. It can be filled in 9 different
ways. The hundred’s place can have any one of the digits except 0 and 7. So hundred’s
place can be filled in 8 different ways. Therefore, there are 9 x 8 = 72 such numbers.
(11) When the ten’s place has 7.
The unit's place can be filled in 9 different ways. It can have any one of the digits except
7. The hundred’s place can have any one of the digits except 0 and 7. So hundred’s place
can be filled in 8 different ways. So, there are 9 x 8 = 72 such numbers.
(iii) When the hundred's place has 7.

Here the unit’s place can be filled by 9 different ways (except by 7) and ten’s place can
be filled by 9 different ways (except by 7). So there are 9 x 9 = 81 such numbers.
Required number of numbers = 72 + 72 + 81 = 225

Example 33. How many numbers of six-digit numbers can be formed from the digits 0,
1, 3, 5, 7 and 9, when no digit is repeated? How many of them are divisible by 10?7
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7.14 MATHEMATICS XI
35. How many 2-digit even numbers can be formed from the digits 3, 4, 5, 6 and 7, 1f
(i) repetition of digits 1s not allowed. (it} repetition of digits is allowed.
36. There are 5 roads leading to a town from a village. Find the number of different ways in which
a villager can go to the town and return back.
37. There are 5 routes from place 4 to place B and 3 routes from plance 8 to place €. Find how
many different routes are there from A to O via 5.
38. John wants to go abroad by ship and return by air He has a choice of 6 different ships to
go and 4 airlines to retum. In how many ways can he perform his journey?
39. If there are 20 steamers playving between plances A and B in how many ways could the round
trip from 4 be made if the return was made by (i) the same steamer, (ii) a different steamer.
40. In how many ways can 5 persons draw water from 5 taps, assuming no tap remains unused ?
41. Eight children are to be seated on a bench.
(i) In how many ways can the children be seated?
(11} How many arrangements are possible if the vounest child sits at the left hand end 1o the
bench?
42. How many 4-letter code works are possible using the first 10 letters of the english alphabet,
if no letter can be repeated?
43. Six pictures are to be arranged from left to right on a wall of an art gallery for display. How
many arrangements are possible?
44. The digits. from 0 to 9, written on slips of paper and placed in a box. Three of the slips of
paper are drawn and placed in order. How many different outcomes are possible?
45. For a group photograph, 3 boys and two girls stand in a line in all possible ways. How many
photots could be taken il each photo comresponds to each such arrangement?
46. A sample of 3 bulbs is tested. 4 bulb is labelled as *G° If it is good and “[Y if it is defective.
Find the number of all the possible outcomes.
47. How many 5-digit telephone numbers can be constructed using the digits 0 to 9 if each number
starts with 67, for example 67125 etc. and no digit appears more than once?
48. A coin is tossed three times and the outcomes are recorded. How many possible outcomes
are there? How many possible outcomes are there if the coin is tossed four times? Five times?
n times?
49. Find the number of different signals that can be made by arranging at least three flags in order
on a vertical pole, if six different flags are available.
50. Manu goes to a movie. The cinema hall has two entrances andthree exits, In how many wayvs
can Manu enter adn exit from the hall?
Answers
1. 36. 2. 6. 3. 28. 4. 72.
5. BO. 6. 375. 7. (1) 125: (ii) 60 8. 108
9. 1050 10. 120. 11. 60. 12. 120:; 119,
13. 9 =« 10° 14. (i) 90; (1) 100. 15, 64. 16. 54,
17. 12, 18. 336, 19. (i) 156; (i) 1920,
20. 180, 21, 4. 22, 4536, 23, 4536
24. 14, 25, 1630, 26. 42, 27. 2" -2,
28. 56, 29, 9000, 3. 6.
3. (i) 24; (i) 64; (i) 60, 32. 8. 33, 64,
34. 450, 35. 10. 36. 25. 37 15
38, 24, 39, (i) 20; (iii) 380. 40. 120,
41. (i) 40320, 42. 3040, 43, 720, 44. 720.
45. 120, 46. & 47. 336. 48. 2°, 24, 25, 2n.

49, 1920, 50. 6.
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7.18 MATHEMATICS XI

Number of signals using five flags

Proceeding as earlier number of signals using five flags
=6x5x4x3x2x1]1 =720 signals

Number of signals using six flags

Proceeding as carlier, number of signals using six flags
=6 =5 x4 x3 =32 =] ="T20 signals

Total number of signals = (120 + 360 + 720 + 720) signals = 1920 signals

FACTORIAL NOTATION
We often come across products of the form 1-2,1-2-3,1-2-3-4, ..., and so on.

Instead of writing all the factors of such a product in full, it is convenient to use a
special notation. We write

il =],

A =12
II=1-2.3
m=1.2-3...n

“n!” denotes the product of the first » natural numbers. We read ‘n!’ as ‘n factorial’. n!
is also written as ‘|n” and read as ‘factorial n’. It is easy to see that

I1=1,21=1.2=2,31=1.2:3=§6,41=1-:2-3-4. =24, and 50 on.

e We know that
n=nn-1)n-2)(n-3)..3-2-1
=pn-1)=nn-1) (n-2)!
=n(n-1)(n-2)(n - 3) and so on
Thus, if m, n€ N and m > n, then m! can be expressed in terms of n!
For example 8 =8-7-6!
10! =10-9-8:7:6-5!
Alsom! =n! ifand only tf m=n
e Putting n=1in n! = n(n — 1)!, we have
I! =1-0
=1

& caution
e The factorial is defined only for whole numbers
We do not define the factorial of proper fractions.

Example 1. Evaluate:
30! ] A L1 Lo L Iy, S e
O S8 G TR eyt Sl e R
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7.22 MATHEMATICS XI

(1) 33! contains the following other numbers which contain atleast one 2 as their factor:

10.
1L
12.
13.
14.
15.

6, 10, 12, 14, 18, 20, 22, 24, 26, 28, 30
The product of ‘2’ present in these numbers
=2%x2x22x2x2x22x2x2x2x22x2=2!6
Combining (1) and (2), we get
215 4 916 — 931
Hence 31 is the largest integer » such that 33! is divisible by 2"

EXERCISE 7.2
Find the values of :
LA 6 (n43) BI-T 111
{I} Ei {“] ﬁ‘ [l“] n! ' [“'r:l _6!_1- {v] -B..-I + E!' + -iai

(vi) 6! = (1 -3-5..11)-2%
Evaluate (n — r)!, when

(iym=6r=2 (iiyn=10,r=5.
1

Evaluate . when

(n—r)!
=10, r=4: (ihn=12,r=3; (i) r = 3.

|

Compute L, when
riin —r)!

iyn=6r=2 (iln=Tr=4 (ii)n=22r=2

Find the L.C.M. of the following:
(1) 5%, 61, 7 (i) (x = 1), xl (x+ 1)1 (idd) 210, 41, 6.
Find x, 1f

4! 5 ¢ 7

I

n+1) g (n+1)
4lin~-1) 6!(n-3)!
Convert into factonals:
(i) 5-6-7-8-9-10-11-12; (i) 4-6-8-10-12- 14,

A o § o By Oy o R

B B 25
100 2.1y 12t

(i1)

i

are 1n the ratio 3 : 2, find the value of n.

Prove that:

n!
Prove that: nl (n + 2z} =n! + (n + 1)L
If (n + 2)! = 2550(n)!, find n.
if (n + z)t = 60f(n — 1}!], find n.
If (n+ 1) = 12[{(n - 1)}, find n.
Show that 55! + 1 is not divisible by any number between 2 and 55,

-A2)

Prove that 29! is divisible by 22, What is the largest integer n such that 29! is divisible

by 2™
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7.26 MATHEMATICS XI

Example 4. Findn if
D "P,y =18 'P,; (i) "Ps " P, =6: 1.

I £ I
Solution: (i) "P,=18-""1P= — i'4}* o (n(il—”z;)’
n! B (n-1)!
=5 n—4)! =18 - (n-3)!
nin-1D! (n-1)!
= =10
(n—4)! (n=3)(n-4)!
18

H=

, L&, n(n—-3)=18
n—23
= n-3n-18=0
= n-6)(n+3)=0 = n=6,-3
But n cannot be negative.

n==6
HP 2. o o _4

(i) _]5 o8 o = 2)(n=3)(n }=E==_,,,=ﬁ
=lp 17 (a-D(n-2)(n-3)(n-4) 1

Example 5. If P(56, r + 6) : P(54, r +3)=30800 : 1, find r.
Solution: P(56,r + 6): P(54, r + 3) = 30800 : 1

56! 54! 34!-55.56 54!
- =30800: 1 : - :
. (50-r)! (51-r)! = (50-r)! (50-r)!-(51-r) M
2 - al 30800 : 1 = 3080 (51 —41"}'—*M
1 51-r 1
=5l-r=10 = r=51-10 s r=41
Example 6. Find the value(s) of n such that:
30P(n, 6)=P(n+2,7);nz26
Solution: 30P(n,6)=Pn+2,7)
- 30-(n!) _ (n+2)! - 30:(n!) _ (n+2)(n+1)-(n!)
(n-6)! (n-95)! (n-6)! (n=35)[(n-6)!]
2 4+3n+42
s 30= 2 "; = 1w +3n+2 = 30n— 150
_—
=n-2Tn+152=0=(n-8)(n-19)=0
=n—-8=0 or n-19=0=n=8 or n=19
Hence the required values of n are n = 8 and n = 19.
Example 7. Prove that:
P(10,3)=P(9,3) + 3P(9, 2)
: . 100 10! 10-9-8-7!
Solution: LHS. = P(10, 3) = 10-3)! T 7 720
9! 3.9! 9! 3.9!
- = - +
EESSPO.A IS (9-3)! . 9-2)! 6 7!
9.8.7-6! 3.9.8.7!
= + =304 + 216 =720

6! 1
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7.30 MATHEMATICS XI

Solution: Total no. of candidates = 5 +4 =9
In the row of 9 positions, the even places are 2nd, 4th, 6th and 8th.
Now number of even places = 4
No. of women to occupy the even places = 4
. Even places can be filled = P(4, 4) ways
No. of men =5
. The remaining 5 places can be filled by 5 men = P(5, 5) ways.
By the fundamental principle of counting;
The required number of seating arrangements = P(4, 4) = P(5, 5)
=4! x 51 =24 x 120 = 2880

Examples 5. How many signals can be given with 5 flags of different colours.
Solution: Since any number of flags can be used to give a signal, hence there are
following possibilities:

(i) number of ways when only one flag is used = EPI = §

(i) number of ways when any two flags are used = 5P1 =20

(i) number of ways when any three flags are used = 5P3 = 60

(iv) number of ways when any four flags are used = 5P4 = 120

(v) number of ways when all five flags are used = iF'5 = 120.

The total number of signals = 5 + 20 + 60 + 120 + 120 = 325.

Example 6. Four books, one each in Chemistry, Physics, Biology and Mathematics are
to be arranged in a shelf. In how many ways can this be done?
Solution: 4 different books can be arranged among themselves, in a shelf, in P (4, 4)
=4 x 3 % 2 x | =24 ways.

Example 7. There are three different rings to be worn in four fingers with at most one
in each finger. In how many ways can this be done?
Solution: Wearing 3 different rings in four fingers with at most one in each finger is
equivalent to arranging 3 different objects in 4 places.

This can be done in P(4, 3) =4 x 3 x 2 = 24 ways.
Example 8. In an examination hall, there are four rows of chairs. Each row has 8 chairs
one behind the other. There are two classes sitting for the examination with 16 students
in each class. It is desired that in each row all students belong to the same class and

that no two adjacent rows are allotted to the same class. In how many ways can these
32 students be seated?

Solution: There are four rows of chairs (say I, II, III, IV) consisting of 8 chairs each. It
is desired that in each row, all students belong to the same class and no two adjacent
rows are allotted to same class. Therefore, one class can be seated in either I and III or
in IT and IV i.e., in 2 ways.
Now, 16 students of this class can be arranged in 16 chairs in 'f’Plﬁ = 16! ways.
16 students of the other class can be arranged in remaining 16 chairs in 'ﬁPlﬁ = 16! ways.
Total number of ways = 2 x 16! x 16!

Example 9. Find the number of different 8 letter words formed from the letters of the
word EQUATION, if each word is to start with a vowel.
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7.34 MATHEMATICS XI

Solution: Total number of candidates = 8

5 different subjects candidates can be seated in P(5, 5) = 5! ways
In between 5 candidates there are 6 places for 8 mathematics candidates.
The mathematics candidates can be seated in P(6, 3) ways

By the fundamental principle of counting:
; 6!
Required number of ways = 5! x P(6, 3) = 120 x ; =120%x6-5-4= 14400

Example 21. How many different words can be formed of the letters of the word
'MALENKOV" so that

(1) no two vowels are together;
(ii) the relative position of the vowels and consonants remains unaltered?
Solution: (i) No. of letters in the word ‘MALENKOV’ = 8
No. of vowels in the word ‘MALENKOV’ = 3 (i.e. AL E, O)
* No two vowels are together, so first we arrange the consonants
x O CxCxCx(Cx
The 5-consonants can be arranged in P(5, 5) ways. The vowels A, E, O can be
arranged in the 6 ‘<’ marked places in ways = P(6, 3)
6!

Total number of different words formed = P(5, 5) x P(6,3) = 5! x —7

=120 x 6 x 5 x 4 = 14400
(1) The relative positions of the vowels and consonants remain unaltered which means
a vowel can take the place of the other vowel and a consonant that of the other
consonant.
Now, 3 vowels can be arranged in P(3, 3) ways, and 5 consonants can be arranged
= P(5, 5) ways.
Required number of words = P(3, 3) x P(5,5)=3! x5! =6 x 120 =720
Example 22. Find how many words can be formed out of the letters of the word
'‘ORIENTAL’ so that vowels always occupy the odd places.

Solution: The vowels in the word ‘ORIENTAL’ are:
O, L E and A.
Total no. of letters in the word ‘ORIENTAL’ = 8
No. of vowels = 4

0 R I E N g A L
1 2 3 4 5 6 1 8
o X x x

Vowels occupy odd places, i.e., 1, 3, 5 and 7.
No. of odd places = 4
4 vowels can be arranged in 4 ‘<’ marked places = P(4, 4) ways = 4! ways
No. of consonants = 4
. 4 consonants can be arranged in 4 places = P(4, 4) ways = 4! ways
. Required no. of words = 4! x 4! = 24 x 24 = 576
Example 23. /n how many ways can the letters of the word PERMUTATIONS be

arranged if the

(iy Words start with P and end with S?
(n) Fowels are together?
(i) There are always 4 letters between P and S?
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7.38 MATHEMATICS XI

Example 34. When a group photograph is taken, all the seven teachers should be in
the first row and all the twenty students should be in the second row. If the two corners
of the second row are reserved for the two tallest students, interchangeable only
between them, and if the middle seat of the front row is reserved for the principal, how
many arrangements are possible.?

Solution: Since the middle seat of the first row is reserved for the principal, the remaining
6 teachers can be arranged in 6! ways.

6 x5 x4x3x2x]=720 ways
Again there are twenty students. The two corner seats are to be used by two tall
students. The two tall students can be arranged in two ways.

The remaining 18 students can be arranged in 18! ways.
Total number of arrangements for the second row = 2 x 18! ways
Required number of arrangements = 2 x 18! x 720 = 1440 = (18!)

Example 35. The letters of the word “STRANGE™ be arranged so that the vowels may
appear in the odd places.

Solution: There are 5 consonants and 2 vowels in the word STRANGE. Out of 7 places
for the 7 letters, 4 places are odd and 3 places are even.

2 vowels can be arranged in 4 odd places in P(4, 2) ways = 12 ways and then 5
consonants can be arranged in the remaining 5 places in P(5, 5) ways.

Sx4x3x2x]1=120 ways
Hence the required number of ways are:
P(4,2) x P(5,5)= 12 x 120 = 1440

Example 36. Three married couples are to be seated in a row having six seats in a cinema
hall. If the spouses are to be seated next to each other, in how many ways can they be
seated? Find also the number of ways of their seating if all the ladies sit together:

Solution: Let 4, B and C are three couples. These couples can be seated in a row in
P(3, 3)=3! ways. 4, Band C can sit in P(2, 2) ways each.

Hence the total number of permutations, is:
P(3,3)xP(2,2) < P(2,2) x P(2,2)=3!2!2!2!
6 x 2 x 2 x2=48 ways
Second part:
Three ladies can sit in P(3, 3) = 3! ways
Three men can sit in P(3, 3) = 3! ways
Mutual arrangement of men and women = P(2,2) =2

If p is the number of ways, then
p=313121x2=6x6x2x2=144
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742 MATHEMATICS Xl

27.

35.

37.

38.

(if) To form even numbers with the digits 1, 2, 3, 4. 5; the unit place must be either 2 or 4.

Of the 1-digit numbers, only 2 are even (2 and 4).

Of the 2-digit numbers, even numbers = 2 x 4PI =21 x4 =8,

Of the 3-digit numbers, even numbers = 2 x 4P, = 2 x 4 x 3 = 24,

Of the four-digit numbers, even numbers = 2 =« ",li"‘Er =2 x4 x3x2=48

Of the five-digit numbers, even numbers = 2 = 4P4 =2 x4l=2 x4 xFx2x]=4§
Total number of even numbers = 2 + 8 + 24 + 48 + 48 = 130.

The Word EQUATION consists of 5 vowels and 3 consonants. 3 vowels can be arranged in
5! = 120 wayvs. 3 consonants can be arranged in 3! = 6 ways.

The two block of vowels and consonants can be arranged in 2! = 2 ways
~. The number of words which can be formed with letters of the word EQUATION so that
vowels and consonants occur together = 120 = 6 = 2 = 1440,

There are 5 different letters in the word DELHL.
They are to occupy 5 places out of which 2 are even namely 2nd and Sth,

The two vowels namely E and [ can be placed in the two even places (2nd and 4th) in 2!
ways. Again the remaining three places (1st, 3rd, 5th) can be filled with the remaining three
letters (D, L, H) in 3! ways.

s Required number of arrangements = 2! = 31 =2 = § = |2,
(i) Taking 3 sisters as 1 unit, we have to arrange 4 + 1 (= 5) different units taking 3 at a time
in @ row. This can be done in P(5, 5) ways = 5 x4 = 3 = 2 » ] = 120 ways,
In each of 120 ways, 3 sisters can be arranged themselves in (3, 3) ways
3 x2=x1=6 ways
*. The required no. of ways = 120 = 6 = 720,
(ii) 4 brothers can be arranged in P(4, 4) ways =4 » 3 = 2 = | = 24 ways,
In between and at the extremities of 4 brothers, there are 5 places in which 3 sisters can be
arranged in P(5, 3) ways = § = 4 = 3 = 60 ways.
* Required number of arrangements = 24 = 60 = 1440.
A=14235 7 11,13, 17, 19 23, 29}. A rational number is made by taking any two in any
order.
. The reguired number of rational numbers = sz + 1 (including).

Here number of flags n = 6

Number of flags used r = 6

If p 1s the number of signals generated, then
6! 6!

6-6)! 0!

p = 6! [Q 0! = 1]
=§ x5 x4x3x2x]=T20,

Mumber of items in column 4 = 6 and number of tems in colmn B = 6
If p is the number of answers, then

= 0 w Plnr)= id
p = 6, 6) 6-6)1 [ (n—r)!
6!

= S ==X Sx4x3x2x1=720
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(i) Those words which begin with B and end at 7, have only four places to be filled
out of the remaining four letters, i.e., H, A, R, A out of which 2 are alike
4!

Number of such words = F = ]2

Example 8. How many arrangements can be made of the letters of the word
‘ARRANGEMENT'. In how many of these the vowels occur together

Solution: The given word consists of 11 letters out of which A occurs 2 times, R occurs
2 times, N occurs 2 times and E occurs 2 times and remaining three are different.

11!
Number of arrangements = 21212121 2491800
Now, there are 4 vowels in the given word (A, A, E, E). Let us treat these 4 vowels
as one letter (AAEE). Now, there are 8 letters [[AAEE), R, R, N, G M, N, T] out of which

R and N occur 2 times each.

!
Number of arrangements = % = 10080

Corresponding to each such arrangement, the four vowels A, A, E, E, out of which

'
A and E occur 2 times each, can be arranged amongest themselves in % = 6 ways.

Hence the total number of arrangements = 10080 x 6 = 60480

Example 9. If the different permutations of the word EXAMINATION are listed as in a
dictionary, how many items are there in this list before the first word starting with E?
Solution: Starting with A and arranging the other ten letters A, E, L I, M, N, N, O, T, X
(not all distinct, [ occurs twice, N occurs twice), there are

10! 10x9xB8xTx6x5xd4xIx2x]
- = 907200
212! 2% 2 (e v

The number of items in the list before the first word starting with E is 907200.

Example 10 How many 5 digit even numbers can be formed using the digits 1,2, 5, 5, 4.
Solution: The 5 digit even numbers can be formed out of 1, 2, 5, 5, 4 by using either
2 or 4 in the uni’s place. This can be done in 2 ways.

Corresponding to each such arrangement, the remaining 4 places can be filled up
4!

by any of the remaining four digits in T 12 ways. [** 50 occurs twice]

Hence the total number of words = 2 = 12 = 24
Example 11. How many numbers greater than a million can be formed with the digits
p B i B S g S
Solution: A number greater than a million has 7 places, and thus all the 7 given digits
are to be used.
But 2 is repeated twice and 3 is repeated thrice.
~. Total number of ways of arranging these 7 digits amongst themselves
7!

= 420
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7.50 MATHEMATICS XI

Solution: In going from A to B, no matter which path the person chooses, he must walk 4
right and 5 ups total 9. Therefore, here, to get different paths, person has to get
arrangement of 9 things in which 4 (right) are of one type and five (ups) are of other kind.
91 1.2.3.4.5.6.7.8.9
Number of different paths = - =2 x T x9=126
TS 123.4%12.3.455
Example 22. A biologist studying the genetic code is interested to know the number of
possible arrangements of 12 molecules in a chain. The chain contains 4 different
molecules represented by the initials A (for Adenine), C (for Cytosine), G (for Guanine)
and T (for Thymine) and 3 molecules of each kind. How many different arrangements
are possible in all?

Solution: The number of required ways

12 12x11x10x Ox 8x Tx6x 5x4x 3!
31313131 3x2x 1x3x2x1x3x2x1x 3! S

‘ EXERCISE 7.5 I

1. In how many ways can 4 prizes be given to 3 boys when a boy is eligible for all the prizes.

2. A letter lock consists of 4 rings, each marked with 6 different letters; find in how many ways
it is possible to make an unsuccessful attempt to open the lock.

3. In how many ways can 5 apples be distributed among 4 boys, there being no restriction to
the number of apples each boy may get.
4. A boy has 3 pockets, In how many ways can he put 6 marbles in his pockets?

5. How many four digit numbers can be formed with the digit 1, 2, 3. 4, 5, 6 when a digit may
be repeated any number of times in any arrangement?

6. How many numbers less than 100 can be formed with the digits 1, 3, 5, 7, 9 when the digits
may be repeated?

7. Find the number of permutations that can be made out of the letters of the words:
(i) INDIA; (ii)) EXAMINATION; (iii) INDEPENDENCE;
(iv) ASSASSINATION; (v) ACCOMODATION.,
8. How many 3 digits numbers can be formed by using the digits 0, 1, 3, 5, 7 when the digits
may be repeated any number of times.

9. Find the number of arrangements that can be made out of the letters of the word PERMUTATION.
In how many of these 5 vowels occur together.

10. There are three blue balls, four red balls and five green balls. In how many ways can they
be arranged in a row?

11. Find the number of arrangements that can be made out of the letters of the word MATHEMATICS.
In how many of these vowels occur together.

12. How many 7 digit numbers can be formed using the digits 1, 2, 0, 2, 4, 2 and 4.

13. How many arrangements can be made with the letters of the word ‘SERIES’? How many of
these begin and end with *S °?

14. There are 3 prizes to be distributed among 5 students. In how many ways can it be done when

(i) no student gets more than one prize;
(i1) there is no restriction as to the number of prizes any student gets (i.e., a student may
get any number of prizes);

(iii) no student gets all the prizes?
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7.54 MATHEMATICS XI

out of these in 4 ways, namely, ABC, ABD, ACD and BCD. We say that there are four
combinations of 4 letters taken 3 at time. In symbols, we write 4C3 =4 or C(4, 3) = 4,

Each of the four combinations written above gives rise to 3! permutations. For
example A, B, C can be arranged as
ABC, ACB, BCA, BAC, CAB, CBA

ABC, ACB, BCA, BAC, CAB, CBA represent different permutations, but all of them
represent the same combination. From the above discussion, we find that 4P3 =4 3 % (31).

We shall see that a similar relation holds between "P_and "C,. In fact, we shall prove that
=T X )
To Find the Number of Combinations of n Dissimilar Objects Taken r (2 1) at a Time:
Let the required number of combinations be denoted by "C.

Each of these combinations is a collection of r dissimilar objects which can be
arranged among themselves in r! ways. Hence each combination gives rise to r!
permutations. Hence "C, combinations will give rise to "C, x r! permutations. But the
number of permutations of » things taken r at a time is "P,.

"C_x rl="p,
i nn=1)...(n-r+1)

Rev — £

or €= 5 (1)
mn F n*

i S — = -
= r r! (n=ritr! @)
Hence e — nin—1.(n—-r+1) _ n!

2 r! (n=r)tr!

Neote: It is convenient to use (1) when a numerical result is required and (2) when it is
sufficient to leave the result in the factorial notation.

Some Useful Results on Combinations

l. For 0 <r <n, prove that "C, = "C

R
n! n!
Proof. '"C_ = G, =
o (n=r)n=(n-nr)) [ 4 r!(n—r]!]
n! "
(=t 7
Hence =N
n ' " — il R P B
Remark. If "C, = "C, = "C, ="C,="C, , [ "C.="C,]
= eitherp=g or p=n-gq
=p=q of ptq=n
Thus, ”CP="Cq=rp=qm'p+q=n
2. If nandr are natural numbers such that 1 <r <n, then "C, +"C, , ="" ‘;Cr.
I |
Proof. LHS.="C, +"C,_, = — 4 T
ri(n=r)t (r=Dli(a=r+1)!
n! n!
= +

rir=1}l{n-r¥! (r-D(n=-r+l)(n-r)!
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5
Example 10. Prove that: ¥ C(5,r) = 31.

r=1

5
Solution: % C(5,r)=C(5, 1)+ C(5,2)+ C(5, 3) + C(5, 4) + C(5, 5)
r=1

+1

56 5 5 5 51 5 54 54 §

i+ + + - =4 —t—+=
114! 2131 3121 4111 5100 1 2 2 1
=5+10+10+5+1=3]

Example 11. I[fC(n, r):Cnr+1)=1:2andC(n, r+ 1) : C(n, r+2)=2: 3, determine
the values of n and r

Solution: C(n,r) : C(n,r +1)=1:2

n! n!
—3 . -
rl(n=r)! (r+1)l(n=r-1)!
n! (r+Dr!(n—-r-1)! 1
or X -
rliin=-r)(n-r-1)! n! 2
or £LFY or n-3r-2=0 (1)
n-r 2
Also C(n,r+1):C(n,r+2)=2:3
n! ! n! ey
i (r+D'(n-r=1! (r+2)!(n—-r-2) ——
n! (r+2)(r+D!(n-r-2)! 2
or X = —
(r+D!'(n=r-D(n=-r-2)! n! 3
o i R or 2n-5--8=0 2
n-r-1 3

Solving (1) and (2), n= 14, r = 4.

EXERCISE 7.6 I
1. Evaluate the following:

(i) €9, 3 (i) €10, 8); (i) *'Cye: (V) €9, 5) + C9, 6);
(v) C(11, 7) = (10, 6); (vi) C(7, 4) + C(7, 5) + C(8, 6).
If C(n, 11) = C(n, 4), then find C(n, 3).
Verify that C(9, 6) = 3C (8, 2).
If C(2n, 3) : Cin, 2) = 12 : 1, then find n.
If *°c,, = °C, , 4, find r.
If C(n, 8) = C(n, 6), find C(n, 2).
If *P, = n[*C,), then find n.

NSk W N

5
8. Show that C(47, 4) + Y.C(52-j,3)= C(52, 4).
j=1
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7.62 MATHEMATICS XI

The total number of ways = °C; - °C, = 20 x 3 = 60.
(b) For including atleast one girl, the following cases arise:
@ 1 girl + 4 boys, i.e., in °C, - C, = 3 x 15 = 45 ways
(ii) 2 girls + 3 boys, i.e., in °C,-°C, = 3 x 20 = 60 wyas
(iii) 3 girls + 2 boys, i.e., in °C,-°C, =1 x 15 = 15 ways
Total number of committees =45 + 60 + 15 =120

Example 6. 4 man has 7 friends. In how many ways can he invite one or more of them
to a party.

Solution: A man may invite one of them, two of them, ...., all of them and this can be
-':lnne in 'C,, 'C,, 'C;... 'C, ways.
ot mnmber o ways = 'C, + 'C; + 'Cy+ 'C, +7C, + C + ',
-7+21 +35+21+'}'+1—]2'}'
Example 7. From a class of 12 boys and 10 girls, 10 students are to be chosen for a
competition, including atleast 4 boys and 4 girls. The two girls who won the prizes last
vear should be included. In how many ways can the selection be made?

Solution: There are 12 boys and 10 girls in the class. We have to select 10 students for
a competition including atleast 4 boys and 4 girls. Two girls who were last year's winner
are to be included. Since two girls are already selected now we are left with 8 girls out
of which atleast 2 girls are to be selected.

We can make selection in the following ways:

Choice Boys Girls (+2 particular girls)
I 4 4+2
Il 5 342
11| 6 2+2

First choice can be made in lzﬂ'd X 364
- 12x11x10x9 BXTX6X5

5 = 34650 ways
4x3x2x1 4dx3Ix2x1
Second choice can be made in uC b EC
llelxlﬂxgxs BxTx6
= 44352 ways
5x4x3x2x1 3x2xl
Third choice can be made in '*C, x *C,
12x11x10x9x8x7 RBx7
= = 25872 ways

X
bxSx4x3x2x1 2x1

Hence, total number of possible selections
' = 34650 + 44352 + 25872 = 104874

Example 8. A question paper has two parts, part A and part B, each containing 10
questions. If the student has to choose 8 from part A and 5 from part B, in how many
ways can he choose the question?
Solution: The required number of ways = C(10, 8) - C(10, 5)

ol 10! G 10! 2 10x9 & I0X9Xx8XTx6

8121 515! 2 S5x4x3x2

=5x9x3x2xT7x6=11340
Example 9. There are 15 points in a plane, no three of which are collinear except 6 of them
which are all on a line. How many (i) st. lines; (ii) triangles can be formed by joining them?
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7.66 MATHEMATICS XI

Example 18. Among 20 members of a cricket club, there are two wicket-keepers and 5
bowlers. In how many ways can eleven be chosen so as to include only one of the wicket-
keepers and atleast three bowlers?

Solution: No. of wicket-keepers = 2
No. of bowlers = 5
and No. of other players = 20 — 7 = 13.
11 players including 1 wicket-keeper and at least 3 bowlers can be selected out of
2 wicket-keepers, 5 bowlers and 13 other players by taking
(i) 1 wicket-keeper out of 2, 3 bowlers out of 5 and 7 other players out of 13, or
(ii) 1 wicket-keeper out of 2, 4 bowlers out of 5 and 6 other players out of 13 or
(iii) 1 wicket-keeper out of 2, 5 bowlers out of 5 and 5 other players out of 13

In case (i), the no. of ways = *C, x °Cy x °C, =2 x 10 x 1716 = 34320

In case (ii), the no. of ways = °C, x °C, x PC, =2 x 5 x 1716 = 17160

In case (iii), the no. of ways = C, x °C, x ’C, =2 x 1 x 1287 = 2574
Hence the required no. of ways = 34320 + 17160 + 2574 = 54054

Example 19. Out of 7 consonants and 4 vowels, how many words can be made each
containing 3 consonants and 2 vowels?

Solution: No. of ways of selecting 3 consonants from 7 consonants = C(7, 3)
No. of ways of selecting 2 vowels from 4 vowels = C(4, 2)
No. of ways of arranging 3 consonants and 2 vowels = 5!
Required no. of words = C(7, 3) = C(4, 2) = 5!
7! 4!

= X % 120
314! 212}

7

= xﬁx5x4x3xuﬂ
6 2

=35=x6 = 120=25200

Example 20. How many words, each of 3 vowels and 2 consonants, can be formed from
the letters of the word ‘INVOLUTE'?

Solution: WNo. of letters in the word = 8
No. of vowels in the word = 4
(LO,U,E)
No. of consonants in the word = 4
(N.VL,T)
Out of 4 vowels, we have to select 3.
Out of 4 consonants, we have to select 2.
Also we have to arrange 3 vowels and 2 consonants.

4%3

= 120 = 2880

Required no. of words = C(4, 3)- C(4, 2) - 5! =4 x

Example 21. A committee of 12 is to be formed from 9 women and 8 men. In how many
ways this can be done if atleast five women have to be included in a committee? In how
many of these committees (i) the women are in majority and (ii) the men are in majority?

Solution: The committee can be selected in the following way:
Men 7 6 5 4 3

Women 5 6 T 8 9
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7.70 MATHEMATICS Xl

Example 31. In an examination, Yamini has to select 4 questions from each part. There
are 6, 7 and 8 questions in Part I, Part Il and Part Il respectively. What is the number
of possible combinations in which she can choose the questions?

Solutions: If p is the number of ways of selection, then
6! 71 8!
b X
412! 413! 44!
" ﬁxﬂxtﬂx?xﬁxﬂxal!xﬂx?xﬁxﬁxd!
2x1x4) 3Ix2x1x4! 4x3x2x1x4!

= 15 = 35 = 70 = 36750 ways.
Example 32. We wish to select 6 persons from 8, but if the person A is chosen, then B
must be chosen. In how many ways can the selection be made?

Solution: If A and B both are not selected, then the number of permutations = C(6, 6) = 1.

If A and B both are selected, then we are to select 4 persons out of six persons. The
number of ways in which this can be done is:

o, DL DM
&= H6-21 ~ 2x1xa

Hence, total number of permutations = 1 + 15 = 16.

p=0(6,4)x ((7,4) x C(8,4) =

Example 33. Determine the number of 5 cards combinations out of a deck of 52 cards
if at least one of the 5 cards has to be a king?

Solution: Combination of 5 cards may be in the following ways:
King cards Other cards

(1) 1 4
(i1) 2 3
(i) 3 2
(iv) 4 I

If p,, p5, p; and p, are the number of permutations of (i), (ii), (iii) and (iv), then

pytpytpytpy= C4, 1) x C(48,4) + C(4, 2) x C(48, 3)

+ C(4, 3) x C(48, 2) + C(4, 4) x C(48, 1)

4! 48! 4! 48! 4! 48! 4! 48!
X + X - X + X

1'3! 4144! 2121 31450 3!'1! 2146! 4!0! 147!
4::3!”48:-::4?:-:46::45:{44!+4x3:—c2!ﬁ48x4?x46x45!
3! dx3Ix2x1x44! 2x1x2! 3Ix2x]1x45!
4x3! 48x47 x46! 4! 48 x47!

+ X + X

3! 1-2x46! 410! 48!

=8 x4T x46 x45+6 x 8 x 47 x 46 +4 x 24 x 47 + 48

= 886656
‘ EXERCISE 7.7 I

1. Find the number of combinations of 50 things taken 46 at a time.
2. In how many ways can a party of 4 be selected from 10 persons?

Il
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7.74 MATHEMATICS X

29, Number of friends = 7

The men can invite one friend, two friends .... or seven friends,

. Required number of ways = ?CI +* “'f‘z + ."E} - ?Q + ."f.“j + ?[‘5 + .'rﬂ,
7 Txb6 Tx6x5 Tx6x3 Tx6 7
—+ + + + +—+
1 Ix2 1Ix2x3 1x2x3 1Ix2 |1
T+21+35+35+21+7+1=127
30. First part. 3 ladies out of § can be selected in ®C, ways and 4 gentlemen out of 7 in 'C,

Ways.

Now, each way of selecting 3 ladies 1s associated with each way of selecting 4 gentiemen.

Hence the required number of ways = ®C, » 'C, = 56 » 35 = 1960.

Second part. First we find the no. of committees of 3 ladies and 4 gentlemen in which both
Mrs. X and Mr. ¥ are members. In this case, we can select 2 other ladies from the remaining 7 in e 5
ways and 3 other gentlemen from the remaining 6 in *C § Wilys.

The no. of ways in which both Mrs. X" and Mr. Y are always included
=7C, x 8C;= 21 x 20 = 420
Hence the required no. of committees in which Mrs. X and Mr. ¥ do not serve together
= 1960 — 420 = 1540
31. There are two different ways of forming the commitiee

(1) oldest may be included

1

]

(i1) oldest may be excluded

(i) If oldest is included, then voungest has to be excluded and we are 1o select 4 candidates
out of 8. This can be done in "C, ways.
! BX7Tx6x5
E('- = 8! e X

= = = 70 wavs
4 q1q) 4x3x2 )

(i1) If oldest is excluded. then we are to select 5 candidates from 9 which can be done in ) 5
ways

9 9!  9IxBxTx6b

ot i v neriat L

Hence the total number of ways in which committee can be formed

= 126 + 70 = 196

. i) Ve G Vo
33. As no two lines are parallel and no three are concurrent, only two lines can meet at one point

and everv two lines meet at a point.

They will intersect in mn‘.‘_’.'z points
w200 20x19x18!  20x19
g

27 1812 18!x 2!

34. The plus signs can be arranged in only one way, because all are identical, as shown below:

= 190,

+ [+ [+ [+ [+ 1+ |+

A blank box in the above arrangement shows available space for the minus signs. Since there
are 7 plus signs. the number of blank boxes is therefore 5. ihe five minus signs are now to be
arranged in the 8 boxes so that no two of them are together. Now, 5 boxes out of 8 can be chosen
in %C s ways. Since all minus signs are identical, so 5 minus signs can be arranged in 5 chosen boxes
in only onc way. Hence, the number of possible arrangements = 1 = C, x 1 = 56.
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BINOMIAL THEOREM 8.7

Solution: (x + a)" ="Cx" + "Cl,x"‘] a+ "Czr"‘zgz + "CBA"_E'aE’ - em
or x+a)'=(C"+"Cp"2 & + )+ ("CF a+"C™2 P + ) .(1)
or G+ay'=P+0 (2)
where P ="Cp"+"C,x"?ad +~and Q="Cp"' a+"Cy/> o + -
Changing a to — a in (1), we have

(x = a)" = ("CX" + "C"2 & + ) = ("CX" a+"C¥™ & + )
or (x-a'=P-0Q -(3)

(i) Multiplying (2) and (3),

x+a(x-a)'=P+0)(P-0)
or - @) =P -
(i1) Squaring (2) and (3) and subtracting, we get
+a?* ~@=a)® =@ +0r -(P-0)y =4PQ
(ii1) Squaring (2) and (3) and adding, we get
x+a+@x-a"=(P+ QP +(P-0F=2(P+0Q)
Example 6. If x and vy are distinct integers, prove that x" — )" is divisible by x — y,
whenever n is a positive integer.
Solution: Since x = (x — y) + y, we have
X' =[x -y) +yI,
Expand R.H.S. by binomial theorem
="Co =" +"C; k=" y+"C, x =)y +
+1C,  (x-y) Y +7C,
Transposing y" to the L.H.S., we get
K=y ="Co k=)' +"Cy (x—yY y+ o +7C, (x—y) Y
=(x=)) ["Co ="' +C, =y y+ = +"C, Y]
= (x — y) * Some Integer
Hence x" — )" is divisible by x — y for all +ve integral n.

Example 7. Prove that i 3Chn,r)=4"
r=4y

Solution: S 3'C(n, r)=3°C(n, 0)+3'C(n, 1)+ 32C(n, 2) + =+ 3"C(n, n) = (1 + 3)" = 4"
r=0

Example 8. Write down the binomial expansion of (1 + x)™', when x = 8. Deduce that
9"l _ 8n — 9 is divisible by 64, whenever n is a positive integer.
Solution: (1 + )"t ' =1 +8)"*"'=1+Cn+1,1).8+C(n+1,2)-8
+Cn+1,3)8+~+Cn+1,n+1). 8"
=1+(m+1)-8+C(n+1,2). 8
+Cn+1,3)-8+-+Cn+1,n+1) 8"
= 9 _8y_-9=82[Cn+1,2)+8C(n+1,3)++8"]
= 64 x A positive integer
Therefore, 9™ — 8n — 9 is divisible by 64.
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BINOMIAL THEOREM 8.15

20. By binomial theorem,

(1+x)"= {l+nr+ "{ﬂ; ) ~x3..,.t"]

nin-1)

o (1Al maped= ¥ ot

If  x=n(+n-1=n+ H[";l}nf ot
(1+nf-1= n1[l+ ﬂl’nz- l}ﬂ.nn—z]

Put n =100, (1 + 100)!® - | = [1m}1[1+ mﬂum-nmlmgﬂ]
(101)!%® - 1 = {mnf[nw...:m“]

Clearly (101)'® — 1 is divisible by (100)* = 10000.

GENERAL TERM IN A BINOMIAL EXPANSION

In the expansion of (x + a)", the (r + 1)th term, i.e., T, _ , is called its general term. We

find that
T, =°Cox"
=g
T; = "Cz.l"_z. a ...
L ="C. ™

General term = "Cx" " d'.

« 1) IMPORTANT

The (r + 1)th term from the end in the expansion of (x + a)" or (1 + x)" is equal
to (n — r + 1)th term from the beginning in the same expansion.

Since in the expansion of (x + a)" or (1 + x)", there are (n + 1) terms, therefore,
(r + 1)th term from the end will have (n + 1) —(r + 1) = n — r terms before it from the
beginning. Hence (» + 1 )th term from the end = (n — r + 1 )th term from the beginning
in the same expansion.

OR the (r + 1)th term from the end in the expansion of (x + @)" = (r + 1)th term
from the beginning in (a + x)".

Middle Term(s) in the Expansion of (x + a)", n e N

If the power of the binomial, i.e., n is even, the number of terms is odd, i.e., » + | and,
therefore, there is only one middle term. If » is odd, the number of terms is even and,
therefore, there are two middle terms. Thus,

(i) If n is even, there is one middle term, i.e., (g +1 ]lh.

(i) If n is odd, there are two middle terms, i.e., ["TH]IJI and ( s ;1 + l]rh.
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BINOMIAL THEOREM 8.19

7
Solution: (i) The given expression is {21 - l) :

y
Here n = 7, which is odd. There are two mid terms, i.e.,T, n+l and T,,,, ,ie,T,andTi
I 2 +l
[ Y B 560 x*
Now, T, = ?Cg,{lr}q -lJ 16 x [ 13 ] = - :
L ¥} 321 y y
¢ 4 3
1 7.6.5.4 1 280 x
d T ="C2xP|-=| =——— - 8&— =
al 5 4{)1}'] 4321 _}'4 ‘},4
(i1) Here n = 2n, which is even. There is only one mid term, i.e., Tz_ v ! R
— 2n _ o o ,,(2?1]!
Now, Lo =26, (- 1) =0

8
Example 11. Find the terms containing x°, if anv, in the expansion of [3): - Zi) ;
X

8
Solution: The given expression is (3: - EL] :
"

Hererr:ﬂ,xrltanda:—i.
X

1%F (-1
=80 (1 E—r(__] — 8048+ #r (=D
7+l A3%) 2x o o LE%

E-r
= (-1}'3 g A1)

T, will contain * if E —2r=21e., if r=3. Putting r = 3 in (1), we get

35 3 1.3 8.7.6
s 13 HC 86 _ . = _
(-1) 2X 3 me’ 1701x°

The term containing x* is Ti and it is — 170122,

10
Example 12. Which term contains x* in the expansion of [.r: -lJ ? Also find its

coefficient. ;i
10

Solution: The given expression is [12 - i] 3

X
Here n = lﬂ,x=xzanda=—l.

x
Tr+] = ][}Cr(xz}lﬂ—r(-_l) mCPXZD_Ir ~1)

X x"

or T =1 020 (1)

To find the term containing x°, put 20 — 3 =8 or —3r=-12, ie., r=4. Putting
r=41in (1), we get
10x9x8x7
T = (—1) 190 48 =
5= (1) TCy 4x3x2x1

The 5th term contains x® and its coefficient is 210.

X =2104°
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8.30 MATHEMATICS XI

-2 n 1 n 3 5
4 =62  —=2== [ === =—x4=10
or 6 6 2 2 > e or n 5
‘ EXERCISE 8.2 I
LEVEL OF DIFFICULTY A
1. Find:
10 2 2V
(i) 4th term of [E-EJ : (ii) 7th term of [*‘———] :
a x 2 x?
112 .
(1ii) 10th term of (213 +;] - (iv} General term of (x* —yx}”,x:ﬁ{}:

(v) 8th term of (x*2 yl2 _ x12,42)i0.

15
(vi) 11th term of [41— l ) \

2Jx
2. Find:
3 &
(1) 5th term from the end in [I—-i) :
2 %2
9
(i) 4th term from the end in (3 x2 - i] :
2 ix

9
(iii) 4th term from the end in (% x3 +i) :

A
(iv) (n + 1)th term from the end in [.r-l] :
X

3. Find the middie terms in the expansion of’

B 9 10
(i) & + &); (ii) 'rx+i) L (i) [3‘,:_&] i) (I_L] :
\ 2x f e

i 10 f EJ'H"
(v) | 2x2 ~iJ (i) x+lj i) (1~ 2x + 2Y% (vidi) (1 + 3x + 382 + PP
\, X L X

o (2x2 . 3 Y o
(ix) 3 +2x3J 2 (x) (1+I_1] :

4. Find the term independent of x in the expansion of:

9 5 10 \ o
{i) [.‘:2 +lJ : (ii) [.I::2 -l] s (i) [214 —lJ o {iv) [3"‘-* -J—] -

X x3 X 2 3x

10
4 1 ]jﬂ : [ - 1]12 e X 3

v - — g vij | 2x< == | : Vil — + -

(v} {T = (vi) ” (vii) 1|||3 .

(1 ; 3y [ 3 LY
(vili) —x”3+:-”5] : (ix) (1 +x+ 2x7) (—13 ~—] ;
2 2 3x
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8.34 MATHEMATICS XI

6. (i) 120; (i) ~101376; (iii) No term; (iv) 680; no term;
(v) 2%. 35 5. 11 and no term: (vi) 210 ¢'%; (vii) ¥Cy,;
(viii) 2"Cy,_,: (ix) 154; (x) 60.
3
7, 2500 8. 3. 9. 2102, 10. 35. 913, X3,
X
v
1. - 131582 13. ab = 1. 15. 171.
16. 12. 17. 7, 14. 18. 1, 2 and 7. 19. —%.
21. 7. 22. 5. 23. 9/7. 24. 4.
25. (i) 1; (ii) 4. 26. -1%¢,,. 27. 9. 29. 10 or 1072,
3.r=5.
34. (i) 5th term, 70; (i) Sth term, 87. 5% ''Cy; (iii) 12th term; 3°. 5'°, B5C,,.
37. 232. . R 5 41. 1, 2.

‘ HINTS AND SOLUTIONS I

9
4. (ix) The term independent of x in the expansion of (1 + x + 2x7) [;;,_rz -?I_J
x

= (terms containing x° in the given expansion)

+ x (terms containing = in the given expansion)
X

+ 2x" (terms containing LS in the given expansion)
X

9
In the expansion of (%xz -JL) ., (r + 1)th term is given by
X

Q—r r Q9—r r
% [ LY _5..03 1
v=(32) %) =3 {5) -

Putting » = 6, we get the term containing x”
- [zf.(_lf’ - (32211
*\2 3 1-2-3 8.27) 18

Putting »r = 7, we get the term containing -IT
A

=%{ﬂTijL=_F@ L ek
2 3) 3 1-2 4.243 | 3 27 3

: 5 | : .
There is no term containing — in the given expansion.
X

The term independent of x in the given expansion

7 3_( 1 I) 7. 2 17
27 3

T 18 27 54
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8.40 MATHEMATICS XI

Since "'C. ="C,_, +"C,

Hence the result.
3. T, = CyP = C 2y
If it contains 3!, then p = r - 1.
Coefficient of y! = ¢ _ 27!

ie., k= Vo grd
Changing r to r + 2, k, = '°C 2"
kr
i (Given)
r
]ﬂc 2."1-]
= o =4= 1, . 2=49_ o ¥, =1
e : pr=1 r+l ’ r-1 ol r-1
r
| !
5 (10)! < (10)! ] 1

(r+DY10-r-1}! h (r+DY10-r+1)! (r+l)-r ) (I1=r)(10-r)
= (H-P0-P=rFr+D=2110=-2lr+ = +r.=110=22 - r=35

33. Given e G A0 i are in AP.

r-|*
E"Cr - JF‘."'r:a--—] * "CrH

< 5 = ilT:-"ur'—.'l + ﬁfrﬂ s D r + n-r HCF :H—'r+1
{:r {Tr n=r+l] r+l “{?r__l r
rir+l)y+(rn=-r)in-r+1)

= 2=

(r+l)(n—-r+1)

=4 Qn-r+NYir+l}=rir+ H+m-rYin-r+1)

= r =27 + 2+ 2 =P+ r+ -2+ +n—r

= B -dnr-n+42-2=0-nWr+1)+41-2=0

2] 1y
36. The given expression = {[1 +—] ] = (; +_]

X X

The number of terms = 2n + 1, which is odd.

r H
The middle term = 2221 — =3"cﬂf*"-[i] a Y
2 X () (m)!
_1:2:3:4:5:6.2n~1)-2n _ [1:3-5..2n - ))[2-4-6...2n]
(n)!(n)! (n)!(n)!
o [1:3:5.2r-D]2"[1-2-3.8] _ 1-3.5..2n-1)
(m)! 1-2-3...n (n}!

u
37. Coefficient of x! in (1 + 3x* + x“}[] +l)
X

B
= Coeflicient of x! in (1+1J + Coefficient of x! in
X

B 8
3.‘r2[l+lJ + Coefficient of x! in x* [1+1J

X X
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9.2 MATHEMATICS XI

PROGRESSIONS

If the terms of a sequence follow certain pattern, then the sequence is calied a
Progression.

Hlustration 1. ! Consider the following sequences:
@ 3,579, ..2L (i) 8,5,2.—1,-4, ..

(i) 2,6, 18,54, ..., 1458; (iv) 1, -jl- (v) 1,4,9 16,....

11 .
4 g

We observe that each term (except first) in (i) is formed by adding 2 to the preceding
term; each term in (i) is formed by subtracting 3 from the preceding term; each term in
(111) is formed by multiplving the preceding term by 3; each term in (iv) is formed by
dividing the preceding term by 2; each term in (v) is formed by squaring the next natural
number. Thus, each of (i) to (v) is a progression. Moreover, (i) and (iii) are finite sequences
whereas (i1), (iv) and (v) are infinite sequences.

However, to define a sequence we need not always have an explicit formula for the
nth term. For example, for the infinite sequence 2, 3,5, 7, 11, 13, 17, ... of all positive prime
numbers, we may not be able to give an explicit formula for the neh term.

SERIES

By adding or subtracting the terms of a sequence, we obtain a series. A series is finite
or infinite according as the number of terms in the corresponding sequence is finite or
infinite.

Hlustration 2. | The following:

(85 T e Ty B b I S S & (i) 8+5+2+ (-1 + ..
(m) 2+6+ 18 +54 + .., + 1458; (iv}l+%—+:l+%+...;

V)1 +4+9+16+...
are the series corresponding to the earlier sequences, (i) to (v).

Example 1. Write the first four terms of the sequences defined by

in
n+4

@ 1, = 4n’ + 3; (i) 1, =

Solution: (i) We have,
t =4+ 3
Putting n = 1, 2, 3, 4, we get
4;=4-12+3=7,6~4-22+3=19,4,=4-32+3=39,
t,=4-4+3 =67
Thus, the first four terms of the sequence are 7, 19, 39, and 67.
(i1) We have,

; = n
" on+d4
Putting n =1, 2, 3, 4, we get
I 1+4 5772 244 T3 344 74 444 2
Thus, the first four terms of the given sequence are % 1, % and %
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96 MATHEMATICS XI

Solution: Clearly, the given sequence is an AP with a=35 and d=-3.
! =g+(n-1)d=5+(n - 1)(-3)=-3n+8.
For the 19th term, putting n= 19, we get 1, =-3.19 + 8=-49,

Example 3. Which term of the sequence -3,-7,—11,—-15,... is —403? Also find which term,
if any, of the given sequence is =5007?
Solution: Clearly, the given sequence is an AP with a=-3 and d= 4.

Let —403 be the nth term of the sequence, then

403=(3)+(n-1D (4D [1,=a+(n=1)d]
= 4n-1)=400=n-1=100= n= 101
. It is the 101st term.

Let —500 be the mth term of the given sequence, then

-500 = (-3) +(m— 1) (-4)=>4(m— 1) =500 -3 =4m = 49?+4==*m-%:

which is not a natural number. Therefore, —500 is not a term of the given sequence.

Example 4. If the 9th term of an AP is zero, prove that 29th term is double its 19th term.
Solution: Let a be the first term and &, the common difference of the given AP

Given: =0 = a+(9-1)d=0 = a+84d=0 = a=-8d 1)
f29 _ a+{29-l}d _a+28d _ -8d+28d .
Now . a+(9-Dd a+18d  —8d+I18d [Using (1)]
fy _ 20d _ _
= b 10d 2= 1yg = 2.

Example 5. [f each term in an AP is doubled. Is the resultant sequence also an AP? If
so, write its first term, common difference and the general term.

Solution: Let the given AP be a, a+ d, a+ 2d, ... The sequence obtained by multiplying
each term by 2 is 2a, 2(a + d), 2(a + 2d),... which is clearly an AP with first term 2a and
common difference 2d.

Generalterm =2a + (n— 1)2d=2[a+ (n-1)d]
Example 6. If the third term of an AP is 18 and the seventh term is 30, find the series.
Solution: Let a be the first term and &, the common difference of the given AP
Given: =18, le, a+2d=18 A1)
and t,=30, ie, a+6d=30 -A(2)
Subtracting (1) from (2), we get 4d= 12 = d = 3. Substituting this value of 4 in (1), we get
a+23=18 = a=12
t.=12+(n -1)3=3n+9

Putting n=1, 2, 3, 4, ... , the AP is 12, 15, 18, 21,... Therefore, the required series is
12+ 15+ 18 +21 + -

Example 7. The 2nd, 31st and last term of AP are '.-'}-

& % and — 6%, respectively.

Find the first term and the number of terms.
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9.10 MATHEMATICS XI

(i) ¢, is purely real if imaginary part is 0.
From (1),
~(8-2n)=00r-8+2n=00r2n=8orn=4
1, is purely real.
(i) ¢, is purely imaginary if real part is 0.
From (1),
O9—n=0o0r n=9
1y is purely imaginary.
Example 20. If the pth, gth and rth terms of an AP are a, b, ¢, respectively, prove that
a(@-r) +b(r-p) +cdp-q) =0.
Solution: Let A be the first term and D, the common difference of the AP
Given: rp=a=:A+(p—l}ﬂ=a (1)
rq=b=:A+{q—l}D=b (2)
t.=c=A+(-1)D=c (3)
a(g-rntb(r-p)+c(p—q)
=[A+(p-1)D)](g-n+[4+(@-1)D)(r-p)+[A+(-1) D] (p-q)

[Using (1), (2) and (3)]
=(@-rtr-ptp-@A+{p-1)@-nN+tg-Dr-p)+r-DE-9]D
=0-A+(pq-pr—q+rtqr—-pq-r+ptpr—p—qr+q)D
=0:A+0:-D=0

Example 21. The sum of three consecutive terms of an AP is 15 and their product 105,
Find the numbers.

Solution: Let the three numbers in APbe a—d a a+d

Given: Sum of numbers = 15

Le., (a—d)+a+(a+d)=15 or 3a=15 .. a=>5

Also Product = 105

LE., (a—d)a(a+d)=105

or 5-d)-5-(5+d)=105 [Putting the value of a]
or 25-d=2lord =4, . .d=+2

When d = 2, the three numbers in AP are 3, 5, 7.

When d = -2, the three numbers in AP are 7, 5, 3.

Example 22. The sum of four numbers in AP is 20 and the sum of their squares is 120.
Find the numbers.

Solution: Let the four numbers in APbe a—3d, a—d, a+d, a+ 3d

Given: Sum of numbers = 20

Le., a-3d+a-d+a+d+a+3d=20 or 4a=20, ... a=5
Also, Sum of their squares = 120

ie., (a-3d’ +(a—dP +(a+dF+(a+3d’ =120

or F+9d+d+d =60 or 24+ 104 =60

or 50 + 104" = 60 [Putting the value of a]
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914 MATHEMATICS XI

18.

19.

21

Let a, be the first term and 4, the common difference of the AP

lyyoy = @y t{m+n-1)d A1}
by y = @y Tim—n—1)d i 2)
Ly = Gyt (m—1)d A3)

Add (1) a.r:;l (2).

Let three parts of 69 be (a -~ d), a and (g + d).
a-dy+tat+tla+d)=69=23a=69=2a=23

Thus, the parts are (23 — d), 23 and (23 + d).

As per question: Product of two smaller parts = 483

(23—&)(23}=433=;23—n'=%=21=d=23—2|=2

;. The parts are (23 — 2), 23 and (23 + 2), Le., 21, 23 and 25
Hence, 69 is splited into 3 paris viz, 21, 23 and 25.

Let a;, be the first term and ¢, the common difference. Here n= 21. The three middle terms

22.

26.

27.

Given gt a, tap=129 = (a,+9%) +(a, + 10d)+ (a; + 11d) = 129

= 3a,; +30d=129 or a;+ 10d =43 (1)
The last three terms are a,q dyy @
Given gt @yt @y, =237 = (a;+ 18d) + (a; + 19d) + (a, + 20d) = 237

= da,+537d=237 ora,+ 194=79 {2)

Selving (1) and (2), we get a; and 4 and hence the series.

In Example 20, subtracting (2) from (1), (3) from (2) and (1) from (3), we get
a-b=(p-q)D, b—c=(g-r)D, e—a=(r-p)D
(a-byr+(b-clpt+lc—a)g = (p—q)Dr+(q—r)Dp + (r —p)Dyg

= Dllp-qrt(g-ript(r—pigl=0

1 ]
Given: at+(m-1)d=— (1) and a+{(n-1)d=— LA2)
n m
Subtracting (2) from (1), we get
n m mn
1
Putting d=—in (1), we get
utting m”m{}weg
1 1 1
mn it min

The numbers between 100 and 500 that are divisible by 7 are 105, 112, 119, 126, 133, .,
483, 490, 497. Let such numbers be n. Then

497=105+(n-1)7 or n=57
The numbers between 100 and 500 that are divisible by 21 are 105, 126 147, ..., 483, Let such

numbers be m. Then, 483 =105+ (m - 1)21 or m= 19,
Hence, the required number =n—m = 57 - 19 = 38.

If possible let the mth term of the first AP be identical with mth term of the second AP
2+(m-13=3+(n-12 or Im-1=2n+1

or Im-6=2n-4or3(m-2)=2(n-2)
m—2 n—2

or i

2 3
But Il €<m<60and | < n <50

=k(say) .. m=2k+2 and n=3k+2
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SEQUENCES AND SERIES 9.47

We have

1 1 5 1
fﬁ—3=:r5+{'ﬁ—l]d-3=?3—~5—5ﬂ' or Sd—E or d_E

1
Al=ﬂ+d=E+E

+
il

sk
J
]
o
+
|
|
+
.
b4
(ST IS S

Il
| Lo
i

+
il
[ g ]

Ay=a+3d=>+3x

!
A4=a+4a'=5+41

1 1
Also, A,+A1+A3+A4=I+IE +2+25=?

Example 8. Prove that the sum of m AMs between any two numbers: sum of n AMs
between them is m : n.

Solution: Let the two numbers be @ and 5. Then sum of m AMs between a and b
= m (AM between a and b)=m(ﬂ;b] A

I
L

Il
| )

(S I S ) I S
+

Also, sum of n AMs between a and b

= n (AM between a and b}=n(ﬂ;b) -(2)

(u+bw‘
m
Sum of m AMs 2 )

Sum of n AMs (a+b‘
n
%

I EXERCISE 9.5 I

m
n

LEVEL OF DIFFICULTY A

1. Find the AM of
(i) =5 and 41; (ii) 3p-2g and 3p+2g; (iii) (a+b)* and (a-b)~
2. Insert three AMs between 5 and 29.

3. Heat five AMs between 4L and 1L

2 2

4., The n AMs between 20 and 80 are such that the first mean: the last mean = 1 : 3, find the
value of n.

5. If n AMs be inserted between 1 and 51 such that 4th mean: 7th mean =3 : 5, find n.
6. If 11 AMs are inserted between 28 and 10, find the middle term of the AP.

7. Between | and 31, m-arithmetic means have been inserted in such a way that the ratio of the
7th and (m — 1)th means is 5 : 9. Find the value of m.

8. Show that the sum of n-arithmetic means between two numbers is n times the single arithmetic
mean between them.
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9.68 MATHEMATICS XI

24,

25.

26.

27,

28.

29,
30.
31

3.

35.

36.

37
38,

39,

Show that the product of n terms, where # 1s odd. of a GP will be equal to nth power of
the middle term,

Three numbers whose sum of 70 are in GP. If each of the extremes is multiplied by 4 and
the mean by 5. the numbers will be in AP Find the numbers.

The sum of first three terms of a GP is 7 and the sum of their squares 15 21. Determine
the first five terms of the GP.

If pth and gth terms of a GP are g and p respectively, show that the (p + gith term is
(@ip?) P,

If @ b, ¢ are in AP as well as in GP, show that a=b=1¢.

If x, y. z are in GP and &' = b" = ¢, show that log, a = log_b.
If a'* = p'% = ¢V and a. b, ¢ are in GP, show that x, y, z are in IE,

The three numbers «, b, ¢ between 2 and 18 are such that their sum is 25; the numbers
2, a, b are consecutive terms of an AP and the numbers &, ¢, 18 are consecutive terms of a
GP. Find the three numbers.

If a, b. ¢, d are non-zero real numbers such that (a® + b° + ¢*} (b* + ¢* + d*) € (ab + be + cdY.
show that a, b, ¢. d are in GP,

If a. b, ¢, d and p are distinct real numbers such that (& + b2+ %) p?-2
{ﬂb+b{'+cd}p+{b‘1+c2+d2}£ﬂi
show that a, & ¢, o are in GP.

It a,, a, a,, .. are in AP and A A @, Are in GP, show that a, a,=(r-p)(qg-p)
If a, b, ¢ are the pth, gth and rth terms respectively of an AP and GP both, show that the
product of the roots of equation " b c? ¥ ~abcx+a b c®=0 is equal to 1.

Iif a, b, ¢. d, e. x are real and [az+bz+c1+d1}12—1 (ab+ bc+ed+ de)x
+(BP+2+ P+ <0,

show that a, b, ¢, d, ¢ are in GP.
If p, g. r are in one GP and a. b, ¢ in another GP, show that cp, bg. ar are in GP.

If @, b, ¢ are in GP and log _a, log , ¢ and log , & are in AP, show that the common difference
of AP is 3/2.

If 1 (_Zb] 1 [_4:'] and | [—] are in AP, wh b in GP; show that a, b
W . W
o8 |3 ) 198 {3, 2 |57, m AP, where a, b, ¢ are in GP; show that a, b,

¢ are the lengths of sides of an equilateral triangle.

40. 1f a, b, ¢ are in AP, show that 271 28! 21 ae in GP.
41. If a, b, ¢, d are in GP, show that (@ + &) (B + ) (& + ) are in GP.
Answers
1. (i) =512: (i) fﬁ;_" (iii) 3_72?: (iv) (~1)" L;"E-_i 2
2. 3072, 3 4 4 3.2
5. (i) 6th: (i) 132:11; (iii} 9th; (iv) 12th; (v) 9th:  (vi) 13th.
7. 10. 8 + 1. 9, -2187. 10. 6144,
12, ___1}_ 15. 5. 10, 20, ... or 20, 10, 5, ...
16. 8, hlﬁ. 32 or 32. 16, 8 17. 3. 8. 2. 5, 8 or 26, 5, — 16,
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SEQUENCES AND SERIES 9.91

Solution: Let r be the common ratio of the GP, then we have b=ar, ¢ = ar* and d = ar°.
(i) We have
atb=at+ar=a(l +r)
b+c=ar+a’=ar(l+r)
c+td=ar+ar =ar (1 +r)
b+c _ar(l+r) _

Therefore, =
a+b a(l+r)

r or b+c=(a+byr

c+d 3 ar2{1+r}
b+c¢ ar(l+r)

Hence, a + b, b+ ¢ and ¢ + d are also in GP, with the same common ratio.
(ii) We have

=r or e+d=(b+¢)r=(ﬂ+b)’2

and

F-b=-ar=a(1-r
B -=dr-drt=dr(1-r)
PP PF=RA1-)
B Q. 2
Therefore, 21:;1 = a_::lilr:; }=r2 or b-ct=(-)"r
c? — g2 _ﬂ2r4{l-r1} B
b2 - ¢? _azri{l-ri} B
Hence, a* - b, b* — ¢* and ¢* — & are in GP with the common ratio .
(111) We have
F+P+E =@+ PP+ =, 1 +P+1

ab+bc+ed=ar+ar+ar=ar(l+r~+
P++d=ar+adrt+d7°=2rq1+7+~

ab+bctcd _a’r(l+r®+r%)

r o A-d&=F-3Ar=(@ -

and

Therefore, =
a’ +b* +c¢*  a*(l+ri+rh ’
or ab+be+cd=r (@ + 5+ )
- b +c? +d* _uz r2(1+r1+r4}|_
ab+bc+cd azr(l+ r? +r4}
or P+t +d=(ab+be+edyr=(@+b+AHP
Hence, &~ + b° + ¢%, ab + be + ed and b° + ¢* + & are in GP with the same common
ratio r.
(iv) We have

1 1 ” i
a’ + b2 al +ar? a2{1+r1]

b2 +c¢?r  airi+airt a'rta+r?)

et +d®  a*rt+a?® a4
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10.2 MATHEMATICS XI

___E.(3}+3.l:ﬂ o u:l_9+3_{-—-3}=u

1+ 3 ; 1+3

[lI. In particular, if m = n, the coordinates of the mid-point of the line segment joining
the points (x,, ¥,) and (x,, y,) are

[11 +Xh W+ » }

2 2
IV. Area of the triangle whose vertices are (x|, »,), (x5, ¥,) and (x5, ;) is
1
A s | (2 = ¥3) + (3 = ¥y) + x(3y = 5) |
For example, the area of the triangle, whose vertices are (4, 4), (3, -2) and (-3, 16) is

54
= |_27

ﬁ=:1..14{ 2-16)+3(16-4)+ (-3)4 + 2)|=

V If the area of th; triangle ABC is zero, then three points A, B and C lie on a line,
I.e., they are collinear.

SLOPE OR GRADIENT OF A LINE

The tangent of the angle which a line makes with the positive direction of x-axis is called
the slope or the gradient of the line. It is generally denoted by m. [Refer Figs. 10.1(a)

and (b). y y

4 [ ]

g

0 S 0 e
Fig. 10.1(a) Fig. 10.1(b)
Thus, if a line makes an angle 6 with x-axis, then Y
its slope = tan 6, i.e. m = tan 6. If a line is parallel to x-axis, T B
g=0°
m=tan 0°=0
S . BB " 180°+ 0
If a line is parallel to y-axis, it is perpendicular to x- 0
axis so that & = 90°. Therefore, m = tan 90° = oo, That is 0 - X
why we do not define the slope of a vertical line. y 4
Fig. 10.2
& caution
Slope of a line segment is mdcpend:nl of lts sense, for Slupe of BA = tan (180° + Gj
= tan 0 = Slope of 4B. [see Fig. 10.2] D e s e o
e

Slope of the Line Joining Two Givan Pnlnts

Let P(x,, y,) and Q(x,, y,) be the two given points. Let 6 be the inclination of the line
PQ with x-axis so that m = tan 6.
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10.20 MATHEMATICS XI

6. If the straight line y = mx + ¢ passes through the points (2, 4) and (-3, 6), find the values
of m and e.

7. Find the equation of the straight line which makes an angle « with the positive direction
of the x-axis, where a = sin‘ng and makes an intercept —4 on the y-axis.

8. Find the equations of the lines through the point (0, 2) and making an angle g and 2?3! with
x-axis. Also, find the lines parallel to them cutting the y-axis at a distance 2 below the origin.
Find alse their point of intersection with x-axis.

9. Find the equation of the line having y-intercept —5 and parallel to the join of (3, 7) and (-2, 0).

10. Find the equation of the line having y-intercept —5 and perpendicular to the straight line joining
(-1, 6) and (-2, -3).

11. Find the equation of the line which cuts off an intercept 8 from the x-axis and makes an angle
of 60° with the positive direction of y-axis.

LEVEL OF DIFFICULTY B

12. Find the equation of a straight line which is equidistant from the lines x = -7 and x = 3.

13. Find the equation of the bisectors of the angle between the coordinate axes.

14, If the point 4 1s symmetric to the point B(4, —1) w.rt. the bisector of the first quadrant, then
find the length of AB.

15. If F{1, 0). ({1, 0), R(2. 0) are three given points, then find the locus of the point § satisfying
the relation SQ° + SR® = 2SP%,

16. The co-ordinates of the vertices 4 and B, i.e., isosceles triangle ABC (AC = BC) are (- 2, 3)
and (2, 0) respectively. If a line, parallel to A8 and having a y-intercept equal to E, passes
through C, then find the coordinates of C.

17. The points (1, 3) and (5, 1) are the opposite vertices of a rectangle. The other two vertices
lie on the line y = 2x + ¢. Find ¢ and the remaining vertices.

Answers '

1. y =2,

2. 3x+4y=0, (i) Zx-y+ 1 =0 (i) Sx-pv+4=0, (iv) Zxk +y-3 =0,
3. x-JIy-243 = 0.4, y=§x—2.

5.y=ﬁx+3. ﬁ.m=-%;c=2—:.

T.3x-4v—-16=0and 3x + 4y + 16 = ()
B*y=ﬁx+2,y=—ﬁx+2,y=ﬁx-l

2 2
y=—J§x - 2; [ﬁﬂ]('ﬁﬂ) 9. Tx-5y-25=0.
10. x + 9y + 45 = 0. 1. x-3y =8 12 x=-2
3. x-y=0x+y=0. 14. 52, |5.x=—§.

17
16. (L F]' 17. —4: (4, 4) and (2, 0).
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STRAIGHT LINES 10.103

23. Find the direction in which a straight line must be drawn through the point (-1, 2) so that
its point of intersection with the line x + y = 4 may be at a distance of 3 units from this
point.

24. Prove that the lines 2x + 3y = 19 and 2x + 3v + 7 = 0} are equidistant from the line 2x +
Jv = 6,

25. Find the points on the x-axis, whose distances from the line Z+2=1 is 4 units.

26. Find the value of A so that the distance of the point (4, 1) from the ling 3x — dv + A =0
15 4 units,

27. Find the length of the perpendicular from the point (4, ~7) to the line joining the origin and the
point of intersection of the lines 2x -~ 3v + 4 =0 and Sx + 4y - T = 0,

LEVEL OF DIFFICULTY B

28, If 5x — 12y — 65 =0 and 5x — 12y + 26 = 0 are the equations of a pair of opposite sides
of a square, find the area of the square.

29. Find the equation of a locus of a point P which is equidistant from the straight line 3x — 4y
+ 2 = 0 and the origin.

J0. The perpendicular distance of a line from the origin is 5 units and s slope is <1, Find the
equation of the line,

31. Find the sum of the abscissas of all the points on the line x + v = 4 that lie at a unit distance
from the line 4x + 3y — 10 = 0,

32. Find the equation of the straight line that can be drawn through the point (4, —5) so that its
distance from the point (-2, 3} is equal to 12.

33. Find the equation of the straight line which cuts off intercept on x-axis twice that on v-axis
and is at a unit distance from the origin.

34. On the portion of the straight line x + y = 2 which is intercepted between the axes, a square
is constructed away from the origin, with this portion as one of its side. If p denotes the
perpendicular distance of a side of this square from the origin, then find the maximum
value of p.

; x. ¥ X ¥ r ¥
35. Prove that the parallelogram formed by the lines —+=— =1, —+= =1, —+= =2 and
a b b a a b
242 =2 s a rhombus.
b a

36. Base of an equilateral triangle lies along the line 9x + 40y — 50 = 0 and s vertex lies on the
hine 9x + 40y + 32 = (. Find the length of each side of the triangle and also find its area.

37. Prove that the origin les inside the mangle whose vertices are (4, 5), (-4, 3) and (-1, -3).

38. A points P is such that the sum of sgquares of its distances from the two axes of coordinates
is equal to the square of its distance from the line x — y = 1. Find the equation of the locus
of P.

39. Find the length of the perpendicular from the origin to the line joining two points whose
coordinates are (cos 8, sin &) and (cos ¢, sin @).

40. Find the points on the y-axis whose perpendicular distance from the line 4x — 3y - 12 =0
is 3.

41. A straight line is parallel to the line 3x —y -3 =0and 3x — v + 5 = 0 and lies between them.

Find the equation of the lme il its distances from there lines are in the ratio 3 : §.
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1.2 MATHEMATICS XI

Rotating a right triangle around one of its shorter sides (making the side the axis)
will produce a right circular cone. In an oblique circular cone (right) the axis does not
form a 90° angle with the directrix.

CONIC SECTIONS—AS SECTIONS OF A RIGHT CIRCULAR CONE

I. Section of a right circular cone by a plane, which is passing through its vertex, is a
pair of straight lines. Lines always pass through the vertex of the cone (See Fig. 11.2).

Plane

i \ Pair of
H : straight lines

rlal o 0
B

Fig. 11.2
2. Section of a right circular cone by a plane, which is parallel to its base, is a circle

(Fig. 11.3).
V

A

A -

PO 08 o
Circular base

Fig. 11.3

3. Section of a right circular cone by a plane, which is parallel to a generator of the
cone, i1s a parabola (Refer Fig. 11.4).
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11.86 MATHEMATICS X!

Let P(x,, ¥,) be any point on the hyperbola. Let PN be perpendicular to the x-axis.
Then

A M
¥4
T
r Pix,»)
S & |7 c z| A\ S N %
Fig. 11.75

5P=exPT=exzw=e(CN—C2}=e(xl—ﬂ]=e.x,ua
¢

S'P =exPT'=ex2ZN = eCZ' + CN) = e[xl +f:;) = ex, + a
SP —SP = (ex; + a) — (ex; —a) = 2a = AA"  (Transverse axis)
So, we can also define hyperbola as follows:
Second Definition of Hyperbola

A hyperbola is the locus of a point, the difference of whose distances from two fixed poinis
IS a positive constant.

Equation of Hyperbola from Second Definition
| PS - PS'| = 2a = PS - PS' = +2a

J{I—ﬂf}z + _}'2 —J(I+af}z + }12 = +2a

=9 J{x—m’}z +y? ==22a+ J{x+ae}2 +y?
Squaring both sides, we have

(x — ae}z +y2 = 44* + (x + ae)z +y2 - - 4HJ{I+HE)1+}?:

=  -dagex - dq* = :I:4ﬂ,j[.t+ﬂe}2 +y?
Dividing both sides by —4a, we have

ex +a= IJ{I+&£}2 +J.~'2
Squaring both sides again, we have

e +2aex + @ =Xt 2aex + dE + Y = (E - D) -y =d(E - 1)

2 2
Dividing both sides by a*(é® — 1), we get *— — ——2 = 1.

a? a’(e’-1)
Since ¢ — 1 > 0, we put b = ﬂﬂ‘fl —1. Then the above equation becomes

XL
PE T
which is the required equation of the hyperbola in standard form.
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CONIC SECTIONS 11.101

2 2
(iii) Let the equation of the hyperbola be ~— - ;’—1 = 1.
a
Transverse axis = 2a=7 .. a= %
: . x2  y?
Equation of the hyperbola is E_LT = 1. It passes through the point (5, -2),
4
25 4 100 4 51 4 196
e == | —— =l == . K=
49 p? 49 p2 9 p? 51
4
The equation of the hyperbola is:
11_}'2 - i 412_513.'2 N
49 196 ST 49 196
4 51

Example 16. Find whether the points (1, 2) and (6, 3) lie inside or outside the hyperbola
4x* — 9y — 8x + 36y — 68 = 0.
Solution: Let (x,, y,) = (1, 2). Since
4x} -9y} —8x, +36y, —68 =4 -36 -8+ 72 - 68 =-36 <0
the point (1, 2) lies inside the hyperbola.
Let (x,, ¥;) = (6, 3). Since
4x2 -9y? —8x, +36y, —68 = 144 — 81 — 48 + 108 — 68 = 55 > 0
the point (6, 3) lies outside the hyperbola.
Example 17. Reduce the following equations to the standard form of the equation of the
hyperbola
(i) 5° — 47 — 10x — 16y — 31 = 0; (ii) 7° — 9x + S54x — 28y — 116 = 0.
Hence, obtain the
(a) equation of the axis;
(b) coordinates of the centre and the vertices;
(c) eccentricity and coordinates of the foci;

(d) lengths of the transverse axis, conjugate axis and the latus rectum;
(e) equations of the directrices and latus rectum.
Solution: (1) We write the given equation in the form:
S5(x* — 2x) — 4(1* + 4y) = 31
or S(F-2x+1)-4()*+4y+4)=31+5-16
or Sx-1Y-4(p+2)7°=20
(x-1% (y+2)? S o
- o VO - = |

4 5 4 5
where X=x—-1and VY =y + 2.

The equation represents a horizontal hyperbola.

X~ F-
Comparing it with the equation - = ]

2 2
a b
we get @ = 4 and b* = 5.

or
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LIMITS AND DERIVATIVES 13.3

4. lim [¢f(x)] = ¢ lim f(x)
X=ra , X—a . 5 : z 2
That 1s, the limit of a constant times a function i1s the constant times the limit.

5. If h(x) = ¢ for all x, then lim A(x) = c.
That is, the limit of a constant function is a constant. This is usually addreviated

by writing lim ¢ = c.
X—a

6. lim 7/f(x) = ,/lim f(x), for any positive integer n.

X—+a X—a

7. lim x" = 4" for any positive integer n.
X—+a

Remark: In Property 6, we require that lim f(x) be positive, if n is even.

I—rd

EVALUATION OF ALGEBRAIC LIMITS
The following methods are useful for evaluating algebraic limits:

Method of Factorization
If f(x) and g(x) are polynomials and g(a) # 0, then we know that

li
i L) _ 2207 _ @
x—=a g{x) lim g{I} g{ﬂ}

Now, if fla) = 0 = g(a), then (x — a) is a factor of both f{x) and g(x). We cancel
this common factor (x — a) from both the numerator and denominator and again put
x = a in the given expression. If we get a meaningful number then that number is the
limit of the given expression, otherwise we repeat this process till we get.a meaningful
number.

Some useful results
D=y =(x-y)(x+y)
@ x> -y = (x—y) (Z +xp + %)
(i) ¥+’ = (x +y) % —xy +)?)
W) - = -+ =(x+y) x-p) Z+)P)

Example 1. Evaluare the following limits:

E AR ] s ex 1
(1) lim “ : (i) him : :
=12 2x-1 =1 x—1
: x—1
i) lim S iv) lim ~ .
( ],r—hl _:[2--4 { ).I—}] 2xc =Tx+5
4x2 -1 2x+1D(2x—-1
Salatlon: O Bin 22 "La jip SSET DY
=12 2x-1 x—= 112 2x-1

[Cancelling the non-zero factor (2x — 1)]

x—» 12

1
= lim (2x+1) = Z(E)H =2
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13.36 MATHEMATICS Xl

) 1+cosx
21. lim 5
*—x tan"x

. yJ2—siny -1
23. lim

r— Al (.?I ]2
— =X
p

C

11- !1m tan- x tan x
x— o4 T
COs| ¥+ —

[ 4]
24. im Y3 -tanx

r-2 1y - 3x

2% lim 51n3:—3§mx %. lim seC X — tanx
=2 (m-X) X = 172 [E—-x]
2
-J3 i
27 lim cns3.r+3c;:5x 28 lim p. J—ms.r 2sm.:u:
x— afl T x = mih (6x— )
[2 "]
- 1— =
29, lim cot dx cn: 4 x 30. lim X -1'. 2
x=xi8 (1 —8x) x=2 x2 = Ix+sin(x-2)
$i. im0l T e
x—+a COt x—cot a #— x4 tan & — cot &
Answers
1. 1. 2. 1. 3 1l 4. 0, 5. % 6. 0.
I .
= 8. 2. 9, @1 10. cos y. I secdy, 12, 2.
13, =4 14. —sin 3. 18 —2Jasina. 16. 17. -2, 18, 4
e . = . . = | i . = B — T
2 V2 2 8
19, l 20. 2 21. l 22, —4, 23. l 24, i
T 2 3
25 -4 Iﬁ—l— 27. 4 IE.L 29-}— 30. 1
- " (] 2 L] & 3&1 - lﬁ w -
1
1. sin'a. . ==,
3. sin’a 32 343
‘ HINTS AND SOLUTIONS I
. sinr—sin@ . sinx+sinfé . sinx-siné
9. lim - = lim 1m
=8 xt-g =8 x+8 x—=8 x-60
4 x+8 ., x-8
sin@ +sin@ . ms-—z—- s 9
— lim
B+ 1w x—8
s.irl'm_ﬁt -
o 251"9{2} im ms,tﬂ? lim 2 (lj
x=8 2 x=e x—0 1|2

2siné 8 +8 1 sin# cos &
COS - = ——
a ] 2 17
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LIMITS AND DERIVATIVES 13.43

X5 if 0sx<12
Example 10. Let a function f(x) be defined as f(x) = {0, if x=12
x=-1, if l2<xsl
Establish the existence of lim f(x).

. e

Solution: RH.L. = IinE f(x)= lim (x-1)

x—=—+ ==+
2 2

i 1
Put x = — + h so that whenx — —, h — 0.

2 2
_ | | 1
R.H.L. = lim (—+h—1) == ) =] = —
h—0\ 2 2 2
Also, LHL.= lim f(x)= lim =x
.t—h--l-- x—r—l~-
2 2
1 1
Put x = E_h’ so that when x — > h— 0.
. 1 | 1
LHL.=lim|—-h|=—-0=—,
h—ﬂ](z } 2 2
Since RHL.#LHL.
Therefore, lim f(x) does not exist.

x— 12

cos =1
BT +find the value of k, given that lim f(x) exists.

x—l

Example 11. If f(x) = { ERITY
x 5t P

Solution: LH.L.= lm f(x) = lim (x+k)

x=0- x—=0-

Putx=0-h Asx—>0—- h— 0.
LHL. = lim (0-h+k)=(0-0+k) =k
h=0

RHL. = lim f(x) = lim cosx

x—=0+ r—0+

Putx=0+h Asx >0+, h—= 0.

RHL. = j!imﬂ cos (O+h) =cos 0 =1

Since lim f(x) exists,

x=—0

L.H.L.
= k

R.H.L.

I
EXERCISE 13.5 I

LEVEL OF DIFFICULTY A

1. Evaluate the following one sided limits:

& e == G) Mm 222
1 . 11
x2* x> -4 xr=2" x* -4
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LIMITS AND DERIVATIVES

13.77
. | SINX + X COSX . secx-—1
(iv) — ; (v) — ; (vi) ———
px +gx+r XSINY — COSX secx +1
.. COS X v da+dx L. (x=-D(x-2)
(vil) — 1 (vil) ————: (1x) ;
SIN X + COSX Ja-Jx (x=3)(x—4)

2% () If fix) = :::i find f[g]

(ii) 1f fAlx) = ———ns
COSX —38inXx

, find £(0).

3. Ify= xiﬂ' prove that x% =y (] - y).

— ol
4. If fix) = COSECY —COL X
cosecx + cotx

, find f(x).

2
5. Differentiate I; 3 and find the value of the derivative at x = ().
_I f—

Answers

L G) —ﬁ;
il ok [_:fz:_]_ﬂn_l}: (ifi) — (lfz{izgixj;ﬁ}*
) _[prixq:r}l; W - =

- :
(xsnx-— EﬂSI]E

vi) 2secxtanx (i)
; i
(secx+1)% W 1 +sin2x’
Ja o —4x? 4206 -22
(vai1) 3 s (1x) 3 =
G5 ~05 (=37 (-
2. (i) 2: (i) ©; (iii) %[zﬁeﬂf“ - J2e™4 —1).
2 cosec x x2 +4x+3 I
4. . 51. T 4 X __.
(cosecx + cot 1) (x? - 3)? 3
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15.8 MATHEMATICS XI

Example 10. Calculate the mean deviation from the median of the following data:

Wages per week | 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 70-80
(in Rs)
No. of workers 4 6 20 10 6 4
Solution: We construct the following table:
Wages per | Mid-value | Frequency | Cumulative | 4| ARA
week in (Rs) (x) )/ frequency | =|x,—45]
10-20 15 4 4 30 120
20-30 25 6 10 20 120
3040 35 10 20 10 100
40-50 45 20 40 0 0
50-60 55 10 50 10 100
60-70 65 6 56 20 120
70-80 75 4 60 30 120
N=Zf.=60 Zﬁ|dj|=ﬁﬁq

Here N = 60. So, i;- = 30.

The cumulative frequency just greater than % = 30 is 40 and the corresponding class

is 40—50. So. 40-50 is the median class.
. [ =40, f. =20, =10, j_ =20

N
2 e
Now, Median =/ + x b
m
30-20
=40 + x 10 = 45
Mean deviation from median = Ef;ldti _ 680 _ .,

33

Example 11. Calculate the mean deviation from the median for the following data:

Wages per day No. of workers
20-0 3
3040 8
40-50 12
50-60 9
60-70 8
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STATISTICS: MEASURES OF DISPERSION 1533

For shares X:

Mesn ¥ = A+22L=524+229 o5
10 10

|
SD. = o= JF[NEﬁ -(Zy)’]

%Jm x 360 — (~10)>

- i..f3ﬁﬂﬂwlﬂ{]
10
N J35ﬂﬂ N 59.16 - 5016
10 10
" e o 5.916
Coefficient of variation = = lﬂU=Txlﬂﬂ
=11.6
For shares Y:
Yy

Mean x = A+-—]-al-=lﬂ5+{]=105

S.D.

|
o= FJHE}"I _{E}":}l

1
ﬁ.,!mxm—u

A 2
10

Coefficients of variation g x 100

X

= i:a-t:li:llltl

105
=1.9
Coefficient of variation in shares )} is less than the coefficient of variation in
shares X.
Therefore, the share Y is more stable than the share X,

Example 3. An analvsis of monthly wages paid to workers in two firms A and B
belonging 1o the same industry, give the following results:

Firm A Firm B
No. of wages earned 586 648
Mean of monthly wages Rs 5253 Rs 5253
Variance of distribution of wages 100 121

(i) Which firm A or B pays out larger amount as monthly wages?
(ii) Which firm A or B, shows greater variability in individual wages?
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16.4 MATHEMATICS XII

A U B is the event of getting an odd number or a number greater than 2.

An B={3,5)}
A N B is the event of getting an odd number greater than 2.
N A =1{2,4,6} [Those elements of S which are not in A4.]
A is the event of not getting an odd number, i.e., getting an even number.
_ B ={l1,2}
B is the event of not getting a number greater that 2, i.e., getting a number less than
or equal to 2. s b

AnB = {2}

A N B is the event of neither getting an odd number nor a number greater than 2.

Mutually Exclusive Events

In an experiment, if the occurrence of an event precludes or rules out the happening
of all the other events in the same experiment.

lllustration 10.
(i) When a coin is tossed either head or tail will appear. Head and tail cannot appear
simultaneously. Therefore, occurrence of a head or a tail are two mutually exclusive events.

(i1) In throwing a die all the 6 faces numbered 1 to 6 are mutually exclusive since if
any one of these faces comes, the possibility of others in the same trial, is ruled out.

Note: A and B are mutually exclusive events & 4 N B = ¢, 1.e., 4 and B are disjoint sets.

lllustration 11.

(i) If the random experiment is ‘a die is thrown’ and 4, B are the events, 4 : the
number is less than 3; B : the number is more than 4, then 4 = {1, 2}, B = {35, 6}.
AN B = ¢, thus A and B are mutually exclusive events.

(1) If the random experiment is ‘a card is drawn from a well-shuffled pack of cards’
and A, B are the events A4 : the card is Black; B: the card is an ace.

Since a black card can be an ace, 4 N B # ¢, thus 4 and B are not mutually exclusive events.

Mutually Exclusive and Exhaustive Events
Events E|, E,, ..., E, are called mutually exclusive and exhaustive if E, VE, U ... UE, =,

f
e, JE, =Sand E,r"'*..‘:a.=¢furall i#].

i=]
For example, in a single throw of a die, let 4 be the event of getting an even number
and B be event of getting odd numbers, then
A={24,6}, B={l,3,5}
ANnB=¢,AuB={123,4,56}=S
A and B mutually exclusive and exhaustive events.

Example L (i) /f one coin is tossed, what is the resulting sample space?

() If two coins are tossed simultaneously, what is the resulting sample
space?

(i) If three coins are tossed simultaneously, what is the resulting sample
space?
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PROBABILITY 16.19

Example 13. In a single throw of three dice, determine the probability of getting
(i) a total of 5 (i) a total of at most 5.  (iii) a rotal of at least 5.

Solution: Number of exhaustive cases in a single throw of three dice =6 x 6 x 6 =216
(i) Cases favourable to a total of 5 are (1, 2, 2), (2, 1, 2), (2, 2, 1),
(1 1. 3). (1. 3..1),43, 1, 1)
Their number = 6

6 |
P(a total of 5) = m = EE

(i) 4 total of at most 5 means a total of 3, 4 or 5.
Cases favourable to a total of 3 are (1, 1, 1).
Cases favourable to a total of 4 are (1, 1, 2), (1, 2, 1), (2, 1, 1).
- Cases favourable to a total of 5 are (1, 2, 2), (2, 1, 2), (2, 2, 1), (I, 1, 3),
(13,1063, 1. 1)
Number of cases favourable to a total of 3 or 4 or 5 is 10.

P(a total of at most 5) = % = %

(iii) 4 total of at least 5 means not a total of 3 or 4.
Number of cases favourable to a total of 3 or 4 is 4.

4 1
P(a total of 3 or 4) = 16 54

P(a total of at least 5) = P(not a total of 3 or 4)
=1 — P(a total of 3 or 4)
1 53
T 54 54
Example 14. What is the chance that a leap year, selected at random will contain
53 Sundays?

R

Solution: We know that a leap year has 366 days and thus a leap year has 52 weeks
and 2 days over.

The two over (successive) days have the following likely cases:

() Sunday and Monday; (ii) Monday and Tuesday;
(i) Tuesday and Wednesday; (iv) Wednesday and Thursday;
(v) Thursday and Friday:; (vi) Friday and Saturday;

(vil) Saturday and Sunday.
Number of exhaustive cases n = 7.
Out of these the favourable cases are (i) and (vii).
Number of favourable cases m = 2

2
Probability of having 53 Sundays = 7

Example 15. What is the probability that a number selected from the numbers
1,2, ..., 25 is a prime number? You may assume that each of the 25 numbers is equally
likely to be selected.
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16.30 MATHEMATICS XIi

Theorem 5. For any two events E and F [/
P(E - F) = P(E) — P(E N F).

N
Proof. Let £ and F be two compatiable events. @’//
From the Venn diagram shown in Fig. 16.1, it is //
3 F
X J

clearthat(E—-F)N(EnF)=¢ and(E-FYIHENF)=E

P(E) = P[(E~F) U (E N F)] \
=P(E-F)+P(EnF) [ (E- Fig. 16.1
F)nnlEn F)=¢]
Hence P(E-F)=PE)-P(EnF)
Theorem 6. (Addition theorem). For anv two N

events E and F

PEUF)=PEY+P(F)-P(ENF) %
Proof. Let S be the sample space and let £ and F

be anv two events. Then - =
EcSand FC S ! J
From the Venn diagram given in Fig. 16.2, it is Fig. 16.2
clear that (E - F)n F = ¢
and (E-FuF=(EUF)
P(E v F) = P[(E - F) v F)]
= P(E - F) + P(F) [ (E-F)nF=|
=PEY-PENF)+PF) [ P(E-F)=PE)-PKEnF)]
Hence PEOUF)=PEYT P(F)-P(EnF)

Notes: 1. We may express the above results as P(E or F) = P(E) + (F) - P(E and F)
2. If £ and F are mutually exclusive, then
P(En F)=0and so P(Eu F) = P(E) + P(F)
Theorem 7. [f E, and E, be two events such that E, C E,, then prove that P(E,) < P(E,).

Proof, Since EI = E2= it is clear from the Venn - \
diagram shown in Fig. 16.3 that
E,=E, v(E,-E)
and E,.N(E,-E)=¢
; F(E:} == P[{51 L {E: — EIJ]
=P(E) + P(E,—E))
[ E, 0 (Ey - E)) = ¢]
P(E) = P(£,)
[ P(E,~E,)20]
Theorem 8. If £ is an event associated with a random experiment, then 0 < P (E) £ 1.
Proof. Let S be the sample space and let £ be an event.
Then, 9 € £ and E C § = P(¢) < P(E) and P(E) = P(S)
= 0L P(E)yand P(E)£ ] [ P(¢) = 0 and P(5) = 1]
Hence 0= PE)= 1.

Fig. 16.3
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PROBABILITY 16.37

Now, P(A)+ P(B) =1-P(4) + 1 - P(B)
=2-[P(A)+P(B)]=2-09= 1.1

Example 24. The probabilities of happening of two events A and B are 0.25 and 0.50

respectively. If the probability of happening of A and B together is 0.14, find the
probability that neither A nor B happens.

Solution: Required probability = 1 — P(4 v B)
=1 - [P(A) + P(B) - P(A n B)]
=1-[0.25 + 0.50 - 0.14]
=1-[0.61] =0.39

Example 25. The probability of an event A occurring is 0.5 and that of B is 0.3. If A
and B are mutually exclusive events, find the probability that neither A nor B occurs.

Solution: Required probability = 1 — P(4 v B)
=1 — [P(A) + P(B) — P(A n B)]
=1-[0.5+0.3-0]
[** 4 and B are mutually exclusive events]
=1-08=0.2

Example 26. If A, B, C are three events such that
P(A)=03,P(B)=04, P(C)=0.8, P(An B)=0.08
P(ANC)=028, P(A "B n C)=0.09.
If P(A v Bw C) 20.75, then show that 0.23 < P(B n C) < 0.48.
Solution: We know that
PAUBUC)=PA)+PB)+P(C)-P(ANB)-P(BNn C)
—PANCOCO)Y+PANBN O
PAUBU(C)=03+04+08-008-PBNnC)-0.28+0.09

=123-P(BNnCO)
Since P(Avu Bu C)20.75 (given)
1.23-P(BNC) 2075=PBNC)<0.48 (1)
Also PAVvBuL(O)=1
. 1.23-PBNC)s1=PBNC)=20.23 .A2)

Combining (1) and (2), we get
0.23<P(BN C)<0.48.

Example 27. The probabilities that a student will receive an A, B, C or D grade are
0.30, 0.38, 0.22 and 0.10 respectively. What is the probability that student will receive

() at least B grade; (1) atmost C grade;
(iii) not an A grade: (iv) B or C grade.

Solution: (1) P(at least B grade) = P(B grade) + P(A grade)
=0.38+0.30=0.68

(i) P(at most C grade) = P(C grade) + P(D grade)
=0.22+0.10=0.32
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PROBABILITY 16.43

41. Probability is 0.45 that a dealer will sell atleast 20 television sets during a day and the
probability is 0.74 that he will sell less than 24 televisions.

What is the probability that he will sell 20, 21, 22, or 23 televisions during the day?

42. The probabilities of a student getting first class, second class or third class at an examination
are 1/10, 3/5, 1/4 respectively. Find the probability that he fails.

Answers
3
1. (i) %: (11) E 2. 0.85.
3. (i) 0.58: (iii) 0.52: (iii) 0.74.
o . ven 2
4. (i) 3 (11) > (iii) 3
. 2 1 .9
(1v) 3 (v) 5 (v1) 3
5 - P X
- % 2" 6. (i) 8 (11) %
2 ; 2
7. E 8. (1) 0.6; (ii) 0.5; (1ii) 0.25.
1 4 3]
9, —. 10. 0.08. 1. —. 12. —.
4 5 36
7 | | e D
13, 3" 14. (1) 5 (11) % (111) c:
13 17 7
15, —, 16, —, Te =,
30 . 105 ! 17

19 = =
18. () 35 [P(4 U B) = P(4) + P(B) - P(4 " B)): (ii) 0.37[P(A n B) =1~ P(4 U B)):

5 5 o
(iii) 75 [P(A N B) = P(B) - P(4 N B)].

19, — 20, 2 21. 1.2 2. 12
L 3ﬁ. L 3 ]11 i ™ - s
13 4 5
23, —. . 0.39, . (1) = n) =
3 T 24 9 25. (1) 5 (ii) 9
e o0 NP R Y SR, S |
6. 0.65 27. (i) 5 {n]ﬁ. (111) 3 (1v) 3 (v) rE
5 11 4 4
28. —. 29, —. 3. —. 3. —.
Q 36 9 9
2 | 25
32. 0.30. N — —. g, —. 35 3 2
0.30 20 10 4 52
-1 | 4 5
J6. 0.2. }37. —=p=s—, 38, —. 39, —.
B oy 7 12
40. 0.8 41. 0.19 42 L



16.44 MATHEMATICS XII

‘ HINTS AND SOLUTIONS I

l. (i)P(ANB) =1-PAuU B
7. Sample space § = {HI1, H2, H3, H4, H5. Hé6, Tl, T2, T3, T4, T5, T6}
Number of exhaustive cases = 12 i.e.. n(5) = 12
Let 4 be the event *a head’. Then
A = (H1, H2, H3, H4, H5, H6,) = n(d) = 6
n(A) 6
n(Ss) 12
Let B be the event ‘a number greater than 4°. Then,
B = {HS5, H6, H4, H6} = n(B) = 4
n(B) 4
n(s) 12
Favourable cases to 4 n B = {HS, H6}

P(A) =

P(B) =

2
2

P{Ad N B) = ]
6 4 2 8

2
Now, P(4 v By P(A) + P(B) - P(A B) = s oo = = —
1.e. Probability (a head or no. = 4 or both) = %
9. In the first two hundred digits 6, 12, 18, ..., 198 are divisible by 6.
198
Their number = T = 33.
8, 16, 24, ..., 200 are divisible by 8
9
Their number = % = 25.
24, 48, 72, ..., 192 are divisible by 24
Their number = D - 8.
24
P(4 or B) = P(A) + P(B) - P(4 and B)
=33+25_E _ & 5 _1
200 200 200 2000 200) 4
12. P(passes in atleast one subject)
2 4 1 31
=P(MUE)=PM+PE)-PIMNE) = =+——— = —
(M U E) (M) (£) | 37971 3%

13. When three coins are tossed, the sample space § is
S = (HHH, HHT, HTH, THH, HTT, THT, TTH, TTT)
= n(3) = 8
Let 4 and B denote the events of at the most two tails and at least two heads.
A : HHT, HTH, THH, HTT, THT, TTH i.e., n(4) = 6
B : HHT, HTH, THH, HHH 1ie., n(B) = 4

and A B : HHT, HTH, THH i.e., n(4 N B) = 3
A B
poty =28 U8 gy~ B2 8 i PUE) -2
n(s) 8 nis) 8 8
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